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ABSTRACT. Given a nonorientable, locally flatly embedded surface in the 4-sphere of nonori-
entable genus h, Massey showed that the normal Euler number lies in {—2h, —2h +4,...,2h —
4,2h}. We prove that every such surface with knot group of order two is topologically unknot-
ted, provided that the normal Euler number is not one of the extremal values in Massey’s range.
When h is 1, 2, or 3, we prove the same holds even with extremal normal Euler number.

We also study nonorientable embedded surfaces in the 4-ball with boundary a knot K in
the 3-sphere, again where the surface complement has fundamental group of order two and
nonorientable genus h. We prove that any two such surfaces with the same normal Euler
number become topologically isotopic, rel. boundary, after adding a single tube to each. If the
determinant of K is trivial, we show that any two such surfaces are isotopic, rel. boundary,
again provided that they have non-extremal normal Euler number, or that A is 1, 2, or 3.

1. INTRODUCTION

There is an involution of CP? given by complex conjugation [z9 : 21 : 22] + [Zo : Z1 : Zal.
Remarkably, the quotient of CP? by this involution is the 4-sphere [Mas73, Kui74, Ad88]. The
fixed point set of the involution is the standard RP? in CP?, and the image of this fixed set under
the quotient map is called the standard positive embedding of RP? in S*. The image of the standard
positive embedding under a reflection of S* is the standard negative embedding. The embeddings
are distinguished by their normal Euler number (Definition 2.2), which is —2 for the positive
embedding and 2 for the negative one. Additional details on the standard embeddings RP? C S4
were given by Lawson [Law82, Law84]; see also Example 2.3 for an alternative construction.

The nonorientable genus of a compact, nonorientable surface F' with at most one boundary com-
ponent is the dimension of the Zs-vector space Hq(F';Z2). Taking connected sums of h standard
embeddings of R P? realises every normal Euler number in the range {—2h, —2h+4,...,2h—4,2h}.
In fact, Massey [Mas69] showed that for every locally flat embedding F' C S* of a closed, nonori-
entable surface of nonorientable genus h, the normal Euler number e(F') must lie in this range.
Such a surface is said to be topologically unknotted if it is topologically isotopic to a connected
sum of standardly embedded projective planes.

Every unknotted surface F' C S* has knot group m1(S* \ F) & Z,. By definition a Z,-surface
in S will refer to a locally flatly embedded surface F, as above, with knot group Z,. We consider
the following question, which already appeared, for example, in [Kaw96, p. 181], [Kam02, p. 55],
and [BCD*21, p. 7].

Question 1.1. Is every Zy-surface in S* topologically unknotted?

Lawson [Law84] proved that Zs-projective planes are indeed unknotted. Finashin, Kreck,
and Viro [FKV88] proved that once the nonorientable genus h and normal Euler number e are
fixed, there are only finitely many topological isotopy types of smoothly embedded Zs-surfaces.
Kreck [Kre90] showed that if a smoothly embedded Zs-surface has (h,e) € {(10,16), (2,0)}, then
it is topologically unknotted. These are all the prior instances of progress on Question 1.1.

We say e(F) is extremal if |e(F)| = 2h and non-extremal otherwise. Here is our main result.

Theorem A. Let F C 8% be a Zy-surface of nonorientable genus h and normal Euler number e.
If h < 3 or if e is non-extremal, then F is unknotted.

We know of no example where the answer to Question 1.1 is negative. The extremal cases
for h > 4 remain as interesting open questions.
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Remark 1.2. One can ask a version of Question 1.1 where one considers smoothly embedded
surfaces up to smooth isotopy. In terms of positive answers to such a question, Bleiler and
Scharlemann [BS88] showed that if a smoothly embedded RP? C S* has three critical points, then
it is smoothly unknotted.

However, in general, this fully smooth version of Question 1.1 is known to have a negative
answer. Indeed, Finashin, Kreck, and Viro produced an infinite family of smoothly distinct,
smoothly embedded Zs-surfaces in S* with nonorientable genus » = 10 and normal Euler num-
ber e = 16 [FKV88]. They achieved this by combining annulus surgery with Donaldson’s theorem
to construct infinitely many Zs-surfaces {F;};>1 with non-diffeomorphic double branched covers.
Kreck later proved that all the F; are topologically unknotted [Kre90]. Finashin [Fin09, The-
orem B| used a similar strategy to produce an infinite family of distinct, smoothly embedded
Zo-surfaces with (h,e) = (6,8), containing at most finitely many topological isotopy types. The-
orem A now implies that Finashin’s examples must all be topologically unknotted.

1.1. Surfaces with boundary. Theorem A is deduced as a consequence of a uniqueness result
for properly, locally flatly embedded, compact, nonorientable surfaces F C D* with boundary a
fixed knot in S. Such an F is called a Zy-surface in D* if it has knot group 71 (D*\ F) = Z,.
In order to state our main result in this setting, we start by recalling a fact about the normal
Euler number of nonorientable surfaces in D*. First, if F C D* is a nonorientable surface, then
o(K)=oc(22(F))+ %e(F), where 35 (F') denotes the double branched cover of F' and o(K) denotes

the signature of K. If F' is a Zs-surface of nonorientable genus h and | det(K)| = 1, then we show
in Lemma 5.2 that

e(F) e {-2h+20(K),-2h+4+20(K),...,2h—4+20(K),2h +20(K)}.
We say that e(F) is extremal if |e(F') — 20(K)| = 2h.

Theorem B. Let Fy, Fi C D* be Zy-surfaces of the same nonorientable genus h, the same normal
Euler number e and the same boundary K. Assume that |det(K)| = 1. If either h < 3 or e is
non-extremal, then Fy and Fy are ambiently isotopic rel. boundary.

We deduce Theorem A from Theorem B by puncturing the closed surfaces in question i.e. a
given closed Zs-surface and the standard unknotted surface with the same nonorientable genus
and normal Euler number, and applying Theorem B with K the unknot.

As we explain in Section 1.5, our proof of Theorem B uses Kreck’s modified surgery [Kre99],
and owes an intellectual debt to Kreck’s article [Kre90], while going further than that article.

1.2. One internal stabilisation is enough. Let Fy, F; C D* be Z,-surfaces of the same nonori-
entable genus h, the same normal Euler number e, and the same boundary K. Baykur and
Sunukjian [BS16, Theorem 1] proved that Fy and F; become isotopic after some finite, but a
priori arbitrarily large, number of internal stabilisations. Here, an internal stabilisation of a con-
nected, nonorientable surface F¥ C M in a 4-manifold is obtained by adding a tube. That is,
performing ambient surgery on F, along an embedded copy of D! x D? C M with S x D? C F
and (D' x D?) N F = (. This increases the nonorientable genus by two. Homotopy implies
isotopy for 1-complexes in 4-manifolds means that for F' a Zs-surface, every tube choice for inter-
nal stabilisation is a trivial tube. Therefore adding a tube is the same as taking the connected
sum (D*, F)#(S%,T?), where T? C S* is the standard unknotted torus. Equivalently, one could
take the connected sum with an unknotted Klein bottle in $* that has trivial normal Euler number;
see e.g. [BS16, Lemma 4].

We refine Baykur and Sunukjian’s result, in the case of Zs-surfaces, to show that in fact one
internal stabilisation suffices.

Theorem C. Let Fy, Fi C D* be Zy-surfaces of the same nonorientable genus h, the same normal
Euler number e, and the same boundary K. Then Fo#T? and Fi#T? are ambiently isotopic rel.
boundary.

Note that stabilising in this way automatically puts us into the case of non-extremal normal
Euler number, so the outcome of a single stabilisation when F' is closed, or when 0F = K with
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|det K| = 1, is already covered by Theorems A and B respectively. In Theorem C there is no
assumption on det(X’). Theorem C can also be compared with [AS21], which considers a type of
external stabilisation.

1.3. Involutions of connected sums of projective planes. We describe an application of our
results to the study of involutions. The result of Massey, Kuiper, and Arnol’d [Mas73,Kui74,Ad88],
mentioned at the start of the introduction, can be applied to each of the connected summands
of #*CP?#>CP2, to show that the conjugation-induced action of Zy on #*CP2# CP? has orbit
set S* and fixed set the unknotted Zj-surface with nonorientable genus h and normal Euler
number e, where a + b = h and 2(a — b) = —e. We refer to this action as the standard involution.
We apply Theorem A to obtain a criterion for an involution on #*CP2#*CP2 to be topologically
conjugate to the standard involution.

Corollary D. Let 7 be an involution on Z := #“(CPQ#b(CilD2 that acts locally linearly and
semifreely with fized point set a nonorientable’ surface a C Z of nonorientable genus a + b.
Assume that Z\ F is simply-connected and that the pair (h,e) :== (a+b,2(b—a)) satisfies the con-
ditions of Theorem A. Then the involution T is topologically conjugate to the standard involution
on Z.

Proof. For brevity, we write Zz for the exterior of FCZ X:=2Z /7 for the orbit space of the

involution, p: Z — X for the quotient map and F := p(F) C X for the branch locus. We also
write Xp := X \ vF' so that, since the action is semifree, the restriction p|: Zz — Xp is a 2-fold

covering map. Note that F' and F both have nonorientable genus h.

We claim that X is homeomorphic to S*. Since Z = is simply-connected and p|: Zz — Xp is
a 2-fold covering map, the long exact sequence of a fibration implies that m (Xr) = Zy. A Seifert-
van Kampen argument then shows that 71 (X) = 71 (Xr)/{ur) is a quotient of Zs, where up C Xp
denotes a meridian to F' C X. Since the Euler characteristic of a closed 3-manifold vanishes, a
calculation using the additivity of the Euler characteristic yields

2x(X) = 2(x(XFr) + x(F)) = x(Zz) + 2x(F)

=X(Z) —x(F) +2x(F) =x(Z) +x(F) = (2+h) + (2—h) = 4.

