SECOND OBSTRUCTION TO PSEUDOISOTOPY IN DIMENSION 3
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ABSTRACT. We use lens-shaped models and the second obstruction to pseudoisotopy
to construct a nontrivial diffeomorphism of M x I where M is the connected sum
of S1 x S§? with a another nonsimply connected 3-manifold M’. Then we take two
copies of this diffeomorphism and paste together their tops and bottoms to obtain a
diffeomorphism of M x S'. Properties of the second obstruction and the first Postnikov
invariant imply that this diffeomorphism of the closed 4-manifold M x S is not isotopic
to the identity.

INTRODUCTION

There has been a resurgence of interest in diffeomorphisms of 4-manifolds, for example
the work of Watanabe [I1], [10] and Budney-Gabai [1].

In this paper we construct pseudoisotopies of a family of 3-manifolds M and use these
to construct nontrivial diffecomorphisms of the closed 4-manifolds M x S*. Recall that a
pseudoisotopy of M is a diffeomorphism of M x I which is the identity on M x 0. The
space of pseudoisotopies of M is denoted C(M). Our first theorem is:

Theorem A (Theorem . Let M’ be any nonsimply connected 3-manifold and let
M = (S' x S2)#M'. Then there is a pseudoisotopy of M every power of which is
nontrivial.

To prove this we use “lens-shaped models” to construct diffeomorphisms of M x [
which are the identity on the bottom (M x 0) and show using our formulas from [7]
to show that these diffeomorphisms are nontrivial. More precisely, we compute the
“second obstruction” which is an element of the group Whi (7 M;Zy & moM). In the
first example of this (when M’ = S* x S?) the first Postnikov invariant of M is trivial
(since 7 M is a free group which has no cohomology in degrees > 2). So this preliminary
calculation is enough to prove Theorem [A]in this case.

In the general case, when M’ is an arbitrary nontrivial 3-manifold, we need a calcu-
lation of the mapping

X - Kg(Z[ﬂ'lM]) — Whii_(ﬂ'lM,Zg ) T[‘QM)

induced by the first Postikov invariant k1 M (ignoring the Z, component Whi (m M; Z,).
We use the fact that the sphere S? in S x S? is a retract of M and we use the
retraction r : M — S? to get a surjective mapping

re : Whi(miM; M) — Whi(mM;Z).
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We show that the composition r, o y = 0. Therefore, when r, is applied to the sec-
ond obstruction of our example, the result is nonzero. So, our pseudoisotopy is stably
nontrivial.

At this point we need to discuss the stablization process. We need a definition of the
second obstruction invariant which commutes with stabilization:

C(M)— P(M) = colimC(M x I")

given by iterating the suspension map oy : C(M) — C(M x I) (Figures 3| [4). However,
positive suspension and negative suspension are negative to each other. So, we need
our second obstruction to commute with o, and anti-commute with o_. To this end we
need to introduce a sign, namely (—1)* where k is the lower index of the two indices
used in the lens-shaped model. Then we have a well-defined stable invariant given as
follows.

First, we need the definition of the stable first invariant. This is given by stabilizing,
then taking the first obstruction:

7T()C(M) — 7T07D(M) — Whg(’ﬂ'lM).

Then we define the stable second invariant on the kernel of the stable first invariant.

The reason that we need to make this fuss is because of the involution on lens-shaped
models. Since 3 is an odd number, the space of lens-shaped models cannot be chosen to
be invariant under the involution. In fact the involution sends D~ (M) to Dt (M) where
D~ (M) is the space of lens-shaped models in the indices 1,2 and DT (M) is the same in
indices 2, 3.

We have trouble computing the second obstruction on the sum g U £g since the two
summands are elements of different groups Dy (M) and oDy (M). (We use marked
lens-shaped models so that they form a group.) However, the stable second obstruction
is additive (it makes sense to add their values on the two pieces even though they lie
in different groups). We show that this is well defined and give a “stable retraction
invariant” in Whi (m,M;Z). We compute this on g Ueg and show that this (g union
the upside-down version eg) is stably nontrivial. This gives a nontrivial diffeomorphism
of M x I fixing the boundary.

By a general fact which should be well-known (but I don’t know where to find it) any
such diffeomorphism gives a nontrivial diffeomorphism of M x S*.

