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0. INTRODUCTION

Let M* be a compact topological manifold (not necessarily smoothable), of dimension four. The
aim of this article is the study of the following conjecture. Let I = [0,1].

Conjecture 0.1 (Pseudo-Isotopy Conjecture). Every homeomorphism F' of M x I, equal to the
identity on M x {0} UOM x I (a pseudo-isotopy of M) is isotopic, fixing M x {0} UOM x I, to the
identity. In particular the restriction of F to M x {1} is isotopic, fixing M X I, to the identity.

This conjecture can evidently be posed in all dimensions and in each of the three manifold cat-
egories TOP, PL, and DIFF. In [Ce|, J. Cerf proved that the conjecture holds in the C* category
for manifolds of dimension at least 5 and simply connected. The PL case is due to C. Morlet [Mor]
(see also [R]). The topological case follows from the work of Kirby-Siebenmann [KS].

The main results of this article are given by the following theorem and its corollaries.

Theorem 0.2. The Pseudo-Isotopy Conjecture is true for compact 4-manifolds M* obtained from
the ball B* by attaching (topological) handles of index > 2.

Such manifolds are simply connected and smoothable (this last property follows from the theo-
rem of Moise on the uniqueness of smooth structures on manifolds of dimension three [Moi].

The Milnor fibres of germs of holomorphic functions with an isolated singularity from (C3,0)
to (C,0) and the smooth algebraic surfaces in CP3 admit such a decomposition (see [LP], [H]
respectively; see also [AK]). On the other hand, Casson (unpublished; see [Man, Chapter 3]) gave
an example of a smooth 4-manifold with nonempty boundary, that is 1-connected and such that
every handle decomposition of it possesses handles of index one.

I owe the proof of the following results to L.C. Siebenmann.

Corollary 0.3. The Pseudo-Isotopy Conjecture holds for closed, simply connected, topological
4-manifolds (not necessarily smoothable).

Corollary 0.4. Let M* be a manifold given by Theorem 0.2 or Corollary 0.3 and let hy, hy: M —
M be two homeomorphisms that are homotopic rel. OM. Then they are isotopic rel. OM.

Proof. 1t suffices to show that the homeomorphism hy o hy !is the extremity of a pseudo-isotopy.
For that it suffices to show that the set of topological manifold structures up to homotopy on M x I
is a single point. The proof is then identical to that of Theorem 6.1 of [Sh], using the fact that
m2i+1(G/ TOP) =0 for i = 0,1, 2, according to [KS] and [Su]. O

Remark 0.5. We do not know how to prove Theorem 0.2 in the piecewise linear category (and even
less in the smooth category) due to the use of a theorem of Casson-Freedman [F| which only gives
topological isotopies.

The idea of the proof of Theorem 0.2 is to improve the pseudo-isotopy handle by handle, starting
from the boundary [R]. We can assume that F|, xr = Id, where py is an interior point of M. We
start by putting ourselves in a C°° framework, by showing that F'|(a p,})x 1 i isotopic relative
to [OM x I' U (M \ {po}) x {0}] to a pseudo-isotopy G: (M \ {po}) x I — (M \ {po}) x I such
that the smooth structure © on the target, given by transporting by G a given smooth structure
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on the source, is “slice”, which means that the projection p: [(M \ {po}) X Il — I is a smooth
submersion.
We suppose to begin with that M is obtained from the ball B* by attaching handles of index

two only, and we set
V.= U DZ-2
i

to be the union of the cocores of the 2-handles. We can assume, up to smooth isotopy, that
poGl: V x T —[(M\{po}) xIle &1

is a smooth Morse function.

With the help of the topological isotopy extension theorem [EK], for every critical point of po G,
we can define a topological membrane [P]. Using the methods of [P], we show that G|y« is C™
isotopic to an embedding, L: V x I — [(M \ {po}) x I]e, such that p o L only has critical points
of index 1 and 2.

In a middle level, using the results of Casson[Ca], Quinn [Q1], and Freedman [F], we can
topologically separate the interiors of the membranes, and therefore topologically straighten the
embedding L|: V x I — M x I. Then we show that we can straighten a tubular neighbourhood
of V' x I (avoiding using the theorem of uniqueness of topological tubular neighbourhoods, which
is unknown in this dimension.!) An application of the Alexander trick allows us to conclude.
Analogous methods, but easier (because they do not use the results of Freedman) allow us to
straighten the handles of index 3 and 4.

I thank L. Guillou and L. C. Siebenmann for the help they gave me to complete this work.
L. C. Siebenmann helped me to greatly simplify some of the proofs, and moreover I owe him the
proof of Corollary 0.3.

The organisation of the paper is as follows. (§1) sliced structures; (§2) membranes; (§3) removal
of critical points of index 0 and 3; (§4) making membranes disjoint; (§5) the end of the proof of
Theorem 0.2 in the case where M only has handles of index 2; (§6) proof of Theorem 0.2 in the
presence of handles of index 3 and 4; (§7) proof of Corollary 0.3.

1. SLICED STRUCTURES

Definition 1.1. Let Q¢ be a topological manifold. A smooth structure © on @ x I is said to be
sliced if the projection p: [@Q X Ilg — I is a C*° submersion.

One of the essential tools for the proof of Theorem 0.2 is given by the following lemma.

Lemma 1.2. Let M be a compact, connected, simply connected manifold of dimension four, let pg
be an interior point of M, and let 3 be a C*° structure on (M \ {po}) x I, which is a product on a
neighbourhood of OM x I. Then ¥ is isotopic rel. O[(M \ {po}) x I] to a smooth structure © that is
sliced, that is to say there is an isotopy Ke: (M \ {po}) x I — (M \ {po}) x I, t € [0,1], such that:

(1) Ko =1d; and Kilajan\ipoy)x1) = Id for all t € [0, 1].
(2) K; is C* for the structure ¥ on the source and the structure © on the target.