We argue that X is simply-connected, i.e. that pp is nontrivial in m (Xg). If pp were trivial
in m(Xp), it would bound an immersed disc, which when glued to the meridional disc to F,
would produce a surface X that is geometrically dual to F. This would imply that bo(X) > 2 and
therefore x(X) > 1+ 2+ 1 = 4, contradicting the calculation above.

Since X is a closed simply-connected 4-manifold with x(X) = 2, the 4-dimensional Poincaré
conjecture implies that X 22 §* [Fre82]. This establishes the claim.

The claim implies that Z is homeomorphic to the 2-fold cover of S* branched along the Z,-
surface F' C S*. Thus, [GKS21, Theorem 1] implies that the normal Euler number of F is

e(F)=—=20(35(F)) = -20(Z) = —2(a —b) =e.

We apply Theorem A to deduce that there a homeomorphism of pairs ¢: (S, F) = (5S4, Uy ),
where U}, . is the unknotted embedding with normal Euler number e of the closed nonorientable
surface of genus h. This homeomorphism can be lifted to a Zs-equivariant homeomorphism of
the universal covers of the exteriors and extended to a Zs-equivariant homeomorphism ¢ of the
branched covers. In other words, @ conjugates the Zs-action on Yo(F') with the standard one

on So(Un.e) = #£°CP*4CP . O

I fact, as Z is nonspin, a result of Nagami [Nag00, Theorem 1.1] implies that Fis necessarily nonorientable.
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1.4. Surfaces obtained by band moves. Given a knot K, we describe a natural source of Z,-
surfaces in the 4-ball with boundary K. Assume that h band moves, at least one of which is
nonorientable, transform K into a knot J that bounds a genus g orientable surface ¥ C D*
whose exterior Ny = D*\ vX has fundamental group Z; we call ¥ a Z-surface. We obtain a
nonorientable Zy-surface F' C D* of nonorientable genus h + 2¢ by using the Z-surface X to cap
off the nonorientable cobordism C' C S® x [0,1] arising from the band moves. To see that this
is a Zy-surface use the decomposition, Xr = X¢ Ux, —Nx, where X¢ denotes the exterior of C'
and X; denotes the exterior of J. Since m(X;) — m(X¢) is surjective, 7 (Xr) must be a
quotient of 71 (Nyx) = Z. Then since F is nonorientable, this forces 1 (Xr) = Zs.

Lipshitz and Sarkar recently used this construction to produce examples of exotic nonorientable
surfaces Fy, F; C D* [LS22]. In one of their examples, they perform 3 band moves on the knot
K = 1234, to arrive at a specific knot J C S3 that Hayden-Sundberg [HS21] had shown bounds
two smoothly distinct Z-discs. Lipshitz and Sarkar showed that the construction above results in
two smoothly embedded Zs-surfaces of nonorientable genus h = 3 and Euler number —6, that are
not smoothly isotopic. Since det(K) =1 and h = 3, Theorem B shows that these two surfaces are
topologically ambiently isotopic rel. boundary.

An alternative route to this conclusion was already available, using the fact that any two Z-
discs with the same boundary are ambiently isotopic [CP21]. In future applications, one might
wish to cap off by a Z-surface of higher genus than a slice disc. While isotopy uniqueness of such
surfaces was also considered previously by two of the authors [CP23], we suggest that Theorem B
will likely be more easily applicable here, as it avoids some of the more delicate issues involving
intersection pairings from that study.

1.5. Outline of the proof of Theorem B. Our proof of Theorem B uses Kreck’s modified
surgery theory [Kre99], and as mentioned above our approach was inspired by [Kre90]. We review
modified surgery theory in Sections 7 and 8, but for this introduction we introduce some aspects
of this theory and explain how it applies (in principle) to proving that two spin 4-manifolds My
and M; with fundamental group Zs are homeomorphic. While we delay detailed definitions to
Sections 7 and 8, we hope that the broad picture will give the reader some idea of what our proof
of Theorem B entails.

The choice of a spin structure on the M; and of an identification 71 (M;) = Zy determine 2-
connected maps v;: M; — B where the B := BTOPSpin x BZy. There is a fibration £: B —
BSTOP, and in Kreck’s terminology (B, §) is called the normal 1-type of the M;, while the 7; are
called normal 1-smoothings if they lift the stable normal bundles M; — BSTOP of the M;.

In order to show that My and M; are homeomorphic, the first step in modified surgery is to
find a 5-dimensional cobordism (W; My, M7) together with a normal 1-smoothing 7: W — B
that extends the ;. This is typically done by fixing a homeomorphism f: dMy — OM; that
preserves the normal 1-smoothings and proving that (Mo Uy —M;, Ty U —74) vanishes in the
bordism group Q4(B,€).

To such a (B,§)-cobordism (W,7), modified surgery associates an obstruction O(W,7) in
a monoid ¢5(Z[Zs]). If this obstruction takes a particularly simple form (i.e. is elementary),
then (W,7) is (B, ¢)-bordant rel. boundary to an s-cobordism. Since Zs is a good group, the 5-
dimensional s-cobordism theorem [FQ90] then implies that the homeomorphism f: OMy — OM;
extends to a homeomorphism My = M;.

Having described the modified surgery program to decide whether two spin 4-manifolds with
fundamental group Zs are homeomorphic, we restrict our attention to the case where My = Xp,
and M; = X, are exteriors of Zg-surfaces Fy, F1 C D*.

Definition 1.3. Suppose Fy, F; C D* have the same connected boundary K C S% and write S(vF})
OvF; \ vK C D* for the sphere bundle of the normal bundle to Fj, or equivalently the boundary
of the closed tubular neighbourhood to F;, minus vK. Suppose f: S(vFy) — S(vFy) is a home-
omorphism. We say f is v-extendable if it extends to a homeomorphism TFy = UF; of the closed
tubular neighbourhoods that sends Fj to Fj.
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Suppose the homeomorphism f restricts to the identity map S(vK) — S(vK). Then we say f
is v-extendable rel. boundary if there exists moreover an extension vFy = UF; that restricts to the
identity map on UK.

A homeomorphism S(vFy) — S(vFy) that is v-extendable rel. boundary is a necessary condition
for Fy and F; to be ambiently isotopic rel. boundary. Such a homeomorphism exists if and only
if Fyp and Fy have the same nonorientable genera and relative normal Euler numbers. Note also
that if f is v-extendable rel. boundary, then it extends both to a homeomorphism 0Xr, — 0Xp,
which restricts to the identity on the knot exterior, and extends to a homeomorphism vFy — TF}.

Since, for i = 0,1, the exterior Xp, is spin and has fundamental group Zs, it comes with a
normal 1-smoothing 7;: Xp, — B. The strategy underlying the proof of Theorem B is now as
follows.

(1) We prove that (Xpg,,79) and (Xp,,71) are (B,§)-cobordant. The key step is in Sec-
tion 6, where we use Zy-valued quadratic forms due to Guillou-Marin [GM86] and Kirby-
Taylor [KT90] to prove that there exists a homeomorphism f: 0Xp, — X, such that
the closed 4-manifold M = Xp Uy —Xp, is spin, has m (M) = Zo, and such that f
restricts to a homeomorphism S(vFy) = S(vF}) that is v-extendable rel. boundary. Here
we use that Fjy and F; have the same nonorientable genus h and the same normal Euler
number e. It is then straightforward to show that M has zero signature, and an applica-
tion of the Atiyah-Hirzebruch spectral sequence to calculate Q4(B, ) = Q}OPSpin (Zy)=Z
then implies M is null-bordant over (B, ¢).

(2) We prove that the modified surgery obstruction @(W,7) € £5(Z[Z5]) is elementary. Use Q e,

to denote the Z-intersection form of the universal cover of X, and Q%d for the induced
F;

nondegenerate form on coker(Hy(8Xp,) — Ha(Xp,)). The arguments from [Kre90], re-
formulated in the framework from [CS11], show that this obstruction lies in a subset
l5(vo, v1) C £5(Z]Z5]) whose definition involves the quadratic form v; := (Z[Zo]", (1-T)8;).
Here T stands for the generator of Zy = (T | T? = 1) and 6; := HI)]zdF denotes the qua-

dratic form on coker(Hy(0X F) — Hy(X F)) = Z" whose underlying even form is Q‘)L(d .
Fy
If | det(K)| = 1 and if either h € N<12 U {14} or e is non-extremal, then Proposition 5.12

shows that 6y = 6, and therefore v := vy = vy. Using Lemma 9.12, the obstruction
in £5(v,v) further reduces to an obstruction in f5(v_,v_), where v_ = 26,: Z" x Z" — 7Z
is obtained by restricting v to the —1 eigenspace. Work of Crowley-Sixt [CS11, Section 6.3]
implies that ¢5(v_,v_) is isomorphic to the group Aut(dv_) of isometries of the boundary
quadratic linking form of v_ modulo the action of isometries Aut(v_) of v_. We appeal
to a theorem of Nikulin [Nik79] to deduce that this orbit space consists of a single orbit
when e is non-extremal, and therefore every element of ¢5(v_,v_), and hence of ¢5(v,v),
has an elementary representative. Here the key point is that when e is non-extremal and
h > 3, Proposition 5.12 shows that the quadratic form 6; splits off a hyperbolic summand
(even though the Z[Zs]-intersection form does not). In the appendix we present detailed
explicit computations which show, in the extremal cases with h < 3, that the relevant sub-
set of the f-monoid, ¢5(v_,v_), is trivial, and hence in these cases the modified surgery
obstruction is also elementary.

(3) Modified surgery theory, and more specifically [Kre99, Theorem 4], then ensures that W
is bordant rel. boundary to an s-cobordism and, as mentioned above, the s-cobordism
theorem [FQ90, Theorem 7.1A] then implies that the homeomorphism f: 0Xp, — 0Xp
extends to a homeomorphism ®: Xp — Xp,. The v-extendability condition means that
we can extend ® to a rel. boundary homeomorphism (D%, Fy) = (D*, Fy). Tt follows from
the Alexander trick that orientation-preserving homeomorphisms of D* that restrict to
the identity on S® are rel. boundary isotopic to the identity rel. boundary. We conclude
that Fy and F} are ambiently isotopic rel. boundary.