Finally we note that the diffeomorphism gUeg of M x I and the resulting diffeomor-
phism of M x S! are both pseudoisotopic to the identity. The pseudoisotopy is given by
the positive suspension of g. Since the obstruction group Whi (7, M;Z) is a free abelian
group we obtain the following.

Theorem B. For M = (S' x S%)#M’ as above, there is a diffeomorphism of M x S*
every power of which is nontrivial. Furthermore this diffeomorphism is pseudoisotopic
to the identity.

The paper is organized as follows. In Section 1 we review the definition of Whi (G; A)
for any G-module A. In Section 2 we construct the specific lens-shaped model for
M = (S' x S?)#M' using any nontrivial element of 7 M’. (Figure . Section 3
discusses the Postnikov invariant k;M and its affect on the second obstruction. We
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construct the “retraction invariant” and show it is well-defined. This proves Theorem
[A]l Section 4 deals with the involution ¢ which turns a pseudoisotopy upside-down. We
also show how to stabilize the second obstruction so we can add the invariants for g and
eg. Section 5 goes over the “closing the clam” construction (Figure [5) to complete the
proof of Theorem [B]

The author would like to thank Danny Ruberman for asking him if the 4-manifold
pseudoisotopy constructed in [9] gives a nontrivial diffeomorphism of the top M x 1. This
paper is an attempt to answer that question. The author also acknowledges support from
the Simons Foundation.

1. THE SECOND OBSTRUCTION GROUP
We review the algebra of the second obstruction group Whi (mM;Zy & woaM).

Definition 1.1. For any group G and left G-module A let A[G] be the G-module
A®Z]|G] with diagonal action action of G where the action of G on Z[G] is by conjugation:
gla®h) = ga® ghg™".

The group of coinvariants of this action is A[G]|g = Ho(G; A[G]). This is also isomorphic
to Z[G] ®¢ A if G acts on Z[G] on the right by conjugation: (> n;g;)-h=>.n;h~'gh.

A[1] is a submodule of A[G] and its coinvariants give
Whi(G; A) = (A[G]/A[1])c = Ho(G; A[G])/Ho(G; A).

For example, when the action of G on A is trivial, Wh{ (G; A) is the direct sum of
copies of A, one for every conjugacy class of nonidentity elements of G.

In particular, one can show that the element afo] € A[G] gives a nontrivial element
of Whi(G; A) if o is not the identity in G and if there is a homomorphism ¢ : A — B
where B has trivial G action so that ¢(«) # 0. In that case

. Whi(G; A) — Whi(G; B)
sends afo] to ¢(a)[o] which is nontrivial in Wh{ (G; B).

2. CONSTRUCTING THE LENS-SHAPED MODEL

Let M be the connected sum of S x S? with another nontrivial 3-manifold M’. Let
a € maM be given by the 2-sphere S? C S' x S? and let o be any nontrivial element
of mM' C mM. We will construct a lens-shaped model for M with second obstruction
alo].

Recall that a lens-shaped model for M is a 1-parameter family of functions f; : M x [
whose graphic is a 1-lens. (See Figure[l]) We refer to [9] for definitions. We note however
that there is one important difference between dimensions 3 and 4. In dimension 3 there
are two choices for the middle two indices. We take our lens-shaped model to be a family
of functions f; with critical points in indices 1,2. Let D~ (M) denote the space of all
such lens-shaped models. Let Dy (M) be the space of “marked” lens-shaped models.
(See [9].) The purpose of the marking is to make myD, (M) into a group. To show
that multiplication is well-defined we need only to observe that O(4)/O(2) is simply
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connected. The marking has no affect on the second obstruction if we ignore the framing
invariant.

F1GURE 1. Depicted is the graphic of a “1-lens”, a 1-parameter family of
functions f; representing an pseudoisotopy of a 3-manifold M. The points
pe, q¢ are critical of f; of indices 1,2. The dashed red circle and dotted blue
2-sphere are explained in the text.