Proof. Let 7 = somp: (M \ {po}) x I = BTOP, — BTOP; be the map classifyinf topological
tangent microbundle of (M \{po}) x I and let 7x; be the lift of 7 to BO5 determined by the structure
¥ [KS].

The hypothesis of simple connectivity implies that (M \{po}) % I is, up to homotopy equivalence,
obtained from 9[(M \ {po}) x I] cells of dimension 3. According to Quinn [Q1, Corollary 2.2.3],
the stabilisation map TOP4 /O4 — TOPj; / O3 is 3-connected. It follows that 7 factorises up to
homotopy rel. @ through a map ¢: (M \ {po}) x I — BOy (the arrows in the diagram below being

IMP: This is now known, and appeared in the book of Freedman and Quinn in 1990.
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fibrations up to homotopy):
TOP4/O4 —_— TOP5/O5

| |

BO4 —S/g BO5

(M\ {po}) x I — ™~ BTOP; —* s BTOP;

According to the theorem of Lees [Le|, ¢ defines a sliced structure on (M \ {po}) x I, isotopic rel.
A[(M \ {po}) x I] to the structure X. O

Corollary 1.3. Let F: M x I — M x I be a pseudo-isotopy such that F|g,.yx; = Id. Then
F|(a\poy)x1 18 isotopic rel. [OM x TU (M \ {po}) x {0}] to a pseudo-isotopy H: (M \{po}) x I —
(M \{po}) x I that transports the C> structure given on the domain to a slice structure 6 on the
codomain.

Proof. Let ¥ be the C* structure on (M \{po}) x I transported by F' from the given C'*° structure.
It suffices to set H = K7 o F, where K is given by Lemma 1.2. ([

2. MEMBRANES

In this section, and in sections 3 and 4, we consider the case where M is obtained from the
4-ball B* by attaching 2-handles only.
We set
V= U nD?
7

to be the union of the cocores of the 2-handles of M, and we take pg € M \ V.

Lemma 2.1. We may assume that the function poH|: V. xI — [(M\{po}) x Ile — I is a smooth
Morse function. For each critical point ¢ of po H|y 1, there exists a C* chart around ¢ in'V x I,
and a chart in [(M \ {po}) x Ile around H(c), with respect to which p: [(M \ {po}) x Ile — I and
H have the form:

b4 p(377ya2757t) = t;
° H(I,y,Z) = (I,y,z,0,€1$2 +5292 +€322)'

Proof. This is immediate because p is C*. 2 ]

We denote
DM = {z e R* ||z < 1}; DM = {2 € D™ | 244 > 0}; 9. D! = 9DF n DL
Definition 2.2. [See [P]] Let H be as in Lemma 2.1 and let ¢ be a critical point of poH: V' xI — I
of index k. A descending membrane of ¢ until a level M x {to} is the image of a TOP embedding
n: (DYT,0, DM D*) — (M x [to,po H(e)], H(V x I), M x {to})
such that

(1) Im(n) and H(V x I) intersect transversely along n(94D);

(2) 77(07 -0, 1) = H(C);
(3) p|n(5i“) and p|,a, pr+1)\H(c) are TOP submersions;

(4) n(D*) € M x {to}.

The disc n(D¥) is called the projection of the membrane to the level M x {to}. The disc
n(0; D¥*1) is a descending submanifold of the critical point ¢ [Ce]. We have a corresponding
notion of ascending membrane.

2MP: there is a proof in Borodzik-Powell, J. Geom. Anal, 2016.
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Membrane descendante

FIGURE 1.

Lemma 2.3 (Existence of Membranes). Suppose that c is the unique critical point of po H between
the levels M x {to} and M x {t1} (to < t1). Then there exists a descending membrane (resp.
ascending) for c¢ until the level M x {to} (resp. M x {t1}) that is differentiable for the sliced
structure 6 in a neighbourhood of H(V x I).

Proof. In a C*° chart given by Lemma 2.1, we have a C* ascending membrane (resp. descending)
by considering the trajectories of the field

€ = (e1x, 60,632, 5,2(x + Y% + 22 4+ §3) + (t — e12% — e9y? — £32%)?)
which leave (resp. converge to) ¢ (Figure 1).
We remark that this field has c as a singular point, that it is tangent to the hypersurface s = 0,
t = e12?% + e9y? + €322, and is transverse to {t = Constant}.
Thus we obtain a descending C'* membrane (resp. ascending) for 6, until the level M X (t. —¢)
(resp. M x (t.+¢) (e small), where t. :=po H(c). The image of the embedding

_ H
H™H (M x [to,t —€]) = [(M\ {po}) x [to, te — €]lg = M X [to, t. — €]
is, by hypothesis, transverse to the horizontal foliation. The topological isotopy extension theo-

rem [EK] implies we can smoothly extend the descending membrane until the level M x {ty} along
H(V x I). The same reasoning applies for the ascending membrane. ]

Lemma 2.4. We can assume that the descending (resp. ascending) membranes of the critical
points of index 0 and 1 (resp. 2,3) are C™ with respect to the smooth structure 6.

Proof. Let ¢ be a critical point of index 0 or 1 of po H, let M x {tp} be a level below H(c)
such that p o H has no critical point in H='(M x [to,p o H(c)]). Let 2 be a C* descending
membrane of H(c) up until a level ¢, = po H(c) — e > to (it exists by Lemma 2.3. Denote
Wig = H(V x I) N M x [to, to], Vi = H(V x I) N M x {ti} and let 6 be the smooth structure
on (M \ {po}) x {t{} induced by 6.