Remark 1.4. The key ingredients in establishing that vy = v; are the fact that for ¢ = 0,1, the
quadratic form v; is determined by the intersection form Qy, () of the 2-fold branched cover, and
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that if we let a,b € Z be the unique integers such that h = a + b and 0(Qx,(r,)) = a — b, then the
classification of nonsingular symmetric bilinear forms implies that

(1) Qs,(ry = (D)™ @ (—1)®°,
provided |det(K)| = 1, and either h € N<19 U {14} or e is non-extremal.

Two questions are of interest if one is to make further progress on Question 1.1. The first
question is to determine whether (1) holds for every extremal e. If FF C S* is smoothly embedded,
then this follows from Donaldson’s theorem [Don83], whereas a negative answer in the locally flat
setting would lead to a negative answer to Question 1.1. The second question is whether the
subset ¢5(v_,v_) of ¢5(Z) is trivial for the forms v_ that arise in the extremal cases when h > 4;
see Proposition 7.43. As illustrated in the appendix, the complexity of the computations grows
rapidly with A, making further computations by hand increasingly challenging. If (1) holds and
if £5(v_,v_) is trivial for every h, then an affirmative answer to Question 1.1 would follow.

1.6. Isotopy of embeddings. In our analysis thus far, we considered submanifolds of S* or D*
up to ambient isotopy. We can instead consider the closely related problem of ambient isotopy
of embeddings. Let F' be a nonorientable surface with zero or one boundary components, let NV
denote S* with zero or one copies of D* removed respectively, and let gg,g1: FF < N be proper
locally flat embeddings with the same normal Euler number and, in the case 0F = S and N = D?,
with golor = g1]or. Suppose that g;(F') is a Zs-surface, for ¢ = 0,1. We now consider whether
there is an ambient isotopy rel. boundary between go and ¢;.

Given a proper locally flat embedding g: F — N, Guillou-Marin [GMS86] defined a qua-
dratic refinement ggnr: Hi(g(F);Ze) — Zs of the intersection pairing Qgpy: Hi(g(F);Z2) X
Hy(g(F);Za) — Zs, in terms of the embedding g, which we recall in Definition 6.13.

Theorem E. Suppose that for i = 0,1, the images F; := g;(F') satisfy the hypotheses of one of
Theorems A, B, or C (in the latter case, we assume that g;(F) are the stabilised surfaces). The
embeddings gy and g1 are ambiently isotopic rel. boundary if and only if the homeomorphism

i=gio(go) " Fo = Fy
induces an isometry of the Guillou-Marin forms.

Proof. Suppose that gy and g; are ambiently isotopic rel. boundary. Then in particular there is a
homeomorphism ®: N — N such that ® o g9 = g1: FF — N. The Guillou-Marin form is defined
geometrically, using immersed discs in the ambient N (Definition 6.13). As 1 is the restriction of
the homeomorphism @, this immediately implies that f induces an isometry of forms because the
geometric definitions match up.

For the converse, assume that ¥ induces an isometry of the Guillou-Marin forms. In the proofs of
Theorems A, B, or C, we construct ambient isotopies Fy ~ F;. The construction requires at some
stage that we choose a homeomorphism Fy — F; that preserves the Guillou-Marin form. This
choice is made during the proof of Proposition 6.3 and is made arbitrarily (the existence of such a
homeomorphism is shown to follow from the hypothesis that e(Fy) = e(F1)). In the present proof,
we may choose this homeomorphism to be ©: Fy — Fj. Asin Proposition 6.3, this homeomorphism

becomes part of the construction of a homeomorphism v: S(vg,cpa) = S(vp,cp4), that is v-
extendable rel. boundary, and with the property that gluing X, and Xp, using a homeomorphism
O0XF, — 0Xp, that restricts to ¥ produces a spin union. The resultant ambient isotopies produced
by our proofs of Theorems A, B, or C then induce the chosen . Expanding what this means,
we have achieved that go and g; are ambiently isotopic rel. boundary as desired. Indeed, we
have produced an isotopy Gy: N — N with Gy = Idn, Gi|p, = ¢: Fo — Fi. We therefore
have that Gi|g, 0 go: F' < N is an isotopy rel. boundary from Gy|g, o go = Idyogo = go to
Gilp, 090 =¢g10 gal o gp = g1- Since Gy is an isotopy of N, gy and g, are ambiently isotopic, as
desired. O

Remark 1.5. Suppose g: F — S is a smooth embedding such that g(F) is a connected sum of
standardly embedded projective planes and that ¢: F — F is a self-diffeomorphism. Hirose [Hir12]
proved that ¢ is induced by a self-diffeomorphism ®: $* — S* sending the image g(F) to itself
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if and only if g o ¢ o g71 induces an isometry of the Guillou-Marin form on g(F). In the case
N = §%, it is possible to deduce the case of Theorem E corresponding to Theorem A by combining
Theorem A with an application of Hirose’s theorem. However, since this method would not have
applied automatically in the cases when N = D*, we gave the independent proof above, taking
advantage of the flexibility in our method of proof (Section 6 in particular) to choose our preferred
Guillou-Marin form preserving homeomorphism.

Another view on Theorem E is that it recovers a topological version of Hirose’s theorem, by
applying it in the special case that go(F) C S* is a connected sum of standardly embedded
projective planes and g; = gg o for some homeomorphism ¢: F' — F. From this point of view, we
have obtained extensions of Hirose’s theorem to surfaces with boundary in the cases where N = D4
covered by Theorems B and C, but again only in the topological category. It would be interesting
to know whether the smooth analogues also hold, but this cannot be addressed with the inherently
topological methods of this paper.

Organisation. In Section 2, we review the normal Euler number of an embedded surface. In
Section 3, we review hermitian and quadratic forms. In Section 4, we collect some facts about
the algebraic topology of Zs-surface exteriors. Section 5 is concerned with intersection forms. In
Section 6, we prove that if Fy and F} have the same normal Euler number then it is possible to
form the union M := Xp, U —Xp, along a homeomorphism of the boundaries so that M is a
spin 4-manifold and 71 (M) = Zy. In Section 7, we review quasi-formations and the definition of
the monoid f2441(R). In Section 8, we recall the set-up of Kreck’s modified surgery theory. In
Section 9, we formulate a criterion for a class © € ¢5(Z[Zz]) to be elementary. In Section 10, we
analyse the surgery obstruction and prove that it is elementary.

Conventions. We work in the topological category with locally flat embeddings unless otherwise
stated. From now on, all manifolds are assumed to be compact, connected, and based; if a manifold
has a nonempty boundary, then the basepoint is assumed to lie in the boundary.

Let F' denote a nonorientable, compact surface with connected, nonempty boundary and
nonorientable genus h. The standard cell structure for F consists of a O-cell € and a 1-cell e
to construct OF, then h 1-cells 71, ...,y, attached to the 0-cell, followed by a 2-cell attached
via elv? - ~2. Note that F deformation retracts onto the subcomplex e® U ng:l Vi \/h St

For a space X, we write H,,(X) for the n-th singular homology group of X with Z coefficients.
Any other coefficient system will be included in the notation. We write C for inclusions of subsets
and C to indicate proper subsets.

If R is a ring with involution z +— 7 and M is a left R-module then M™* denotes the dual
of M, Hompg(M, R), which is given a left R-module structure using the involution on R in the
usual way.

Acknowledgments. We thank Matthias Kreck for helpful discussions about [Kre90], and Tom
Mrowka for asking us about involutions, which led to Corollary D. PO was partially supported
by the SNSF Grant 181199. MP was partially supported by EPSRC New Investigator grant
EP/T028335/2 and EPSRC New Horizons grant EP/V04821X/2.

2. THE NORMAL EULER NUMBER

In this section, we discuss the normal Euler number of a properly embedded surface. The
normal Euler number, an integer, is an isotopy invariant of Zs-surfaces, which can distinguish
between those with the same nonorientable genus.

We start by recalling the general definition of Euler numbers with twisted coefficients. Sup-
pose (X,Y) is homotopy equivalent to a CW pair, with both X and Y compact and connected.
Let ¢ = (R® - E 5 X) be a rank n vector bundle. The example to keep in mind is that of
the normal bundle of a properly embedded surface F C D*. Write D(¢) and S(€) for the disc
and sphere bundles of £&. Consider the obstruction-theoretic problem of finding a section s for the
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sphere bundle S(£) extending a given section s’ on the restriction of S(§) to Y:

The primary obstruction to this problem is the relative Euler class, which takes values in the local
coefficient system given by the homotopy groups of the fibres €(¢,s’") € H™(X,Y; {m,—1(S()z)}).
Write g € Y for a basepoint and m1(X) := m1(X,20). The monodromy around a loop either
preserves or reverses an orientation on S(§),,, and this determines a homomorphism p: m (X) —
Aut(m,-1(S(€)x,)). This homomorphism is used to form a twisted coefficient system for X, giving
groups H"(X,Y;7,-1(S(§)x,)), canonically isomorphic to H™(X,Y; {m,—1(S(€)x)}); see [Whi78,
page 288, Theorem 4.9].