Figure [1] gives the graphic of the lens-shaped model we will construct. Recall that
this is the set of ordered pairs (¢,s) where s is a critical value of f; for t € I. The
function fo : M x I — I is the projection map. At ¢t = t; the function has a birth-death
point. For t slightly more than t;, we have a Morse function f;, : M x I — [ with
two canceling critical points p;, ¢; of indices 1,2 and there is a single trajectory of the
gradient of f; going from p; to ¢;. Along the deformation, two additional trajectories
are created then canceled and these trajectories form a circle of trajectories spanning a
2-sphere as indicated in Figure|l| For ¢y <t < {9, the intermediate level surface f{l(%)
is V3 which is the connected sum of M with another S* x S? as shown in Figure

The 1-parameter family of functions f; on M x [ is constructed as follows. The
function has one critical point p; of index 1. This attaches a 1-handle to M x [0,1/4] to
produce the level surface M#(S* x S7) with the meridian 2-sphere S2 being the unstable
sphere of p,. This 2-sphere is shown in red in Figure . The longitudinal 1-sphere S}
meets Sg transversely in one point. This shown in green in Figure [2|

For t = ty + € (a little bit past the birth point of f; at ¢ = ty), the stable sphere of
q; will be the green circle S} in Figure . This is in “cancelling position” with S}f . Ast
goes from % to ty, we deform this 2-sphere in the level surface as follows. We push one
part of it through an embedded loop representing any nontrivial ¢ € 71 M’ on the right
side of Figure Then we slide this “finger” over the 1-handle created by the critical
point p; increasing to 3 the number of transverse intersection points of Sz with S;.

Then we wrap this “finger” around the 2-sphere in S! x S? as shown in the figure.
Then we pull it back. When we pull back the blue circle, the extra two intersections
with Sz will be eliminated and the blue circle will go back to its original position shown
by the green circle S! in Figure . Then, the critical points p;, ¢; can cancel at t = ¢
and the “lens” will be complete.
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FIGURE 2. The level surface of the Morse function f; for t = ¢; (in the
middle of the 1-lens in Figure [1|) is shown with the stable 1-sphere Sq1 of
the index 2 critical point ¢; in blue (deformed from the standard circle S}
in green) and the unstable 2-sphere Sg of the index 1 critical point p; in
red. These cross in three points.

Theorem 2.1 (Theorem [A). The pseudoisotopy of M = (S' x S?)#M’' given by the
1-parameter family of functions f; constructed above realizes the second obstruction

M f;) = alo] € Whi (7 M; 7o M)

where o € mM is given by the 2-sphere S* in S* x S? and 0 € mM comes from a
nontrivial element of myM'. This gives a nontrivial element of moC(M).

Proof. This follows from the construction. The two additional intersection points of
Sy with S, give ¢ in the incidence matrix of the Morse complex. The blue circle S}
represents the base of a cone of trajectories up to ¢;. When that base goes through the
2-sphere in S* x S2%, that 2-cycle is pushed into the top of the cone and the circle of
trajectories from p; to ¢; will represent that class a € mo M. So, the second obstruction
for our lens-shaped model is a[o]. When the first Postnikov invariant k; M is trivial, as
in the case M’ = S' x S2, there is nothing more to do and Theorem [A] holds in that
case. But, in general, ki M # 0. Theorem will complete the proof. 0

3. POSTIKOV INVARIANT
The first Postnikov invariant of M is the cohomology class
k1M € H? (7, M;moM)

which is the first obstruction to the existence of a homotopy section of the natural map
M — BmiM. The original formula of Hatcher and Wagoner assumed this invariant to
be zero. We recall the formula for what happens when &y M is nonzero.

Theorem 3.1. [7] In the stable range (dim M > 6) there is an exact sequence
(3.1) Whs(mi M) S Whi(mM;Zy @ moM) — moC(M) = Wha(m M) =0
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where Whs(mi M) is some quotient of Ks3(Z[mM]) and the second component of the map
X, composed with this quotient map is given by

Xkq

Kg(Z[ﬂ'lM]) — H3(GLOO(Z[7T1MD — H0<7T1M;7T2M[7T1M]) — Wh?(ﬂ'lM,ﬂ'QM)

where X, s given at the chain level by

X (4, B,C) = ) flai; @ bjy @ ere)[das] € moM[mi M]

/[:7.].7k:7£

forall A, B,C € GL,,(Z[m1 M) where a;;, bji, cre, de; € Z[m1 M| are the entries of A, B, C,
D = (ABC)™! and f : Z|mi M| ® Z|m1 M| ® Z|m1 M| — 7 M is the linearization of the
3-cocycle representing ki M .