Then (M \{po}) x [to, 5], Wi,.1,)e is a smooth relative (4, h)-cobordism that is (4, 1)-connected
in the sense of [Q1, §2], for all map M \ {po} LN (0,00). By the relative h-cobordism theorem
[Q1, Theorem 2.1.1 and its addendum], there exists a topological product structure

he ([(M A\ A{po}) x {toHey: Viy) < [0,1] = (M \ {po}) x [to, o], Weoty)- (1)
such that:
(a) h is the identity on [(M \ {po}) x {t(}] x {0}
(b) h is smooth (for the structures indicated in (1)) outside a set U x I, where U is a “standard
e-singular” subset of (M \ {po}) x {t;}. This subset U is a smooth regular e-neighbourhood of
a locally finite smooth complex, of dimension 2, denoted K UT (see the addendum of Theorem
2.1.1 of [Q1]). By smooth transversality, 7 = Z N (M x {tt}) (of dimension 0 or 1) is disjoint
from U. We can therefore extend the membrane 2 smoothly with the help of the smooth
embedding h(Z x I) up until the level M x {to}. O

We recall some facts concerning membranes [P, Chap. 2, §3].
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(1) One can lift up (respectively push down) a critical point along a membrane (since one can
do it in the model), smoothly if the membrane is smooth.

(2) One can raise a critical point d above a critical point ¢ if the projection onto an interme-
diate level of a descending membrane of c¢ is disjoint from the projection of an ascending
membrane of d.

(3) With the help of an embedding n: (D*,0) — (M x {t}, H(V x I) U M x {t}) such that
n Y (H(V x I)N M x {t}) = 9 we can introduce a critical point of index k (Lemma 2.10 of
[P]).

(4) Let ¢ and d be two consecutive Morse critical points of p o H of indices k and k + 1
respectively, and let M x {tc} be an intermediate level. Then ¢ and d cancel one another if
and only if there exists an ascending membrane (respectively descending) of ¢ (respectively
d) until the level M x {to} such that the interiors of these two membranes are disjoint, and
the boundaries of the projections intersect transversely in one point in H(V X I)N(M x {to})
(Lemma 2.9 of [P]) (Figure 2).

FIGURE 2.

(5) By the relative topological isotopy extension theorem [EK], every smooth descending sub-
manifold (respectively ascending) of po H corresponds to a descending membrane (respec-
tively ascending) satisfying the properties of Lemma 2.3.

(6) One can define the dome associated to a membrane ([P] Chapter 3, §1): in a chart with co-
ordinates (21, ..., Tn, Tni1, Tnt2) where H has the form H(zq,...,2,) = (21,..., 20,0, —(
xf,) + mfﬂrl + ---22), the dome is defined in the hyperplane 2,1 = --- = z,, = 0 by
Figure 3 (dome is coupole en francais).

H(Vx1) n{x,,,‘=.,,x,,=0}

FIGURE 3.

(7) (a) One can take the connected sum of a membrane of a critical point d with the membrane
of a critical point of the same index at a lower level ([P] Chapter 3, §2); see Figure 4.
(b) One can take the connected sum of a membrane of a critical point with the dome of
a critical point of the same index situated at a lower level ([P] Chapter 3, §2); see
Figure 5.
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(8) Let (V™, Vo, Vi) — M™2 x (]0,1],0,1) be an embedding with trivial normal bundle such
that the projection p|: V' — I has only one Morse critical point of index 4, with descending
membrane 2. ) )

Then the complement M x I'\ (V x D?) is obtained from M x {0} \ (Vo x D?) by attaching
a handle of index 7 + 1 whose core is the dome associated to 2.

FIGURE 4.

%)

FIGURE 5.

Corollary 2.5. The C* embedding H|: VXTI — [(M\{po}) xI|g from Lemma 2.1 is C* isotopic
to an embedding K: V xI — [(M\{po}) x I]g such that po K is a excellent ordered Morse function
(the critical values are simple).

Proof. Let a and b be two critical points of po H such that po H(a) < po H(b) and i = index(a) >
index(b) = j. According to Lemma 2.4, one of the descending membrane of b and the ascending
membrane of a is C*°. We perform a C'* slide (property (1) of membranes) of the corresponding
point until a level where the other is C*°. In this level, by C°° transversality, the membranes are
disjoint (the dimension of the projection of the descending membrane of b (respectively ascending
membrane of a) is j (respectively 3 — 7). One then applies property (2) of membranes to rearrange
the order of the critical points. O

3. CANCELLATION OF CRITICAL POINTS OF INDEX 0 AND 3 (FOR THE MAP p o K FROM
COROLLARY 2.5)

Let O be the space of differentiable functions f: V™ x (1,0,1) — (I,0,1) such that f~1(i) =
VvV x{i} fori = 0,1. Let O° be the subset of O consisting of the ordered, excellent Morse functions.
Ol denotes the subspace of ordered excellent functions except that they have a single critical point
c of birth type (=% —--- —z? + 27, +---+ 22 + a3 ;) and the level set of ¢ separates the critical
points of index ¢ and i 4+ 1. Finally, Oé denotes the ordered excellent functions except that they
have two critical points of the same index that are at the same level. We set O! := O} U Oé (see

[Ce]).
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Lemma 3.1. Two functions fo, fi € O° can be joined by a path f; € O° U O whose graphic (in
the sense of [Ce]) is of type (Fig. 6): that is the events in the graphic occur in the following order:
birth of pairs of critical points, rearrangements of points of the same index, and finally death of
pairs of critical points.