A cohomology class w € H'(X;Zs) determines a homomorphism 71 (X) — Aut(Z) by assigning,
to a loop 7y, multiplication by w([y]) € {£1}. This in turn determines a twisted coefficient
system Z*. We may identify Z"1(€) with S(¢),, as Z[m; (X)]-modules by choosing an isomorphism
of groups Z = m,_1(S(€)4,)- Via either such choice of identification, we see that the monodromy-
induced map p and the homomorphism determined by w1 (§) agree. Thus, once such a choice is
specified, we consider the relative Euler class €(&, s') to lie in H™(X,Y; Z®%1(9),

Now suppose that X is a compact n-manifold with (possibly empty) boundary Y. There is an
isomorphism H, (X,Y;Z*1(TX)) 2 7, and a choice of generator [X] is called a twisted (relative)
fundamental class. Suppose the total space E of £ is orientable, and fix a fundamental class
for this total space. A choice of a twisted fundamental class [X] determines local orientations
for X. Together with the orientation on the total space of &, we infer an orientation on the
fibres of £ and hence an isomorphism Z 2 7, _1(S(§)+,). Thus we obtain an Euler class €(&,s") €
H™(X,Y;Z" ). Noting that wy(TX) + wy(£) = w,(E) =0,

—N—: Hy(X,Y; 27X 5 HY(X,Y;219)) - Hy(X; 2T +w®)) = Hy(X) = Z.
We define the relative Euler number e(£,s") of £ to be the integer given by the cap product
e(&,s):=[X]Ne(,s") € H(X)2Z.

A priori this depends on a choice of [X] and a choice of orientation on £. A change in the choice
of [X] switches the sign of [X] and also switches the identification Z = 1,1 (S(§)4,), thus overall
these cancel in the computation of e(€, s’), and the relative Euler number is independent of the
choice of [X]. Tracking a change in the choice of orientation on the total space of £ through the
construction above, shows this will ultimately change e(¢,s’) to —e(§, s').

Remark 2.1. In practice, (relative) Euler numbers may be computed by looking at how generic
sections of the bundle intersect the 0-section in the total space. Suppose £ is a vector bundle over
a compact, connected n-manifold with boundary (X,Y), and that the total space of £ is oriented.
Fix a nonvanishing section s’: Y — E|y. Let s: X — E be any section that restricts to a section
isotopic to s’ on Y and meets the image of the 0O-section so(X) transversely. At the preimage
in X of each intersection x € so(X) h s(X), arbitrarily choose a local orientation for X (this
corresponds to choosing one of the two twisted fundamental classes [X] € H, (X,Y;Z®»(TX)),
This induces an orientation on T, so(X) @ T.,s(X), and we assign a sign to z by comparing this
induced orientation to the ambient orientation on T, F. The signed count of these intersections
is independent of the local orientation choices because the choice appears in the orientation of
both T, s0(X) and T, s(X).

It is known that the Euler number e(£, s") € Z is equal to the signed count of these intersections.
This follows because the relative Euler number is equal to the algebraic self-intersection number of
the 0-section so(X) in the total space. In the level of generality we are working, this is a somewhat
intricate exercise in elementary algebraic topology and we will not perform it here. When Y = (),
and for oriented base space and bundle, this procedure is carried out in [Bre93, Proposition 12.8],
for example. By working with twisted Poincaré duality, and relative to the subspace Y, the method
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for the closed, oriented case can be adapted to the situation we are considering, where both the
base space and bundle are nonorientable (and thus the total space of the bundle is orientable).

Definition 2.2. The normal Euler number e(F) € Z of an embedded closed surface F' C S* is
the Euler number of its normal bundle vF', whose total space is oriented using the fixed, standard
orientation on S%.

The normal Euler number e(F) € Z of a properly embedded closed surface F C D* with
connected nonempty boundary K C S® is the relative Euler number e(¢,s’) € Z of its normal
bundle vF, whose total space is oriented using the fixed, standard orientation on D*, and where
s': K — vK denotes a nonvanishing section (which, in this case, is equivalent to a longitude of
K) corresponding to the Seifert framing of K.

Example 2.3. In the introduction, we defined the standard embeddings RP? C S* using the invo-
lution of CP? given by complex conjugation. An alternative construction for the positive/negative
standard embedding RP? C S*, up to ambient isotopy, is as follows. Take an unknotted M&bius
band in S C S*, with one positive/negative half-twist, push its interior into the northern hemi-
sphere of S%, then cap it off with the standardly embedded 2-disc in the other hemisphere. With
this description one can compute that the normal Euler number of the standard positive embed-
ding is —2 and the normal Euler number of the standard negative embedding is +2. For example,
in the positive case the M6bius band determines a section of the normal bundle of the unknot with
winding number 42 with respect to the Seifert framing. This extends to a section over the stan-
dard disc in the southern hemisphere with intersection number —2 with the 0-section. Here the
minus sign arises because the southern hemisphere uses the opposite orientation to the standard
one.

It also follows from this description that the exteriors of these standard embeddings admit a
handle decomposition with a single 0-handle and a single 1-handle, and therefore have fundamental
group Zs. This is the easiest way to see that all unknotted nonorientable surfaces are Zs-surfaces.

Massey proved the following theorem, as mentioned in the introduction. In particular it implies
that the normal Euler number of a closed surface in S* is always even.

Theorem 2.4 (Massey [Mas69]). Let F C S* be an embedded, closed, nonorientable surface of
nonorientable genus h. The normal Euler number of F lies in the set {2h—4,2h,2h+4,...,4—2h}.
For each h > 1, this set is in bijective correspondence with the isotopy classes of the standard
embeddings.

Technically speaking, Massey proved Theorem 2.4 in the smooth category, but his proof extends
to the topological category. For example, one of the crucial points in the proof is the relation
between the Euler number e(F) and o(X2(F)), the signature of the 2-fold branched cover. This
relation also holds in the topological category [GKS21, Theorem 1].

We finish the section with the next proposition, which describes a useful consequence of Massey’s
theorem for surfaces F' C D*. When det(0F) = 1, this result will be sharpened in Lemma 5.2
below.

Proposition 2.5. The normal Euler number of a properly embedded nonorientable surface F C D*
is even.
Proof. Write h for the nonorientable genus of the surface F', e = e(F) for its normal Euler number,
and K = OF for its boundary. Let ¥ C D* be an orientable genus g surface with 9% = K. The
Euler characteristic of the closed surface F := ¥ U xk FC8*is

X(F) =x(E) +x(F) =x(K) =(1-29)+ (1—-h)=2—-29—h.
The oriented surface ¥ is framed and induces the Seifert framing on K. It follows that the normal
Euler number of F C §4 equals that of F C D%, so e(ﬁ) =ec. Let h=h+ 2g be the nonorientable
genus of F. Note that 2y(F) = 2(27ﬁ) = 4—2h. Massey’s Theorem 2.4 implies that e(F) = 2x(ﬁ)
mod 4, and therefore e = 2x(F) mod 4. We obtain

~ o~

e=2x(F)=22—-h)=22-29g—h)=—-2h=2h mod 4.

In particular e is even. O



10 A. CONWAY, P. ORSON, AND M. POWELL

3. HERMITIAN AND QUADRATIC FORMS

In Subsection 3.1 we recall terminology regarding hermitian and quadratic forms. In Subsec-
tion 3.2, we collect some important facts about Z[Zs]-modules.

3.1. Quadratic forms. We begin by recalling some notation and terminology regarding hermit-
ian and quadratic forms, which we will use throughout the article. References include [Ran81]
and [CS11, Subsection 3.2].

Let R be a ring with involution and let ¢ = £1. Given an R-module P, consider the involution
eT: Hompg(P, P*) — Hompg(P, P*), ¢ — (x — (y — ed(y)(x))).
The quadratic and symmetric QQ-groups are then defined as
Q:(P) :=coker(l —¢T) and Q°(P):=ker(l—eT).
We will often abbreviate Q4 (P) := Q41(P).

Definition 3.1.
(i) An e-quadratic form is a pair (P, ), where P is a stably free R-module and ¥ € Q.(P).

(ii) An e-hermitian form is a pair (P, \), where P is a stably free R-module and A € Q°(P).

(iii) An e-quadratic form is nonsingular if its symmetrisation (1 + T )1 is an isomorphism.

(iv) An isometry h: (P,v) — (P’,4’) between quadratic forms consists of an isomorphism
h: P — P’ such that h*¢’'h = ¢ € Q.(P). Isometries of hermitian forms are defined

similarly.

Remark 3.2. As is customary in surgery theory, we will go back and forth between thinking
of quadratic forms (resp. hermitian forms) as (equivalence classes of) R-linear maps P — P* on
the one hand and pairings P x P — Q:(R) (resp. pairings P x P — R) on the other. We will
also frequently use the fact that the data of a quadratic form (P,) is equivalent to the data of
a triple (P, A\, u) where A: P x P — R is a hermitian form and p: P — Q:(R) is a quadratic
refinement of A, a notion whose definition we recall next; see e.g. [CLM, Remark 7.77].

Definition 3.3. Let ¢: R — Q-(R) be the quotient map and let s: Q.(R) — R be a section of g.
A function p: P — Q-(R) is a quadratic refinement of a hermitian form A: P x P — R if
(i) plx+y) = w@) — ply) = g(Ma,y)) for every z,y € P,
(ii) Mz, z) = s(u(z)) + es(p(x)) for every x € P,
(iii) p(re) =ru(z)7 € Q-(R) for every z € P and r € R.
Note that the right hand side of (ii) does not depend on the choice of section s.

Definition 3.4. For a stably free R-module L, the standard hyperbolic e-quadratic form is

HL(L) = <L®L*’ [(8 é)D

A quadratic form (P, ) is called hyperbolic if it is isometric to H. (L) for some L.

Definition 3.5. A sublagrangian of an e-quadratic form (P, 1)) is a direct summand j: L — P
that satisfies j*¢j = 0 € Q.(L). A sublagrangian j: L < P satisfies j(L) C L*, where the
module Lt = ker(j*(1+¢T)w) is called the annihilator of j: L — P. A sublagrangian j: L < P
is a lagrangian if it satisfies L = L*.

Remark 3.6. When P is only assumed to be projective, this definition requires the additional
assumption that j*(1 + €T)y is surjective; cf. [Ran81, p. 65]. As we are working in the setting
that P is stably free, this condition follows automatically.

We conclude this subsection by discussing the relationship between quadratic and hermitian
forms. Given an R-module P, the map 1 4 T induces an R-linear map

(2) 1+4+eT: Q(P) = Q°(P).