The important aspect of the formula is its naturality:

Corollary 3.2. Let ¢ : moM — A be a homomorphism of myM modules and let ki A
be the image of kyM under the induced map H?(myM;moM) — H3(myM; A). Then the
following diagram commutes

Ho(?TlM; 7T2M[7T1M])

Xkq M

P
Hy(G Lo (Z[m M) o

Xk1 A

\

Hy(m M; A[m M])

We use the naturality of the Postnikov invariant to show that the map y does not hit
our two second obstruction elements afo] and afo] + a[o™!] (which will occur later).

The connected sum M = S' x S?2#M’ has separating 2-sphere which cuts M into
two 3-manifolds with boundary S?, call them W, W’. Thus W is S! x S? minus a 3-ball
and W' is M’ minus a 3-ball and M /W' = S* x S%. Let X = W’V S'. This embeds in
M with the same fundamental group m X = m M = 7. By naturality of the Postnikov
invariant, the map in cohomology

Gu t H3(m Xm0 X) — H(m M ;7w M)

induced by the inclusion map j : X — M sends k1 X to ki M.
The inclusion map S* — M has a retraction r : M — S? given by first pinching
W' C M to a point, then projecting to the factor S*:

M = (S* x S®)#M' — St x §* — 52,

The induced map on my, moM — mS? = Z is m M equivariant since it factors through
the Hurewicz map moM — Hy(M). Since this retraction sends X to one point, the
induced map in cohomology

et H*(miM; M) — H*(7M; Z)

given by the coefficient map moM — m.5? = Z induced by r sends ki M to 0.
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The naturality argument is the following commuting diagram.

K3(Z[m M) @ H3(my M; moM ) — Ho(mi M; 7o M [ty M) —— Whi (7, M; 7o M)

o | |

K3(Z[r i M)) @ H3 (7 M; 7Z) Ho(m M; Z|my M) —— Whi (71 M;Z)

Since ki M goes to 0 in H3(m M;Z), the image of K3(Z[m M]) in Whi (7, M;maM) goes
to zero in Whi (w1 M;Z). Since the second obstruction element a[c] € Whi (m M;moM)
goes to 1[o] € Whi(m M;Z), it survives to moC(M) showing that the corresponding
pseudoisotopy is nontrivial and, furthermore, gives a nontrivial element of wyP(M).

The group Whi (71 M;Z) is the free abelian group generated by the set of conjugacy
classes of nontrivial elements of m M. Thus, afo] and «fo] + ale~!] map to [o] and
(0] +[c~!] which are both nonzero in Wh{ (M;Z) even in the case when ¢ is conjugate
to its inverse in which case we would get [o] + [07!] = 2[0].

Theorem 3.3. The second obstruction elements a[o]| and afo] + a[oc™!] are not in the
image of x : Wha(miM) — Whi (7w M;Zy ® moM) and therefore survive to nontrivial
elements of moP(M). In particular, our construction gives two nontrivial elements of

7TOC(M>

4. INVOLUTION AND SUSPENSION
For a pseudoisotopy g € C(M) we have an involution € which acts by
e(g) = (r(g) xid;) toTogor
where 7 is the automorphism of M x I given by 7(z,t) = (z,1 —t) and r(g) is the

restriction of g to M x 1. On the corresponding family of functions f, : M x I — I (with
fo the identity and f; = py o g, p2 being projection to I), the involution ¢ acts by

e(f)(x,s) =1~ fi(x,1—s).

Lemma 4.1. The pseudoisotopy goe(g) is the identity on both top and bottom of M x I
and, after expanding I to [0,2], goe(g) is isotopic to gUTogoT.

Proof. When expanding I to [0,2], we need to extend g to M x [1,2] by r(g) x idp .
We shift e(g) to M x [1,2] and extend to M x I by the identity. Then r(g) X id cancels
(r(g) x id)~! and the composition becomes g on M x [ and Togo7T on M x [1,2]. O

We denote gUTogoT by gUe(g) even though it is not quite correct. The corresponding
family of functions is f; U e(f;) which is a union of two lenses, one in indices 1,2 and
the other in indices 2,3. These lie in two different groups: mD, (M) and myDg (M)
where Dy (M) is the space of marked lens-shaped models in indices 2,3. To make the
homomorphism

g :myDy (M) — myDy (M)
well-defined on the markings, we take the orientation at the birth point of a marked lens-
shaped model in Dy (M), pull it back to the base point of M x I, take the complementary
orientation using a fixed orientation of the tangent space at the base point, then push it
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to the base point of the upside-down lens-shaped model in D (M). This uses the fact
that both O(4)/0(2) and O(4)/SO(2) x O(1) are simply connected.