Proof. This is done using the beak lemma ([Ce, chap. IV, §3]), the independent singularities
lemma [Ce], and the bigon move shown in Figure 7. |

FIGURE 7.

Corollary 3.2. Let K: V2 x I — [(M\ {po}) x I]g be the pseudo-isotopy given by Corollary 2.5
and let fi: V2 x I — I be a path of functions in O joining po K = fy to the projection p, given by
Lemma 3.1, with graphic shown in Figure 8 (where t; denotes a value of the parameter such that
on [t1,1] the graphic only has deaths).

Then there exists a C™ isotopy of embeddings, Ky: VZx I — [(M \ {po}) x I]g, t € [0,t1], such
that Ko = K and po Ky has, fort € [0,t1], the same graphic as f;.

FIGURE 8.

Proof. Tt suffices to see that the events in the graphic can be realised by C°° ambient isotopies.
This is clear for the births and for the rearrangements (by property (1) of membranes and Lemma
2.4). O

Let K = K;,: V x I — [(M\ {po}) x I]g be the C* pseudo-isotopy given by Corollary 3.2. It
satisfies that p o K is an ordered, excellent Morse function whose critical points are grouped into
pairs that mutually cancel. N

Let M;1 = M X {ti11} (resp. Vi1 = K(V x I) N M, 1) be an intermediate level lying between
the critical points of index ¢ and those of index 7 + 1.

According to Corollary 3.2 and Smale’s condition ([Ce, Prop. 3, §2 Chap. III]) one can find, for
the critical points of index ¢ (i = 0, 1,2, 3), a system of ascending membranes ,dji (resp. descending
membranes _@]’) until the level M, 1 (resp. M;) satisfying the properties of Lemmas 2.3 and 2.4,
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as well as the following property.

Property (x). In the level Vi1, the intersections A} (:= .7} N K(V x I)) are disjoint from the

intersections D,k (:= 2iT N K(V x I)) except for those which lead to the mutual cancellation
of pairs of the critical points. These pairs intersect transversely in a single point that lies in V4.

Lemma 3.3. The pseudo-isotopy K: V x I — [(M \ {po}) x 1]y is C*-isotopic to an embedding
L such that po L only has critical points of index 1 and 2, grouped into pairs that mutually cancel.
More precisely, one can assume that Property (%) above is conserved.

Proof. Using the ideas of Smale from the proof of the h-cobordism theorem, we will show that one
can replace pairs of critical points with indices 0 — 1 by pairs of indices 1 — 2. By duality we will
then also delete all pairs of indices 2 — 3.

One can assume that the level M; and My are such that the membranes of critical points of
index 0 and 1 until these levels are C*°. To achieve this, let M] be a level below all the critical
points of index 0. We push these critical points down along their membranes (which are C*° by
Lemma 2.4) until they are a bit below Mj. According to Lemma 2.3 the ascending membranes
until My are C°°. One proceeds in the same fashion for the critical points of index 1.

Let (¢1,d1), ..., (ce, dg) denote the pairs of critical points of index 0, 1 respectively, which cancel
in these pairs. Let {Z°} (resp. {Z}} be the ascending membranes (resp. descending membranes)
of the points ¢; (resp. d;) until the level My, let {270} (resp. {Z}} denote their projections onto
M;. We also denote by 2} the descending membranes of the critical points of index 1 other than
the {d;}, that is those that are killed by the critical points of index 2.

Recall that V; = L(V x I) " M;. Then V; C M; comprises a manifold V' isotopic to Vo =
L(V x I'N (M x {0}) and some 2-spheres that are the boundaries 9.<7.

The submanifold V2 C M, is obtained from Vi by surgeries of index 1 corresponding to the
handles of index 1 defined by the projections of the membranes %}, Z!. By Property (x) above,
each projection 8;226 intersects V/ in exactly one projection 8@} (Figure 9). Let a; (resp. b;) be
the endpoint of 2} in 070 (resp. V{). Let oy be a path in

AV \JZ'\ 2
7 7 k

joining a; to b;.3

By properties (3) and (4) of membranes, the path «; allows us to introduce a critical point of
index 1 cancelling with ¢;. The path «; being disjoint from the projections é}, é,%, it survives to
the level M. Let f; be the loop (Z1) U a; in My, where (Z})' is a path parallel to 2} (Fig. 9).
Pushing f; into Ms \ V5 along a section of the normal bundle of Va, 8; represents an element of
1 (M2 \ va)

FIGURE 9.

3MP: Here and throughout, each \ corresponds to removing an extra subset. So X \ A\ B = (X \ A) \ B =
X \ (AU B), and so on.



PSEUDO-ISOTOPIES AND ISOTOPIES IN DIMENSION FOUR IN THE TOPOLOGICAL CATEGORY 9

Using property (8) of membranes and remarking that 7 (M \ Vy) =& 71 (B*) = 0, we see easily
that 71 (Mz \ V2) = 0. One can therefore find C*°-immersions ¢;: D? — Mj such that:
(1) @ilap is an embedding and ¢;(0D) = §;;
(2) o; meets V;, transversely and exactly along ¢;(0D);
(3) ¢; has only double points {m}} where two branches intersect transversely;
(4) ¢; and ¢, intersect transversely.

Denote:
(Pl 40) 1= ' (m);
{ri} = o7 @) 0 (Ui (DY)
i#]
o = p; Hey) C 0D
v = o7 (FLY) € OD2.
Consider disjoint paths v, joining the points pfg, q}, r;'“ to the points of o} such that ¢;(v) are
disjoint from the ascending membranes of the critical points of index 1, which means that the
images of these paths appear at the level M;. Consider the new path «f obtained from o} by

pushing one’s finger along the paths v (Fig. 10) and let (D?)’ be the disc D? after pushing by the
finger moves. We set &; = p(a!) and A; = p((D?)"). We have the following properties.