Lemma 3.7. When ¢ =1 and P is projective, the symmetrisation map (2) is injective.
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Proof. Assume first that P is moreover free. Then an element in the kernel of (2) is represented
by a skew-hermitian matrix A over R. A skew-hermitian matrix may be written A = BT — B =
(1 — T)BT, where B is the upper triangle of A. Thus A determines the 0 element of Q. (P). It
follows that in this case, the map (2) is injective.

Now drop the assumption the P is free. As P is projective, there exists an R-module ) such
that P & Q is free. Suppose ¢: P — P* represents an element of ker(1 + T: Q4 (P) — QT (P)).
Then 1 @ 0 represents an element of ker(1+ T: Q(P® Q) — QT (P& Q)). As Pd Q is free, by
the argument in the first paragraph, v 0= (1—T)n for some n: PO®Q — (PO Q)* = P* & Q*.
Writing i: P — P @ @ for the inclusion, we have

=" YB0)i="(1-T)ni=:(1—T)ni= (1 —T)(" ni),
and so we have that ¢ determines the 0 element of Q4 (P). O

We obtain the following consequences.

Corollary 3.8. If a (+1)-hermitian form (P,\) admits a quadratic refinement, then it admits
a unique quadratic refinement. Moreover, if L C P is a direct summand and A vanishes on L,
then L is a sublagrangian for that unique quadratic form with symmetrisation (P, \).

Proof. The first claim is immediate from Lemma 3.7, as P is stably free, therefore projective
(indeed the claim holds for forms defined more generally on projective modules). Write (P, ) for
the unique quadratic form such that (1 4+ T)i» = A. The second claim comes from the fact that
as L is a direct summand of P, it is also projective. The vanishing of A on L is equivalent to saying
0=7*(14T)j = (1+T)j*j € QT(L). As L is projective, Lemma 3.7 shows 0 = j*¢j € Q4 (L),
and so L is a sublagrangian for (P, ). O

3.2. Modules over Z[Zs]. Since we will be soon describing the Z[Zs]-module structure of var-

ious homology groups, we start by recalling some facts about Z[Zs]-modules. From now on we
write Zo = (T | T? = 1).

Lemma 3.9. For a finitely generated Z[Zs]-module P, the following assertions are equivalent:
(1) P is free,
(2) P is stably free,
(8) P is projective.

Proof. For finitely generated modules over any ring, free implies stably free, which in turn implies
projective. A theorem of Jacobinski [Jac68] ensures that stably free Z[Zs]-modules are moreover
free; see also [Johl4]. Every finitely generated (f.g.) projective Z[Z,]-module is stably free if and
only if the reduced projective class group I?O(Z[Zp}) is trivial [Weil3, Section I1.2]. Rim proved
that for a prime p, the group I?O(Z[Zp]) is isomorphic to I?O(Z[ﬁp]), where &, denotes the p-th
primitive root of unity [Rim59]. A result of Milnor then implies that I?O(Z[ﬁp]) is isomorphic to the
ideal class group of Z[¢,] [Mil71, Section 1, Corollary 1.11]. This latter group is trivial for p = 2
since Z[€3] = Z. Thus a f.g. Z[Zs]-module is projective if and only if it is stably free. d

Lemma 3.10. Every f.g. Z|Zs]-module H that is torsion-free as an abelian group decomposes as
P®H, 1®H_4, where P is Z|Zs)-free, Hi1 has the Z[Zs]-action where T operates by +1, and H_4
has the Z[Zs]-action where T operates by —1.

Proof. Reiner [Reib7] proved that every f.g. Z[Zs]-module H that is torsion-free as an abelian
group decomposes as P ® Hyy & H_;1, where H1; are as in the statement of the lemma and P
is Z[Zs]-projective. Summands of f.g. modules are f.g. and Lemma 3.9 therefore implies that P is
in fact Z[Zy]-free. O

Remark 3.11. In what follows, Z; denotes Z with the (Z[Z2], Z[Zs])-bimodule structure where
both left and right module structures are determined by stipulating that 7" induces multiplication
by £1. One verifies for example the useful isomorphism Homgz,)(Z+, Z[Zs]) = Z.
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4. THE ALGEBRAIC TOPOLOGY OF Zsy-SURFACE EXTERIORS

In this section we collect some facts about the algebraic topology of Zs-surface exteriors, which
we will need in later proofs. Subsections 4.1 and 4.2 are concerned with the homology of the
boundary of Zs-surface exteriors. In Subsections 4.3 and 4.4 we study the homology of Zs-surface
exteriors and the corresponding branched covers.

Before getting started we record a result that we will use frequently. If Zy = (T | T? = 1) acts
on a space X, its rational homology groups split into eigenspaces for the automorphism induced
by T. We write H;(X;Q) = &4 (H;(X;Q)) & E_(H2(X;Q)).

Lemma 4.1. If Zy acts on a space X, then E.(H;(X;Q)) = H;(X/Z2; Q) and therefore
Hi(X;Q) = Hi(X/Z2;Q) & E-(Hi(X;Q)).

Proof. Consider the set Ha(X;Q)%2 of fixed points of the Zsy action on Ha(X;Q). A transfer map

argument [Bre72, Chapter III, Theorem 7.2] shows that fixed set of the induced action on the

rational homology is isomorphic to the rational homology of the orbit space, i.e. Ho(X;Q)%2 =
Hy(X/Z4;Q). We therefore obtain the following sequence of isomorphisms:

E4(Ha(X:Q)) = Ha(X; Q)™ = Ha(X/Z2; Q).

The final sentence now follows from the decomposition H;(X; Q) = £ (H;(X;Q))®E_ (H2(X;Q)).
0

4.1. The homology of circle bundles over nonorientable surfaces. Given a properly em-
bedded nonorientable surface F C D* with boundary a knot K C S3, the boundary of the exterior
Xp:=D* \ vF decomposes as 0Xp = X U —Y where X is the exterior of K and Y is an ori-
ented 3-manifold that has the structure of a circle bundle over F (see Notation 1 for details). We
calculate the homology of Y as well as the homology of circle bundles over closed nonorientable
surfaces.

We first introduce some notation we will use throughout this section.

Notation 1. Let F be a closed, nonorientable surface of nonorientable genus i and let £ be a rank 2
vector bundle over F with oriented total space and Euler number e. Decompose F = D?Ug: F and
write f for the restriction to F'. Write Y and Y for the respectlve total spaces of the associated S'-
bundles S(f) and S’(§) and let p: Y — F and p: Y — F denote the projection maps. Let § be a
section of f, which exists because f is rank 2 and F is homotopy equivalent to a 1-complex.

Proposition 4.2. We have a commuting diagram

0 Zs Hy(Y) —2s H{(F) —=0
~—0Y
J(_ iLy - iLF
0 Zs Hy(Y) —L> H{(F) —>0
N _ _ -

Sx

where the vertical maps are inclusion induced, the top row is split, and the bottom is split if and
only if e is even. Moreover, we have the followmg homology calculations.

e Ife is even, then §,: Hy (F) — H (Y ) splits p and there exists a unique map s.: Hi(F) —
Hy(Y) that splits the bottom row and satisfies Ly o §. = s, o tp. In particular, there are
isomorphisms

H\(Y) = Zy & H((F) and Hy(Y)=Zy & Hy(F).

In both cases the Zy-summand is generated by an S-fibre of S(€).
e Ife is odd, then

Hl(Y)gZ4€BZh71 and Hl( ) ZQ@Hl(F)
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The Zy-summand is generated by an S'-fibre of S(€) whereas the Z4 summand fits into
the nonsplit short exact sequence

0= Zy— H\(Y) & H(F) —0
——
> Z,Zh 1 2 Z,@Zh—1
in which the left hand side Zs is generated by an S-fibre of S(€).

Proof. Consider the total space N of the disc bundle D(£) over F. We note that H1(N,Y) =0
and Ho(N,Y) = Z, generated by a D?-fibre of D(£). Indeed since ON = Y, Poincaré duality
implies that H;(N,Y) = H*%(N) = H**(F) which vanishes for i = 1 and is Zy for i = 2. In the
punctured case, write N for the total space of D(€), so that excision gives H;(N,Y) = H;(N,Y).

Since N (resp. N ) deformation retracts via the bundle projection onto F (resp. a ), we have
Hy(N) = Hy(F) (vesp. Hy(N) = Hy(F)). This way the exact sequences of the pairs (N, Y), (N,Y)
as well as (F, F), (Y,Y) fit into the following commutative diagram:

Hy(Y,Y) — Hy(F,F)

L g

07— H (V) — = H(F) ——>0

]

OHZQ

2%

|
Hy(Y)

P
-~_ _ _ -
Here the map s, splits p and is induced by the choice of section §: F — Y. It remains to prove
the statements related to the splitting s..

By excision, Hy(F,F) = Hy(D? S') = Z generated by a choice of relative fundamental
class [D?]. Using our standard cell structure for F, with 1-cells 7y, . . ., yu, we see that Hy (F)) = Z".
We choose a basis with first basis element [y17s . . . 7] to obtain a decomposition Hy (F) = Z&Zh 1,
so that A([D?]) = (2,0). Using the splitting of the top sequence we write Hy(Y) 2 Zy & Hy (F) =
Zy®ZG L. Again by excision, we know that Hy(Y,Y) = Hy(S' x D2, 5% x S1) = Z, generated
by [{1} x D?].

We claim that 9([{1} x D?]) = (¢,2,0) € Zy ® Z & Z"1, where € is the Euler number e
of ¢ reduced modulo 2. The last two entries are necessitated by commutativity of the top right
square. To see that the first entry is the Euler number mod 2, recall that the Euler number
is the obstruction to extending the section §: ' — Y C Y = S(¢) € D(€) to a nonvanishing
section on all of F. Indeed, if we extend, the Euler number equals the number of transverse
intersections of any section over all of F' with the zero section. This means that the boundary of
{1} xD?*C S'x D?2Y\ Y maps to +e copies of the circle fibre. This concludes the proof of
the claim.