We need to find compatible definitions of the second invariant on Dy (M) and Dy (M)
in order to show that g Ue(g) is nontrivial.

4.1. Suspension. We recall the (positive) suspension operator
o :C(M) = C(M x [-1,1])
which is given in modified polar coordinates [r, 8] € [—1,1] x [0, 7] (explained below) by
o4 (9)(,r,0) = (g9(x,7),0)

where the relation to standard coordinates in I x [—1,1] is
(r,8) <> (0,1) — ((1 — ) cosb, (1 —r)sind).

We assume that ¢ is a diffeomorphism of M x I which is the identity near the bottom
and sides and equal to r(g) X id; near the top. We extend g to M x [—1, 1] by taking g to
be the identity on M x [—1,0]. Figure|3|is the standard visualization of the suspension.
The following follows directly from this description.

Proposition 4.2. The top of the concordance o (g) is the diffeomorphism of M x [—1,1]
given by g (shifted down by 1) on M x [—1,0] and eg on M x [0,1]. In particular, gUeg
is pseudoisotopic to the identity on M x [—1,1]. See Figure[3

FIGURE 3. The positive suspension o, (g) is given by taking each arrow,
considered as a copy of M x I, applying the function g, then putting it
back. It is the identity on the shaded region. The diffeomorphism at the
top is ¢ and the upside-down version of g, i.e., g Ue(g).

4.2. The stable retraction invariant. In order to define the second obstruction on
g Ue(g) we need to define it in a compatible way on D~ (M) and D*(M). This is
done by multiplying by a sign. We also need to compose with the retraction map
Whi(miM;Zy ® moM) — Whi (w1 M;Z) to make sure it is well defined. The result will
be the “stable retraction invariant”.

Let D§(M) denote the space of marked lens-shaped models for an n-manifold M in
indices k, k+1 where n > 3 and k,n—k > 1 so that O(n+1)/SO(k) x O(n—k) is simply
connected making myDE (M) into a group. We define the stable second obstruction to be
homomorphism \§ = (—1)¥)\y where

Ao : ToDE(M) — Whi (7. M; Zy © mo M)
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is the standard second obstruction homomorphism. This invariant has the property of
being compatible with positive suspension o : DE(M) — DE(M x I) since \g commutes
with o, but \j is anti-compatible with o_ : DE(M) — Dt (M x I) since o_ changes the
parity of k: A\joo_ = —A§. This sign convention makes \j compatible with stabilization:

P(M) = colimC(M x I™)

since stabilization is taken by iterating the positive suspension o. It is well known that
o_ is equal to —o on the level of homotopy groups o = —oy : mC(M) — mC(M x I).
For the case at hand, we have the following diagram.

o A
1oDF (M) = meD2(M) —> myD2(M x I) —> Wh{ (1, M;Zy & o M)
Moo\ ) T
T %
—o_ A
70Dy (M) = 1Dy (M) — moD2(M x I) —">Wh(m,M;Zy ® 7oM)
Moo ) T
X
Lemma 4.3. Given that \o(g) = a[o] for g € Dy (M), we obtain: \j(g) = —alo] and
Ao(e(g) = —alot].

Proof. As in the case of 4-manifolds [9], the involution changes the second obstruction
of g to \o(e(g) = —afo™!]. However, the involution also changes the index of the critical
points as indicated in the diagram above. So, e(g) € Dy (M). The stable invariant A}
keeps the same sign on myDg (M) givinb \j(e(g) = —afo!]. However, A\j changes the
sign of \o(g). So, A\j(g9) = —a[o]. O

When the first Postnikov invariant kM = 0 we can use this lemma to compute the
second obstruction for g Ue(g):

Ni(gUe(g)) = —Xo(0_9g) + Xe(049) = —alo] — afo™!] # 0.
In the general case we need to stabilize and use a well-defined “stable retraction invari-

ant” defined as follows.
For M = S' x S?#M’" as above, let

p: woDE(M x I™) — Wh (7, M;Z)
be the homomorphism given by p(g) = r.(A\(g)) where r, : Whi (miM;Zy ® moM) —
Whi (w1 M;Z) is the map induced by the retraction r : M — S%. By the exact sequence
ToDE(M x I'™) — 7oP(M) — Why(m M) — 0

and the fact that r, is zero on the image of x : Wha(w) — Whi (71 M; Zo®ma M), p gives a
well defined homomorphism from the kernel of the first invariant wyP (M) — Whay(m M)
to Whi(miM;Z). We call this the stable retraction invariant.