FIGURE 10.

(a) The curve &, considered in Mj, is a path in M; \ V; joining V{ to aJP, isotopic in M; \ Vi \
A9\ U, 723 Us 2} to the path ay, the trace of the isotopy being given by the image of the
fingers. The critical point of index 1 determined by &; (property 3 of membranes) cancels with
the critical point of index 0 corresponding to ;%6 (property 4 of membranes).

(b) The embedded 2-disc A; bounded by 52 = ; U p;(7;) determines a critical point of index 2
cancelling with the critical point of index 1 determined by &;. The boundary dA; intersects,
transversely in exactly one point, the descending submanifold of the critical point of index 1
corresponding to the membrane _@il (by construction) and does not intersect the descending
submanifolds corresponding to the other critical points of index 1.

The lemma follows. ]

4. SEPARATING MEMBRANES

Let L: V. x I — [(M\ {po}) x I]g be the C*° embedding given by Lemma 3.3 and let (a;)
(respectively (b;) be the critical points of index 1 (respectively 2) of p o L. Proceeding as at the
start of the proof of Lemma 3.3, we can suppose that the levels of (a;) are close and just beneath a
level M x {t2}, and that there exists a system of ascending membranes 7 (respectively descending
2;) until the level M x {to} for {a;} (respectively {b;} such that:
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(1) the membranes % are C'°;
(2) the membranes %; are C*° in a neighbourhood of L(V x I) and the boundaries of the

projections o, 3@1-, which satisfy Property (x).

The aim of this section is to prove the following lemma.

Lemma 4.1. There exists a system of membranes satisfying properties (1) and (2) above such that
the interiors of the projections are disjoint.

Let N2 denote a (small) C*° tubular neighbourhood (in ©) of
Vio = (M \ {po} x {t2}) N L(V x I),

let
M := (M x {t2} \ N2) \ {po},

and write

o] = i\ N2, P} =J;\ Na.
To prove Lemma 4.1, we will apply the disjunction theorem of Casson-Freedman ([Ca] [F Theo-
rem 10.1], [Se2, Theorem 3]) to the ambient manifold M and to the submanifolds <7, 7] and @’ This
theorem requires a C*° structure in order to apply it: we will therefore prove (Lemma 4. 2) that

there exists a smooth structure on M \ {po} rendering the submanifolds szf-’ and 9’ smooth. Tt
will then remain to check the other hypotheses of the disjunction theorem, namely 7r1 -negligibility

of the families ,QZ and éj’, and the existence of particular immersed dual 2-spheres.

4.1. Smooth structure on M\ {po}. The aim of this subsection is to prove the following lemma.

Lemma 4.2. There exists a smooth structure I' on M\ {po} that agrees with 0 in a neighbourhood
of Vi, such that Vi, o], and 9’ are all C*° submanifolds.

17

Proof. Using the models for the membranes, for all j there exists a (topological) embedding
: (D2 8) x R? — (M \ {po}, V4,), smooth (with respect to ) on goj_l(Ng), such that ¢;(Da x

{0}) 2; (to see this it suffices to Ny to be small and to use Lemma 2.3). We need the following
lemma.

Lemma 4.3. After a smooth isotopy of ,;afl, fized on ,127 N Na, and a (topologzcal) zsotopy of @

with support in M\ {po} \ Na, we can assume that the intersection points of @ and ;z/ lie in Na
(Figure 11) where everything is smooth (with respect to ).

FI1GURE 11.

Proof. We prove Lemma 4.3. By [Q1, Theorem 2.2.2], ¢; is C*° (with respect to ¢) on a neighbour-
hood of D, where D C D? x R? is obtained from D? x {0} by introducing pairs of self-intersection
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FIGURE 12.

points using finger moves (Casson’s deformations: see [Ca] and Figure 12). These pairs of points
appear with smooth? Whitney discs, denoted {Wf}, contained in (D? x R?)\ ¢; *(Na).

We will denote Ej = @j(ﬁ); we can assume that ﬁj NNy = .@j NNy. By [Q1, Proposition 2.2.4]
(see also the proof of [Q1, Theorem 2.4.1]), in a small neighbourhood of <pj(W,g) (homeomorphic
to goj(Wg) x R?), we can put a Whitney tower® of five stages %ﬁ, smooth with respect to ©, and
with this we can put a smooth Casson handle CHY (see [F, §2] for the definition), homeomorphic
to D? x R? ([F, Theorem 1.1]), and weakly unknotted in the neighbourhood ¢;(W}) x R? ([Q1,
Proposition 2.2.4] and the proof of [Q1, Theorem 2.4.1]). This means that the core D? x {0} of
C'HjlC is (topologically) isotopic rel. boundary to ¢; (Wf) x {0}.

We can smoothly make ,!ZZ/ disjoint from the towers ‘Kf (proof of [Q1l, Theorem 2.4.1]) at the
cost of introducing additional points of intersection with ﬁj. By a C'*° isotopy of JZZ: disjoint from
{‘Kjk}, one can push the intersection points of ,@ff:and Ej into Na: to do this it suffices to choose
disjoint C°° paths in 3j7 disjoint from the towers {%jk}, joining the points ﬁj n ,fo:to the points
of N5, and to then deform JZZ/ along these paths.