Assume e is even. A chase in the following diagram shows that s, is well-defined:

7 ——— 7

\L(O,Q,O) \L(Z,O)

0Ty To@dZBZ L s 7715

~N~—D
0 Zy Hy(Y) —2— H{(F) —0.
<_

Sx

Note that s, is defined to make the right hand square commute: more explicitly, s.(z) = ty 05.(Z)

o

where ¢ (%) = x. To check that s, is indeed a splitting, given = € H;(F) and & € H;(F) such
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that tp(2) = x. Then pos,(z) = pos,otp(Z) = poty 05.(T) = tpopos(x) = p(T) = x.
The uniqueness of s follows similarly: if s, satisfies ty o 8, = s, o tp, then for any z € Hy(F) and
any & € Hy(F) with vp(&) = z, we have s,(z) = 1y 0 §,() = s, (1Lp(2)) = 5. (2).

If e is odd, then we deduce that H;(Y) = Im(ty) is isomorphic to Zs ® Z & Z"~1/((1,2,0)),
which is itself isomorphic to Zs @ Z"~!. The lemma follows. U

Proposition 4.3. The nontrivial integral homology groups of}of are
Ho(Y)2Z, Hi(Y)XZy®Z" —and Hy(Y)=Z'1,
and the nontrivial integral homology groups of Y are

Zy & Zh 1 if e is odd

Hy(Y) 272"t Hy(Y)XZ.
Zo ® 7o ® 7M1 if e is even, 2(Y) 3(Y)

Ho(Y) =27, Hy(Y)= {
Proof. Since Y is connected Ho(f/) Z. Proposition 4.2 proves that H1 (Y) &~ 7o ® Z". Since Y
is a 3-manifold with torus boundary, we have H5(Y) = 0 and 0 = x(Y) =1 — h + b3(Y). On
the other hand, Poincaré duality and the universal coefficient theorem imply that Ho(Y) is free.

Combining these facts shows that Hy (Y) =~ 7h=1 as claimed. An analogous argument gives the
closed case. (]

Construction 4.4. Assume the Euler number e of the bundle £ is even, so that Proposition 4.2
gives

Hy(Y) 2 Zy® H(F) and Hy(Y) 2 Zy & Hy(F),
where in both cases the Zs-summand is generated by an S!-fibre of S(€). Projecting to this Zo-
summand leads to surjections p: m1(Y) = Zy and : 771(50/) —» Zo. We consider the Zy-covers Y¥
and Y% corresponding to the kernels of these epimorphisms. From now on when we write H; (Y;Z[Zs))
and H,(Y;Z[Zs)]), we will mean the homology groups of these covers, viewed as Z[Zs]-modules.

Proposition 4.5. Assume the Euler number e of the bundle £ is even. The nontrivial homology
groups of the Zo-cover Y are

Ho(Y?) 27, Hy(Y¥)2Zy® Hi(F), and Hy(Y¥)=2Z"".
If we write e = 2x, then the nontrivial homology groups of the Zo-cover Y are

Zy ® 7M1 if x is odd

Hy(Y?) = zh1 Hs(Y¥) > Z.
Lo ® 7y @ 7M1 if x is even, 2(Y7) 3(Y7)

Ho(YW) =7, Hl(Yga) = {
Proof. The definition of the surjection ¢: 71 (Y) — Zs implies that Y# is again a circle bundle with
base a surface of nonorientable genus h, and is the sphere bundle of a rank two vector bundle £¥
over F.

Claim 1. The Euler number €’ of the rank 2 bundle £¥ associated with Y'# is half that of £. In
other words, €’ = z.

Proof. Consider N := N,j, the D?-bundle over F' with Euler number e. This bundle satis-
fies DN =Y. Note that N\ vF 2 Y x [0,1] ~ Y, so that ¢ determines a 2-fold branched cover
p: No(F) — N, branched over F C N, and with Y¥ = ON5(F'). Orient No(F) so that p is degree 1.
Write F C N(F) for the branch set of this branched cover. The Euler number of Y¢ (namely ¢')
is the normal Euler number of F© C Ny(F). The spaces Ny(F) and N have the structure of tubular
neighbourhoods over F and F respectively, and we choose these tubular neighbourhoods so that
the double branched covering map p is a fibre preserving D2-bundle map of the normal bundles
p: vE — vF. Implicitly using the homeomorphism p: F' — F' in the base, there is a change of
local coefficients homomorphism pu : H2(F; {m1(S(£)4)}) = H2(F; {m1(S(€),)}) that sends e(vF)
to e(vF); cf. [Mas69, Lemma 1]. As p restricts to a double cover on the S fibres, this map is
multiplication by +2. The sign ambiguity of an Euler number depends only on the choice of ori-
entation on the ambient 4-manifolds (see Section 2). The stipulation earlier that p: No(F) — N
is a degree 1 map, fixes the sign to be positive. Thus, 2¢’ = 26(ﬁ) = e(F) = e, as claimed. O
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Since the claim implies that Y¥ is an Euler number z circle bundle with base a surface of
nonorientable genus h, the result now follows from Proposition 4.2. The reasoning for Y¥ is
analogous. 0

4.2. The homology of the boundary of a surface exterior.

Notation 2. Let F' C D* be a Zs-surface of nonorientable genus h and normal Euler number e.
Write X for the exterior of F' and K := OF for its boundary.

Proposition 4.6. The nontrivial homology groups of 0Xr are
Ho(0Xp) =7, Hi(0Xp)=Zo®Zy®Z"', Hy(0Xp)=7Z'', and H3(0Xp)=Z.

Proof. Since H;(Xk) = Z and H;(Xg) = 0 for ¢ > 1, the Mayer-Vietoris sequence for the
decomposition 0X g = Y U Xk shows that the homology of X is independent of the knot K. In
particular we can assume without loss of generality that K is the unknot. This implies that the
Mayer-Vietoris calculation for 0Xp = YUX calculates the homology of the circle bundle Y = YU
(S x D?). Since e is even (recall Proposition 2.5) the result now follows from Proposition 4.3. O

Let X r denote the universal cover of X and let X9 (K') denote the 2-fold branched cover of a
knot K.

Proposition 4.7. Write the normal Euler number of F as e = 2x. The nontrivial homology
groups of the Zg-cover 0Xp are

Ho(asz> = Z, HQ(@)?F) = Zh_l, H3(8XVF) = Z, and

ym @Zh_l D Hl(ZQ(K)) Zfl‘ is odd

Hy(0Xp) =
1(9Xr) {ZQ O 7o @71 @ H(X2(K)) if x is even.

Additionally the inclusion Y < 0Xp induces a Z|Zs)-isomorphism
Hy(Y, Z[Zs]) — Ha(0Xr; Z|Zs)).

Proof. Use X% — X to denote the 2-fold cover of the exterior of a knot J. Additionally us-
ing 35 (.J) to denote the 2-fold branched cover of .J, a Mayer-Vietoris argument shows that H; (X?%) =
Hl(EQ(J)) EBZ and Hg(X%) =0.

Note that 8)~(F =Y¥U X2.. This has the same homology as Y from Proposition 4.5, except
in degree one. In our setting, if we assume that |det(K)| = 1, we see that X2 has the same
homology as X2 = S x D? where U C S® denotes unknot. In particular, the Mayer-Vietoris
sequence for Xp = Y¥ U X2 calculates the homology of Y% = Y U (S! x D?). The result then
follows from Proposition 4.5. In general, when |det(K)| # 1, the Mayer-Vietoris computation
shows that one obtains an additional summand of Hy(0Xp) isomorphic to Hi(22(K)). To see
this, the relevant part of the sequence is

Hy(0X%) = Hy(Y¥?) @ Hy(X%) = Hy(0Xp) — 0.

Since Hy(X?%) 2 Z & Hq(X2(K)) and the map Hq(0X%) — H1(X%) — H1(22(K)), given by
inclusion then projection, is the zero map, it follows that Hy(0XFp) & H1(Y?) @ H1(32(K)), as
asserted. O

4.3. The homology of exteriors of Zs-surfaces. We continue with the conventions from No-
tation 2.

Proposition 4.8. The nontrivial integral homology groups of Xp are

Ho(Xp) =7, H(Xp)=2Zy, and Hy(Xp)=Z"1.
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Proof. Since X is connected we have Hy(Xp) = Z and since X is a 4-manifold with boundary,
we know that Hy(Xp) = 0. The fact that Xp is a Zs-surface implies that H;(Xp) = Z2 and that
the inclusion induced map m(0XF) — 71 (XF) is surjective. We deduce that Hy(Xp,0XFp) =
0. Poincaré duality and the universal coefficient theorem then imply that Hs(Xp) = 0 and
that Ho(XF) is free. Since Y is a 3-manifold with torus boundary, it has vanishing Euler charac-
teristic. We deduce that
= X(D*) = X(Xp) + X(7F) = x(Y) = (1 + b2(Xp)) + (1~ h) =0

from which it follows that by(Xr) = h — 1. Thus Ho(Xp) = ZP—1 O

We record a lemma that will be helpful when calculating the Z[Zs]-homology of Xp. Recall
that Zy denotes Z considered as a Z[Zz]-module where T acts as multiplication by +1.

Lemma 4.9. For k > 1, we have EXtQ[Zﬂ(Zi,Z[ZQ]) =0.

Proof. Consider the following projective resolution for Z.:

(3) 2 72070 5 7(Z0) D 2020 5 Z(Z,) — Zo — 0.

Applying Homgz,)(—, Z[Z,]) and removing the rightmost term, we obtain the chain complex
L 7)7y) S 2)70) £ 2)75] EEE 2(Z] 0.

Taking the homology of this chain complex gives the result. O

Proposition 4.10. The nontrivial Z|Zs]-homology groups of Xp are
Ho(Xp;ZZo)) = 7y and  Ho(Xr;Z[Z2)) 2 Z- @ Z[Zo)" !