Theorem 4.4. The stable retraction invariant is realized on the 3-manifold M = S* x
S24M' and, on our examples g and g U e(g) takes the nonzero values

p(g) = —lo], plgUelg)) =—[o] —[o7"].
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FIGURE 4. The well-known formula e(og) = o_&(g) follows from the fact
that the outcome of both operations give the same result, illustrated by the
figure above. Composition with the inverse of the bottom diffeomorphism
appears in the the formula for both € and o_.

5. PRODUCT WITH A CIRCLE

Suppose that g € C(M) is the identity on M x 1. Then we can identify top and
bottom to obtain a diffeomorphism g of M x S'. We believe the following is a known
argument. We call it “closing the clam.”

Lemma 5.1. For M a closed manifold the mapping Diff(M x Ireld) — Diff(M x S*)
giwen by identifying top of bottom of M x I is a monomorphism on components.

Proof. Since the map on 7y is a homomorphism of groups, it suffices to show that the
kernel is zero. Let g be a diffeomorphism of M x I which is the identity on the boundary
and let g be the corresponding diffeomorphism of M x S! and suppose § is isotopic to
the identity on M x S*. Then we will construct an isotopy of g to the identity on M x I.

We are given an isotopy of g to the identity on M x S'. We compose with the map
M x I — M x St then lift the composite map to M x R. The result is an embedding
g: M x I — M x R which is isotopic to the inclusion map. Moreover, throughout the
isotopy ¢; has the property that, for all t € I,

(5.1) gi(x,1) = 7g:(, 0)

where 7 is the deck transformation of M x R over M x S! given by 7(x,t) = (z,t + 1).

Since M x I is compact, we may assume that the image of the isotopy g¢; stays
inside M x [—N, N]| for some large N. By the ambient isotopy theorem, this family of
embedding g; extends to a family of diffeomorphisms h; of M x [—N, N] which is the
identity on its boundary for all ¢ € I. By construction, hg is the identity on M x [N, 0]
and on M x [1,N]. At t =1, hy will be the identity on M x I.

Let f; : M X [-N,0] = M x [-N,N] and f/ : M x [1,N] = M x [—N, N] be the
restrictions of h; to these two subsets of M x [— N, N| with images A; = im f;, B, = im f}.
By , the bottom of B, is the translation 7 of the top of A;. This resembles a “clam”.
(See Figure ) When the clam closes, the top and bottom fit neatly together to form

A UT'B, =M x [-N,N —1].

The interiors of A; and 77! B; do not meet since g;(M x 0) is a separating surface.
An isotopy of hg to the identity on M x [N, N] can now be given by:

idUgUid ~ fUg U f/ ~ fiUidU f{ ~ fiUT" firUid ~ f,UT" fiT Uid ~ idpyr[-n.N]
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as shown in Figure [5 O
id By =m f; h i< [N—1,N]
] o~ im g ~ idprxr o~ T ofioT

ANgra-. ANgra-.

id A =im f; fi fi

the “clam” closed clam

FIGURE 5. The top and bottom portions (A4; and B;) of the diffeomor-
phism h; = f; Ug; U f! fit together to give a diffeomorphism f; U771 f/7 of
M x[—N, N—1]. The closed clam is isotopic to the identity on M x[—N, N]
since the middle portion ¢g; is missing. Not shown is the isotopy
fiUidyxr U fi = fiur " o fl o T Uidpxn-1,n]

given by sliding f{ down to 771 f{7.

Theorem 5.2. The pseudoisotopy g U e(g) gives a diffeomorphism g of M x S* which
18 pseudoisotopic to the identity but no power of which is isotopic to the identity.

[9]
[10]

[11]
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