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 Vol. 74, No. 3, November, 1961
 Printed in Japan

 DIFFERENTIABLE AND COMBINATORIAL STRUCTURES

 ON MANIFOLDS

 BY STEPHEN SMALE*

 (Received December 5, 1960)

 1. By extensions of our methods of a previous paper [7], hereafter

 referred to as GPC, we prove the following theorems. They are all gener-

 alizations of results in GPC.

 (1.1) THEOREM. Let Cn be a contractible Co compact manifold with

 simply connected boundary where n # 3, 4, 5, 7. Then Cn is diffeomor-
 phic to the n-disk DI.

 (1.2) COROLLARY. If n # 4, 5, 7, there is a unique Co- structure up to
 diffeomorphism on the n-disk.

 (1.3) COROLLARY. If n # 4, 7, and f: Sn-1 )En is a differentiable
 imbedding of the sphere in euclidean space, then the closure C of the
 bounded component of En - f (Sn-1) is diffeomorphic to D".

 The second corollary is a strong version of the differentiable Schoenflies

 problem, n i 4, 7. Mazur's theorem [3] had already implied that C was

 homeomorphic to Dn.

 Two abelian groups, Fn and An, studied by Milnor [4], Munkres [6], and
 Thom [8], have been found to be important in the theory of differentiable

 structures on manifolds. The group rn is the group of diffeomorphisms

 of Sn-1 modulo those which can be extended to DI. It has been identified
 with the set of differentiable structures on SI compatible with the stand-

 ard triangulation of Sn (see GPC for more details and references for all

 these things discussed in the Introduction). The group An is the group
 of those differentiable structures on Sn which, minus a point, are diffeo-
 morphic to En. In GPC it was proved that An, n # 4 is the group of all

 differentiable structures on SI.

 On the other hand a group fJCn of homotopy spheres of dimension n

 under "J-equivalence" has been studied by Kervaire and Milnor [2]. They

 have shown Mn is finite, n ? 3, and have computed the order of MI,
 3 < n ? 15.

 (1.4) THEOREM. For n # 3, 4, 6, 7, MI = An= rn. Also MC7 = A7, F6 =

 A6.

 (1.5) COROLLARY. There are a finite number of differentiable struc-

 * The author is an Alfred P. Sloan fellow.
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 tures on SI, n * 4, 6.

 We also obtain here

 (1.6) THEOREM. Combinatorial analogues of (1.1) and (1.2) are valid

 with diffeomorphism replaced by combinatorial equivalence.

 (1.7) THEOREM. Combinatorial structures on spheres and cells are

 unique if their dimension is not 4, 5, 7. That is, the Hauptvermutung is

 true for combinatorial n-manifolds which are homeomorphic to spheres

 or cells, n # 4, 5, 7.

 We refer the reader to GPC, beginning, for the proof that (1.1)-(1.7)

 follow from the next two theorems.

 (1.8) THEOREM. Let MI be an (m - l)-connected, C- closed manifold

 with n > 2m - 1, and (n, m) 0 { (4, 2), (3, 2), (5, 3), (7, 4)}. Then there
 exists a non-degenerate (nice) Co function on M with type numbers Mi
 satisfying

 MO = Mn = 1 , Mi = ? O < i < m, n-m < i < n.

 (1.9) THEOREM. Suppose MI" and M2n are J-equivalent (m - 1)-con-
 nected closed Co manifolds with n = 2m or n = 2m + 1 and (n, m) ?
 {(4, 2), (3, 1), (6, 3)}. Then Mn and M2n are diffeomorphic.

 REMARK. From the methods used here, it will be clear that all the
 previous theorems will be true also for n = 6, 7 if the following likely

 hypothesis is true.

 Hypothesis. Let f, g: S3 - M6 be differentiable imbeddings which are
 homotopic with

 wo(M6) = 1(M6) = r2(M6) = 0 .

 Then f and g are differentiably isotopic.

 2. We emphasize that we are assuming the notation and terminology

 of GPC. We will prove

 (2.1) EXTENDED HANDLEBODY THEOREM. Let n ? 2s + 1, (n, s) ?

 {(4, 1), (3, 1), (5, 2), (7, 3)} and He iC(n, k, s). Suppose

 V =X(H; fig, .. - -, ; s + 1)

 and wr(V) = 0. Also ifs = 1, let

 ,(X(H; fig, ... *,fr-k; s + 1)) = 1

 Then VeJC(n, r - Ic s + 1).
 We first note that (1.8) follows from (2.1) and the arguments of GPC.

 Also, since the proof of (1.9) involves nothing beyond straight-forward
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 500 STEPHEN SMALE

 application of methods of GPC and this paper, we omit it. Hence it re-

 mains to prove (2.1). We use the following special case of a very recent

 theorem of A. Haefliger [1].