Proof. Since X is connected, we certainly have Ho(Xp; Z[Zs]) = Z, and since X has nonempty
boundary we have Hy(Xp) = 0. Since Xp is simply-connected, the fact that 71(0Xp) — m (Xp)
is surjective implies that Hl(X Jai 0X r) = 0. Duality and the universal coefficient theorem now
imply that Hs(Xp) = 0. Our task is therefore to calculate Ha(Xp;Z[Zo]). We first calcu-
late Ho(Xp; Z[ZQ}) HQ(X F) as an abelian group. Duahty and the universal coefficient theorem
imply that Ha(X ) is free abelian. We deduce that 14+by(X ) = x(Xr) = 2x(Xp) = 2(1+ba(Xr))
and it follows that as an abelian group, we have

Hy(Xp; Z[Zs)) = 7 @ 7292 XF) = 7, 7201,

We determine the Z[Zs]-module structure of Hy(Xp; Z[Z2]).
First, we deduce from a result of Wall [Wal67, Lemma 5.2] that the double D := Xp Uqg —Xp
has Ho(D;Z[Zs)) 2 Z_ ® Z_ & F with F free.

Claim 2. We have that HQ(D,Z[ZQD = HQ(XF, Z[ZQ]) D HQ(XF7Z[ZQ])*

Proof. Using excision we have Hy(D, Xp;Z[Z3]) = Hy(Xp,0Xp;Z[Z]). Duality implies that
Ho(Xp,0Xp; Z|Zs)) = H?(XF; Z[Zs)). Using Lemma 4.9 and the UCSS, we deduce that H?(X r; Z[Z))
is isomorphic to Ho(Xp;Z[Z2])*. The long exact sequence of the pair (D, Xr) now gives

The fold map D — X is a retract and so its induced map on Ho(—;Z[Zs]) splits this short exact
sequence. This concludes the proof of the claim. (]

Using the fact that Hy(Xp) = Z @& Z2h=1 is finitely generated as a Z[Zs]-module and torsion
free as an abelian group, Lemma 3.10 implies that as a Z[Zs]-module Ho ()2 r) decomposes as P&
P, ® P_;. Here, P is Z[Zs]-free, Py1 has the Z[Zs]-action where T operates by +1, and P_; has
the Z[Zg] action where T operates by —1. Since Lemma 4.1 gives £, (Hy(Xp;Q)) = Hy(Xp; Q)

"=1 and we know that Ha(D;Z[Zo]) = Z? & F (with F free) decomposes as Ha(Xr; Z[Zs]) @
Hy(Xp;Z]Z2))* (this was Claim 2), this forces

Hy(Xp; ZlLs]) = L & Z[Zo]"
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Here we also used that Homgz,)(Z+, Z[Z3]) = Z+; recall Remark 3.11. This concludes the proof
of the proposition. O

4.4. The homology of branched covers of Z,-surfaces. We write F C ¥ (F) for the branch

set and note that e(F) = 1e(F); the argument is the same as in Claim 1. The next proposition

relates the homology of the branched and unbranched covers, and follows [Kre90, p. 65].
Proposition 4.11. There is an exact sequence of Z[Zs]-modules

(4) 0 — Hy(Y?) = Hy(Xp) L Hy(So(F)) S 7y — 0.

The Zo term has Z[Zs)-action given by extending the trivial Zs-action linearly.

Proof. This proposition follows from a Mayer-Vietoris argument for 3o (F'), as we now describe.
We have a decomposition ¥3(F) = Xp Uy, UF. The gluing takes place along Y¥. Writing the
Euler number as e = 2z, we calculated in Proposition 4.5 that

~ Zy ® 7M1 if x is odd
(OVF) = 4 D . 1 a:%bo ,
Zo ® (Zo ® ZM 1) if z is even.

We assert that the Mayer-Vietoris sequence for $(F) = Xp Uge UF reduces to

(5) 0= Hy(V?) = Hy(Xp) — Hy(S2(F)) — Hy(V?) % Hy(FF) — 0.
For the leftmost side of the sequence, we used H3(X2(F)) = HY(Z2(F),0%2(F)) = 0, where
the latter holds because ¥3(F) is simply-connected and X(K) = 9%(F) is connected. For the
rightmost zero, we used that Hl(Bl/F) > (YY) = Z & Hy(F F) (recall Proposition 4.5) maps
surjectively onto Hl(VF) Hi(F), and we used that Hy(Xp) =
from the fact that Hy(7F) = Hy(F) = 0.

Next we explain how to go from the exact sequence (5) to the short exact sequence (4) in
the statement of the proposition. To study the rlghtmost side of the sequence, we consider the
following portion of the exact sequence of the pair (z/F Y“")

. The assertion now follows

T Hg(ﬁF,Yw) — Hl(Y@) —> Hl(PF) — Hl(yﬁ,};w) —

Here UF is what we called N in the proof of Proposition 4.2. In that proposition, using excision,
we saw that H;(N,Y) vanishes for i = 1 and that for i = 2 we have that Hy(N,Y) & Zs, generated
by the D?-fibre of UF. It follows that 1 is surjective with ker(y) = Zo generated by the meridian
to F C Sy(F).

We have now established the exact sequence in (4). We conclude by explaining the last assertion
of the proposition: the Zy term in (4) has the trivial Zs-action. We have already argued that this Zsy
is generated by the meridian to FCY, (F). By definition of the branched cover, this meridian
is (1 + T)p, where i C Xp is a path lifting a meridian 4 € Xp to F C D*. Since T1+T)u =
(14T, the generator is unchanged under the action of T, so we obtain the required statement. [J

Next, we use the exact sequence of Proposition 4.11 to deduce the homology of the 2-fold cover
of D* branched along a Zs-surface F.

Proposition 4.12. The branched cover Yo(F) is simply-connected and its nontrivial homology
groups are
Ho(22(F))=2Z and Ho(Xo(F)) = ZM

Proof. The branched cover Yo (F) is simply-connected because X r is simply-connected. The fact
that Ho(Xo(F)) 22 Z follows because Yo (F') is connected, and Hy(X2(F')) = 0 because 3o(F') has
nonempty boundary. Since ¥y (F) is simply-connected, H1(X2(F)) = 0 and Ho(Xa(F)) is free. It
therefore suffices to prove that by(32(F')) = h. Recall from Proposition 4.8 that Ha(Xp;Z[Zs]) =
Z|Z)" ' @ Z_ and therefore by(Xp) = 2(h — 1) + 1 = 2h — 1. Recall also from Proposition 4.5
that Hy(OUF) = Hy(Y¥®) is free abelian of rank h — 1. The exact sequence in (4) now implies
that ba(32(F)) = (2h — 1) — (h — 1) = h, as claimed. O
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Recall that the homology groups of ¥5(F') are endowed with the structure of a Z[Zz]-module
by the action of the deck transformation. We compute the Z[Zs]-module structure of Ha(X2(F)).

Proposition 4.13. There is an isomorphism Ha(Xo(F)) = Z" of Z[Zs]-modules.

Proof. The proof is very similar to that of Proposition 4.10. Namely, we first use fixed points to
study H2(32(F); Q) and then use Lemma 3.10 to conclude.

Claim 3. There is an isomorphism Hs(32(F); Q) = Q" of Q[Zz]-modules.

Proof. We showed in Proposition 4.12 that Ho(X2(F); Q) = Q" as a vector space over Q. Lemma 4.1
then implies that

H(32(F); Q) = Hy(DYQ) ® E-(Ha(X2(F); Q) = € (Ha(32(F); Q).
It follows that Ho(X2(F); Q) = Q" as claimed. O

We now conclude the proof of Proposition 4.13. Using the fact that Ho(Xo(F)) = Z" is
finitely generated as a Z[Zs]-module and torsion free as an abelian group, Lemma 3.10 implies
that as a Z[Zs]-module H3(X2(F')) decomposes as P & Py1 @ P_y. Here, P is Z[Zs]-free, Pyq
has the Z[Zs]-action where T operates by +1, and P_; has the Z[Zs]-action where T' operates
by —1. Arguing as in the proof of Proposition 4.8, Claim 3 implies that P = 0 and P,y = 0.
Therefore Hy(Xo(F)) = Z" | as required. O

We conclude this subsection by deducing the Z[Zs]-module structure of the quotient of Hy(X )
by the radical rad(Q 5, ) of the Z-intersection form of Xp.

Corollary 4.14. The Z|Zs]-module structure on HQ()Z’F)/rad(Q;(F) induced by the deck trans-
formation is extended linearly from T € Zo acting by multiplication by —1.

Proof. Using the exact sequence from Proposition 4.11, we can identify Hy ()N(F)/rad(Q;(F) with

a Z[Zs]-submodule of Ha(X2(F)), index 2 as an abelian subgroup. By Proposition 4.13 we have
Ho(So(F)) = Z . O

5. INTERSECTION FORMS

In this section, we describe some facts about the various types of intersection forms associated
with a Zs-surface. We use the following notation throughout this section.

Notation 3. Let F C D* be a Zy-surface of nonorientable genus h and normal Euler number e.
Write X5 for the exterior of F and K := 0F C S3 for its boundary.

5.1. The Z-intersection form of the branched cover.

Proposition 5.1. The intersection form Qsx, ) is nondegenerate. If |det(K)| =1, then Qs,(r)
is moreover nonsingular.

Proof. Since Yo(K) = 0%o(F) is a rational homology 3-sphere, we know that Hy(Xo(K)) = 0.
Thus Hy(X2(F)) — Ho(X2(F), ¥2(K)) is injective, and we deduce that Qs,(r) is nondegenerate.
If in addition |det(K)| = 1, then H;(¥2(K)) = 0 and it follows that Qx,(p) is nonsingular. [

Lemma 5.2. If G C D* is a nonorientable surface with boundary a knot J, then
(6) o(J) = 0(22(G)) + 5¢(G),
If F is a Zs-surface with OF = K and | det(K)| = 1, then
e(F) e {-2h+20(K),-2h+4+20(K),...,2h—4+20(K),2h +20(K)}.