Next, we perform topological isotopies on ﬁj (proof of [Q1, Proposition 2.4.1]), within the
Casson handles CH ]’f”', to delete points of self-intersection of ﬁj. The resulting family of discs {A;}
is topologically isotopic in M \ Nz \ {po} to the family {éj} (since CHY is weakly unknotted).
Thus {A;} admits a topological normal bundle, C* on N» (since there is a topological normal
bundle for {éj} This completes the proof of Lemma 4.3. O

We continue with the proof of Lemma, 4.2, as follows. Let N be a trivial C*° tubular neighbour-
hood of |J; 4, let N3 be a (topological) tubular neighbourhood of | J; A;, that is C* on Ny (this
exists by the previous proof). In a neighbourhood of a transverse point of intersection p between
two of the three manifolds & = U, g, A = U; Aj, Vi,, we can suppose that the model of the
intersection of the tubular neighbourhoods is B? x B? (where B? is the disc of dimension two),
and the point p, the two submanifolds, and the fibres of the tubular neighbourhoods, correspond
respectively to {0} x {0}, B2U {0} U {0} x B2, and to the horizontal and vertical factors. This
holds because in a neighbourhood of the points of intersection, everything is C'*.

Each of the tubular neighbourhoods being trivial, the subspace N» UN1 UM has a natural C*
structure T’y induced by the structure of V;,, &, and A. Let W = M \ {po} \ int(No UN7 UN2)
(where int means interior). The boundary OW, which is 3-dimensional, has a unique C* structure

4MP: can they be smooth? If so, wouldn’t the original embedding have been smooth? This doesn’t seem to be
required.
5MP: I belive this means what we would now call a Casson tower.
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[Moi]%, which extends by [Q1, Corollary 2.2.3] to a smooth structure I'yy on W. Then I' := I'; UT'yy
defines a smooth structure on (M \ {po}) x {t2} for which V;,, &7, and A are C*° submanifolds.
In what follows we will continue to denote A; by %;. |

4.2. m-negligibilty of the families {,QZ}, {éj’} Recall that we set 5227 = 522/\ N, éj’ =
9;\ Ny, and M := M\ Ny \ {po}.

Lemma 4.4. The two families {JZZT} and {éj’} are my-negligible in M, that is m (M\ U, 52:5/7) =
m(M\U,; Z;) =0.

Proof. We construct a topological foliation .% into lines (field of trajectories in the sense of [KS,
Essay I1I, §3]; see also [Sel]) on M X [0,t3] whose only singularities are the critical points of po L,
such that:
(a) # is transverse to the level M x {t}, for ¢t € [0, t2].
(b) Z is tangent to L(V x I) and to the ascending and descending membranes of the critical
points.

We construct such a field in the following way. In a compact chart B*x[—¢, €] around a critical point
given by Lemma 2.1 where p and L can be written: p(z,y, z,s,t) = t, L(z,y, 2) = (v,y,2,0,e12% +
e2y? +e322%), we can find a C™ field, ¥, tangent to the part of the boundary B x [—¢, ¢], satisfying
properties (a) and (b) above, and coinciding in a neighbourhood of 0 with the vector field £ given
in the proof of Lemma 2.3. We extend the field x (topologically) to M X [0, t2] using the topological
isotopy extension theorem [EK].

We can assume, in addition, that {pg} x I is a leaf of &.

This foliation .# determines a homeomorphism from (M \ {po} \ L(V x {0}) \ Ud;) x {0} to
(M \A{po} \ Vi, \U, #) x {t2}, where {d;} denotes the projections of the descending membranes
of the critical points of index 1 on M x {0}. Since dim(d;) = 1, we have isomorphisms

w1 (M \ {po} \ L(V x {0}) \ Ud;) 2 w1 (M \ {po} \ L(V x {0})) = m1(B*\ {po}) = 0.
On the other hand it is not difficult to see that

T (M {po} \ Vi \ U ) x {2}) = m M\ ).

The lemma follows (to obtain the result for .@J’, it suffices to reverse the cobordism M x [0,1]. O

4.3. Existence of dual 2-spheres.

Lemma 4.5. There exist C™ immersed 2-spheres’ in M (with respect to the structure I' of Lemma
4.2) €2, ‘gjd, such that

(1) 6 = T 60 = 557 and

(2) @J/,.cgid:%/.%]a:o

for all pairs (i,j), where (-) denotes the algebraic intersection number.

Proof. 1t suffices to take for ‘fjd (respectively ) the boundary of the dome associated to the
membrane éj (respectively ;).

The calculation of algebraic intersection numbers follows from the Property (*) that was given
after Corollary 3.2, and the fact that each point of intersection between 7 and %; gives rise

to two points of intersection with opposite signs between ,52,77 and ‘Kjd (respectively .@j and €7)
(Figure 13). O

6MP: it seems to me that this statement also uses work of Munkres — Moise only considered PL structures.
"MP: To apply the disc embedding theorem, these spheres need to be framed, i.e. to have trivial normal bundle.
This is the case, so this does not create a problem with the proof. It was not discussed by Perron.
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FIGURE 13.

4.4. The disjunction theorem of Casson-Freedman.

Theorem 4.6 ([F, Theorem 10.1], [Se2]). Let X be a surface that is generically immersed in a

C™ oriented 4-manifold M such that

(a) wl(M\X) =0; and

(b) For each connected component X; of X, there exists an immersed 2-sphere T;, transverse to

X, such that |T; h X;| = d;; and T; - T; € 27.8

Let v be a Whitney circle pairing two double points (p,q) of X with opposite intersection numbers.

Then there exists a Whitney tower of 6 stages (Ts,0 Ts) (see [F, §2]) attached along © C dn(X),

with (T, 0~ Ts) C (M\U(X), on(X)), wheren(X) is a tubular neighbourhood of X in M. Moreover,

w1 (M \ n(X)\ Tg) = 0.