 (2.2) THEOREM (Haefliger). Suppose f, g: SkI M2k are differentiable

 imbeddings which are homotopic, k > 3 and

 Co(M) =- 7AM) = ... = 1k-l(M) .

 Then f and g are differentiably isotopic.

 (2.3) THEOREM. Let 7 C Ek(M2k) where M2k is a C- simply-connected
 manifold and k > 2. Then - can be realized by a differentiable imbed-

 ding f: Sk , M2k.
 As has been observed by Milnor [5], one can prove this by using the

 work of Whitney [9]. See also [1].

 The following theorem extends Theorem (2.1) of GPC. The proof is the

 same but uses Theorems (2.2) and (2.3) above, instead of the weaker theo-
 rems of Whitney and Wu used there.

 (2.4) THEOREM. Let n > 2s + 1, (n, s) 0 {(4, 1), (3, 1), (5, 2), (7, 3)}, let
 a = (M, Q; fly, ***, fib; s + 1) be a presentation of a manifold V, and as-
 sume w1(Q) = 1 if n ? 2s + 2, and w2(Q) = 0 if n = 2s + 1. Then for
 any automorphism a: Gr Gr, V realizes fa .

 Now (2.1) has been proved in GPC except for the case n = 2s + 1,

 s > 3. Thus in proving (2.1), assume He ?(2m + 1, k, m), m > 3. From
 ? 3 of GPC it follows that

 HeSlm X Dm+1 + .. + Skm X Dkm+1

 Let g1, , gk be the corresponding generators of Wrm(H) and hi be the
 generators of Wm(JH) corresponding to qi x ODi-+1, Pi e Si-. Thus
 {g1, ... gk, hl, .- , hk} is an independent set of generators of the free
 abelian group Wm.(OH).

 We can represent H in the form

 H = X(D2m1+1; #1, ***, #k)

 where

 *i: ODi- x Di-+' OD 2M+1

 are imbeddings with the images of Ji disjoint. Then the above hi can be
 represented by Ji restricted to qi x ODi-+1 for some qi e f3Di.

 On the other hand

 V= X(H;fiy*.,fr) = X(a)
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 where

 fi: O7Di-+ x Di- {OH

 are imbeddings. Let

 7Cm(OH) Gk + Hk

 where Gk is generated by gl, * * , g, and H, by hl, ..., h,, and let

 7rl 7CM(OH) > Gk

 be the projection. Since rm( V) = 0, wrlf. is an epimorphism where

 of.- Gr ) rn(OH)

 is induced by a. Define an epimorphism g: Gr Gk by gD, = gi, i _ k
 and gD, = 0, i > k. Then by (4.1) of GPC there is an automorphism a of

 Gr such that wrfjx = g. Thus 7rlfa(Dl) = g1 or

 f.caD1 = g1 + -1 aihi%

 Then by (2.4), we can assume V = X(H; fig - , ft.) where the homotopy
 class of fi restricted to OD x 0 in mq3(H) is g1 +-1-k aihi for some set
 of at.

 Let r be the union of the subsets

 D,- x Dm+' ... D- XD-4,1

 of H. Now it is clear that each hi C 7rm(OH) is the image of some class in
 7rm(OH - (HHn r)) under the homomorphism induced by inclusion. The
 same is true also for g1. This implies that the class g, + Sk aihi has the
 same property, or that there exists a map

 fil: ODm+1 x O >H- (OHn r)

 which is homotopic in AH of the restriction of

 flg: O7D1+1 x DM O H

 to OD-"+' x 0. By (2.3) we can realize J'1 by an imbedding. By (2.4) of
 GPC extended slightly by (2.2) of this paper we obtain a differentiable
 imbedding

 fi: D1 +1 x DI>, H-- (OHn r)
 such that X(H; fi) and X(H; fl) are diffeomorphic.

 If we generalize the definition X(M; Pig ..., kP) of GPC to include the
 case of handles of more than one dimension, we have X(H; fJ) is diffeo-
 morphic to X(H1; fi' #2, . . . # *k) where H1 = X(D2m+1; *H). Then we have
 X(H; fl) is diffeomorphic to X(H2; #2, * * *#J) where H2 = Xl(H1; Ji). By
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 502 STEPHEN SMALE

 the proof of (3.3) of GPC, H2 is diffeomorphic to D2m+1. Thus V is of form

 Z(H3; A - - ,* f,) where H3 = Z(H2; #2, - * *#k) is in M(2m + 1, k - 1, m).
 By induction on k we get (2.1).

 UNIVERSITY OF CALIFORNIA, BERKELEY
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