4.5. Proof of Lemma 4.1. By Lemma 4.4, the 2-spheres €°, %jd given by Lemma 4.5 are regularly

homotopic in M to 2-spheres that are geometrically dual to @J'» and &7 respectively (that is,

|@Z’/rh G| = |_@]’ M €| = §;; for all 4, j). By the Casson lemma ([F, Lemma 10.1]), by introducing,

in a smooth manner, pairs of intersection points of ,QZV’ with the éj' (Casson or finger moves), we can

obtain a new family {,QZ”} U {éj’} that is 7r;-negligible in M (that is, m; (M \ U, ,fozv” \U, @j’) =0).
By Lemmas 4.2 and 4.5, the family {JZZ” , éj’} satisfies the hypothesis of the Disjunction Theorem

4.6. We can assume in addition that for each pair (i, j), the algebraic intersection numbers of the

interiors of ,@2’/’ and éj’ is 0. This holds for ¢ = j by (possibly) spinning éj around the point

84&7[(1 6§j. For i # j, it is possibly necessary to add some domes (property 7 of §2), taking

account of Lemma 4.5. We can therefore group the intersections of JZZT/ and .@j’ into pairs of points
with opposite intersection numbers. By Theorem 4.6 above, we can find disjoint Whitney towers
Tk, for each pair of intersection points {p, q}.

By [F, Theorems 1.1 and 5.1], each tour T} contains a topological Whitney model, which allows
us to delete the intersections of 27 with @; by a topological isotopy.

Corollary 4.7. The embedding L: V x I — [(M \ {po}) x I|g of Lemma 8.3. is topologically
isotopic to the embedding Lo x Idy, where Lo = L|: V x {0} — (M \ {po}) x {0}.

Proof. By the Cancellation Lemma (property 4 of membranes) and Lemma 4.1, L is topologically
isotopic to an embedding Ly such that poL; has no critical points. The topological isotopy extension
theorem then shows that L is isotopic to an embedding with vertical image. The corollary follows
easily. O

5. END OF THE PROOF OF THEOREM (.2 IN THE CASE THAT M ONLY HAS HANDLES OF
INDEX 2

Recall that we began with a pseudo-isotopy F': M x I — M x I such that F|f, 1«7 = Id, that we
isotoped F|(an\ po})x1 to a O diffeomorphism H: M\{po})x I[(M\{po})xI]s (Corollary 1.3) and
that H|: V x I — [(M\{po}) x I]g is C*° isotopic to an embedding L: V x I — [(M \ {po}) x I]o

8MP: in the application of the theorem, the hypothesis that T; - T; € 2Z is never checked, but follows from the
dual spheres in the previous subsection being framed.
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having only critical points of index 1 and 2 in cancellation position (Lemma 4.1). By the C*
isotopy extension theorem, there exists a smooth isotopy, G¢: [(M\{po}) x I]e = [(M\{po}) x I]e
such that

(1) Go =1d; Gy is the identity on OM x I U (M \ {po}) x {0} and outside a compact set;

(2) Gl OH|V><I =L.
We let ¢ denote the C>° diffeomorphism Gy o H: M\ {po}) x I = [(M \ {po}) x I]y.

Let N = V x D? be a C* tubular neighbourhood of V in (M \ {po}), N = N x I the C>

neighbourhood corresponding to V' x I in [(M \ {po}) X I|syx1, O+N =V x 0D? and 04N =
(9+N x 1.

Lemma 5.1. ¢: M\ {po}) x I = [(M \{po}) x I]g is topologically isotopic relative to (OM x I U
(M \ {po}) x {0}) to a homeomorphism ¢ such that @ly xrua, nr is the inclusion.

Proof. The C* embedding ¢|: V x I — [(M \ {po}) x I]p admits a C*° tubular neighbourhood
E = o(V x I) x D? such that
(1) EN[(M\{po}) x Iy = N; and
(2) the (Morse) critical points of p|: 04 E = (V x I) x dD? — I are grouped into pairs (p;, ¢;),
of indices k,k + 1 respectively, each pair corresponding to a critical point of index k of
poplyxr. (Figure 14) (it suffices to do this in the model given by Lemma 2.1).

FIGURE 14.

By the uniqueness of C* tubular neighbourhoods, we can assume that ¢(N) = E. By Lemma
4.1, the critical points of |: V x I[(M \ {po}) x I]g cancel in pairs. We can arrange this so that in
the isotopy the critical points of p|s, g cancel (Figure 14) (again, it suffices to do this in the model).
By the topological isotopy extension theorem [EK], ¢|v « rua , A 18 isotopic to an embedding whose
image is vertical. The lemma now follows easily. |

Lemma 5.2. The pseudo-isotopy  of Lemma 5.1 is isotopic relative to OM x I U (M \ {po}) x
{0} UL N UV X I to a pseudo-isotopy @ such that @|xr is the inclusion.

Proof. Recall that by the topological Alexander trick, TOP(D"™ x DP, D™ x {0} U §(D"*P)) is
contractible, where TOP(, ) denotes the space of homeomorphisms of D™ x DP that are the identity
on D" x {0} Ud(D™*P).

The homeomorphism @1 = @|: (M \{po}) x {1} = (M \{po}) x {1} sends N x {1} to itself, and
is the identity on ON UV x {1}. Identifying the pair (N x {1},V x {1} with (D? x D? D? x {0}),
the Alexander trick shows that we can assume ¢1|nx 13 = Id.

Identifying (N, V x I) with (D? x D? x I, D?* x {0} x I), and remarking that ¢ send A" to N,
the Alexander trick shows that we can assume @[y = Id.

Remarking that M \N is homeomorphic to the ball B*, yet one more application of the Alexander
trick shows that the pseudo-isotopy F' we started with is isotopic to the identity. ]

6. PROOF OF THEOREM 0.2 IN THE PRESENCE OF HANDLES OF INDEX 3 AND 4

We assume the hypotheses of Section 0, and denote V), i = 3,4, the union of the (4 —7)-discs
transverse to the handles of index i in M. We can assume that the map po H|: VO xT—-Tisa
C* Morse function (where H is the pseudo-isotopy of Corollary 1.3). As in §2, we can associated
an ascending and a descending membrane to each critical point of p o H|y ¢) -
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6.1. Isotopy of H|, ) y; to the inclusion. The map p o H|y ) ; has only critical points of
index 0 and 1; one can show as in Lemma 2.4 that all the membranes can be chosen to be C*°. In
an intermediate level between the critical points of index 0 and 1, for dimension reasons, we can
smoothly isotope the membranes to be disjoint from the critical points of index 0 and 1. We then
proceed as in Lemmas 5.1 and 5.2 to isotope the restriction of H to a tubular neighbourhood of
V® x I to the inclusion (here we can use the theorem of uniqueness of C* tubular neighbourhoods
in the proof of Lemma 5.1).

6.2. Isotopy of H|y ) ; to the inclusion. One shows easily that on can kill (smoothly, with
respect to ) the critical points of index 0 (see Lemma 3.3). We choose a level a little below the
critical points of index 2 such that the descending membranes (respectively, ascending membranes)
of the critical points of index 2 (respectively 1) are C* (the dimension of the projections of the
ascending membranes of the critical points of index 1 is one). We can therefore perform a C'*
isotopy in this level of the projections of the membranes, in order to make them disjoint. We then
conclude as above.

7. PROOF OF COROLLARY 0.3

Lemma 7.1. Let M* be a 4-manifold satisfying the hypotheses of Corollary 1. Then M* is
homeomorphic to W* U X*, where W* is obtained from the ball B* by attaching handles of index
2, and X* is a contractible manifold. In addition W N X = 0X = OW is a homology 3-sphere.

Proof. Tt is easy to find a link .% and a trivialisation 7 of its normal bundle in $® = 9B* such
that the manifold W* obtained by attaching handles of index 2 along (., 7) has exactly the same
intersection form as M*. By [Ka, Theorem 4.2], we can choose (£, ) so that the Rochlin invariant
of OW* in Z/27 (equal to o(Y)/8 mod 2, where Y is a parallelisable 4-manifold bounded by OW)
is equal to the stabilised Kirby-Siebenmann obstruction to the existence of a PL triangulation of
M*.

The boundary 9W* being a homology sphere (with coefficients in Z), it bounds a contractible
4-manifold X* ([F, Theorem 1.4°]). By the classification theorem for simply-connected closed 4-
manifolds ([F, Theorem 1.5]) by the intersection form and the Kirby-Siebenmann invariant, M*
is homeomorphic to W* Uy X* (here we need the condition on the Rochlin invariant when the
intersection form of M*? is odd). O

Lemma 7.2. For the manifold M* = W*U X* described in Lemma 7.1, the contractible manifold
X% is contained in the interior of a topological ball B* C M*.

Proof. Let X7, X1 be two copies of X; the manifold X; U (—X7) being a homotopy 4-sphere it is
homeomorphic to $* ([F, Theorem 1.4']). Let D* C X/ be a closed ball; the connected sum of X*
with X7 U (—=X]) = §* defined using D* is thus identified with X*. We therefore have inclusions

X, cXyu(-X)\DcXcM

where X; U (—X})\ D is homeomorphic to a 4-ball. It is easy to see that there exists a homotopy
equivalence, restricting to a diffeomorphism of the boundaries, between W4 = M*\ X and W =
M*\ X!. The h-cobordism theorem of Freedman [F, Theorem 1.3] shows that W* and W'* are
homeomorphic. O

End of the proof of Corollary 1. In §6, we saw that we can isotopy the entire pseudo-isotopy F': M x
I — M x I to a pseudo-isotopy that is the identity on B* x I, where B* is the ball given by Lemma
7.2. The pseudo-isotopy F is thus the identity on X4 x I € B* x I ¢ M x I. We thus obtain
a pseudo-isotopy of W x I (W = M \ X), that is fixed on OW x T UW x {0}. Lemma 7.1 and
Theorem 0.2 combine to allow us to conclude the proof. O
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Addendum. (February 1986). The results of this article were announced in a note to the Compte
rendu de I’Académie des sciences 299 (1984). Since, in a preprint dated August 1985 and titled
“Isotopy of 4-manifolds” [Q2], F. Quinn has proven, by completely different methods, Theorem 0.2
for all 1-connected compact topological 4-manifold.

He also proved Lemma 7.1 for all compact 1-connected 4-manifolds (not necessarily closed),
which means that the methods of this current article can also prove Theorem 0.2 for these mani-
folds.?

9MP: i.e. prove that Conjecture 0.1 holds for all compact 1-connected 4-manifolds. However, Perron seems
to be mistaken here: in the analogous statement in Quinn’s article, M is indeed permitted to have nonempty
boundary, but in the conclusion W can also have 1-handles. Nevertheless, Siebenmann’s proof in §7 of this paper,
can now be augmented with Boyer’s 1993 homeomorphism classification to prove Corollary 0.3 for all compact,
simply-connected 4-manifolds. Details are given in Gabai-Gay-Hartman-Krushkal-Powell. In addition, Quinn’s
independent proof establishes the PI conjecture for all compact, simply-connected 4-manifolds, albeit that Quinn’s
proof had a gap, that was fixed in Gabai-Gay-Hartman-Krushkal-Powell.
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