Proof. The equality in (6) can be found in [GL78, Theorem 2 and Corollary 5]; see also [GL11, The-
orem 6]. If F is a Zy-surface then the branched cover ¥o(F') is simply-connected and Proposi-
tion 4.12 proves that Ho(32(F)) = Z". As |det(K)| = 1, Proposition 5.1 implies that the in-
tersection form on ¥5(K) is nonsingular. The result follows from the congruence o(X3(F))
rk(H2(F)) = h mod 2 and the inequality |o(Xo(F))| < rk(Hz2(F)) = h.

]
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Recall that we say e := e(F) is extremal if e € {—2h + 20(K),2h + 20(K)}, i.e. e is one of the
two extremal values in Lemma 5.2.

Proposition 5.3. Assume that |det(K)| = 1. The intersection form Qx, ) is definite if and
only if the normal Fuler number e is extremal.

Proof. A nonsingular symmetric bilinear form is definite if and only if its rank equals the absolute
value of its signature. By Proposition 5.1, we know that Qx, ) is nonsingular. Thus Qy, ) is
definite if and only if rk(Hy(X2(F)) = h equals |o(22(F))| = |o(K) — %e(F)| By Lemma 5.2, this
is equivalent to e being extremal. O

Proposition 5.4. The intersection form Qx,(r) is odd.

Proof. Edmonds [Edm81, Corollary 4] proved that the branched cover ¥o(F') is not spin. We note
that Edmonds states his proof in the smooth category, but that the proof may be adapted to work
for a properly embedded surface in a 4-manifold, replacing his discussions of smooth Z, actions
by locally linear Z; actions. Since ¥p(F') is simply-connected, this implies that Qx,(p) is odd. [

Proposition 5.5. Assume that |det(K)| = 1 and write 0 := o0(22(F)) = o(K) — %e. If h €

N<12 U {14} or e is non-extremal, then

Qs = ()@ (-1)°
where a,b € Ny are nonnegative integers such that h = a+b and o = a—b, which exist because h = o

mod 2 and |o| < h.

Proof. We know from Propositions 5.1, 5.4, and 4.12 that Qx,(r) is nonsingular, odd and has
rank h. Assume that h € N<jp U {14} and that e is extremal. By Proposition 5.3, Qs,r) is
definite. Since Qg,(r) is odd and definite, the classification of (low rank) definite, nonsingular
symmetric bilinear forms implies that Qs ) = sgn(o)(1)®" [MH73, Chapter 11, Lemma 6.2 and
Remark 1]. We now assume that e is non-extremal so that by Proposition 5.3, Qx, (r) is indefinite.
Since Qx,(r) is odd and indefinite, the classification of odd, indefinite, nonsingular, symmetric,
bilinear forms [MH73, Theorem II.4.3] in terms of their rank and signature implies that

Qs,(m) = (1% @ (-1)%°,
where a + b = h is the rank of Qx,(r) and a — b = o is the signature of Qx,(r). O
5.2. The Z-intersection form of the universal cover.

Proposition 5.6. The inclusion induced map iy : Hy(0X ) — Ho(Xp) is injective. In particular,
this implies that the radical of Q)?F 18

rad(Qg, ) = Im(i,: Hy(0Xp) — Hy(Xp)) = Hy(0Xp) = 2"

Proof. Using Poincaré duality and the universal coefficient theorem, we see that Hg()N( P 0X F) &
H(XF) = 0. The long exact sequence of the pair (X, 0X ) implies that i, : Hy(0Xp) — Ha(Xp)
is injective. The radical of Q5 is equal to Im(i.: Hy(0Xp) — Hy(Xp)). As i, is injective, this
image is isomorphic to HQ(B)?F), which by Proposition 4.7 is isomorphic to Z"~1. O

Remark 5.7. In fact, as a Z[Z>]-module, we have that rad(Qz, ) = Z!7'. We omit the proof
since we shall not require this information later.

Write Q;zdF for the nondegenerate form induced by Q5 on Hy(Xp)/rad(Q %,)- The next

proposition refines Proposition 4.11 to include information on the intersection forms. The state-
ment was given (without proof) on [Kre90, p. 65].

Proposition 5.8. There is an exact sequence of Z[Zs]-modules

(7) 0 - rad(Qg,) = Ha(Xr) L Ho(Sa(F)) & Zy — 0.
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The inclusion-induced map j: Ho(Xp) — Ha(So(F)) induces an isometry Qnid 2 Qs (F)ltm()s
F

and the Zy term has Z[Zz]-action given by extending the trivial Zs-action linearly.
In particular the form Q)?F splits as

Qx, = (0" & Qu,(r)lm()»
where Tm(j) is free abelian of rank h.

Proof. Proposition 4.11 established the exact sequence
0— Hy(Y¥) = Ho(Xp) L Ha(S2(F)) S Zy — 0.

We also proved in Proposition 4.7 that the inclusion ¥ C dXp induces a Z|Zs)-isomorphism
Hy(Y¥) — H2(0XF). It now follows from Proposition 5.6 that

Im(H(Y?) = Hy(Xp)) = Im(Ha(0Xr) — Ha(Xp)) = rad(Qg,)-

This gives rise to the exact sequence (7). The sentence concerning the Zy action was already proved
in Proposition 4.11 and since j is inclusion induced, it gives rise to an isometry Q‘;}dF = Qs (F)lm()s
as asserted. The fact that Im(j) = Z" follows from (7) together with Proposition 4.12, according
to which HQ(ZQ(F)) = Zh.

We conclude by proving the splitting of the intersection form. Note that Ho(3(F)) is free
abelian, and therefore as a subgroup of this, so is Ha(Xr)/rad(Q5, ). It follows that there is a
splitting Hy(Xp) rad(Qz,) & Hy(Xp)/ rad(Qz,.), and the form also splits since one summand
is the radical. O

Next we describe Q“)}d in terms of @y, r). Recall that a properly embedded surface F' C X in
F
a 4-manifold X is characteristic if [F] € Ho(X,0X;Zs) is Poincaré dual to wa(X) € H?(X; Zs).

Lemma 5.9. If G C D* is a properly embedded nonorientable surface, then [G] € Hy(Xo(G); Zs)
is characteristic. The same assertion holds for closed nonorientable surfaces in S*.

Proof. By Proposition 5.4, the intersection form of ¥2(G) is odd, and so ¥2(G) is not spin. Tt
is a folklore result that a properly embedded surface in a non-spin manifold is characteristic
if and only if the exterior of the surface is spin; a proof for the case that F' is closed can be
found in [OP22, Lemma 3.4], and may be adapted the case of a properly embedded surface.
Since G C D*, and D* is spin, the exterior X¢ is spin, and thus so is the universal cover )Z’G,
But X is the exterior of G C ¥, (@), so the lemma is proved. O

Example 5.10. As an example, if G C S* is unknotted then X5(G) = #GCPQ#b@Q for
some a,b € Z>q, and [G] € Ha(X2(G); Zs) is the sum of the a+ b standard classes [CP'], one from
each connect summand. It is not difficult to compute that this [G] is characteristic by verifying

that Qs,(q)(z,7) = Qs, @) (7, [é]) mod 2 for every x € Hy(X5(G); Zs).
We return to our fixed Zs-surface F'.

Proposition 5.11. The inclusion j: Xp < Yo (F) induces an isometric injection

j: (H2(Xr)/1ad(Qg, ) Q%) = (H2(S2(F)), Qs,(r))-
Moreover
Im(j) = {x € Hy(E2(F)) | Qsyry(z,2) =0 mod 2} = A

Proof. The first assertion was already proved in Proposition 5.8, so we now prove the statement
relating the image of j to mod 2 intersections in X5 (F). We know from Proposition 5.8 that Z" =
Im(j) = ker(d). As a consequence, the assertion reduces to proving that d(z) = Qx,r)(z, )
(mod 2) for every x € Hy(32(F')). The definition of the connecting homomorphism in the Mayer-
Vietoris exact sequence for Xo(F) = Xp U UF implies that 9(z) = Qs,r) (2, [F]) € Z. By
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Lemma 5.9, the class [F] € Hy(X5(F); Zy) is Poincaré dual to wy(X(F)), and is thus a charac-
teristic vector for Qy,(p) over Zy. Thus 0(x) = Qx,(r)(z, [F]) = Qxyr)(z,2) (mod 2), which
concludes the proof. O

The next proposition applies Proposition 5.11 to calculate Qr)‘?dp and its corresponding quadratic

form G}d . The answer will depend on the following quadratic form, defined for every n € Z:
F

2 2 2 ... 2
0 1 1 -1
X,=sgn(n) [[0 0 . . ]| eQi(zM).
R |
0 ... O 0 1

The symmetrisation of this form is definite, which is relevant to the next proposition.

Recall that h is the rank of Ho(X2(F)) and o is the signature of Qx,(r). It follows that |o| < h
and that h = ¢ mod 2 when Qx,ry is nonsingular. Thus h — |o]| is nonnegative and even, and
if 0 = 0 then h is even.

Proposition 5.12. Assume that |det(K)| = 1 and write 0 := o(X2(F)). If h € N<ig U {14} or
if e is non-extremal, then

gud o ) 2HH(2)® H(2)®%! ifo =0,
Xr 7 X, @ Hy (2)®32 (oD if o #0.

Proof. We calculate Q%' | as this entirely determines the quadratic form %' . We will use Proposi-
F F

tion 5.11, which shows that the inclusion )Z'F C ¥ (F) induces an isometry between the form Q}?
F
and the restriction of Qx,(r) to

(8) Im(j) = {z € H2(X2(F)) | Qs,(r)(z,7) =0 mod 2}.

Assume e is non-extremal. Using Proposition 5.5, and recalling that a,b € Ny are defined to be the
unique integers such that h = a + b and o = a — b, the classification of odd indefinite nonsingular
symmetric bilinear forms [MH73, Theorem I1.4.3], which says that such forms are isometric if and
only if they have the same rank and signature, gives

sgn(o) iy ® HT(2)®3 (1D if ¢ #0,

(9) Qs (r) = H* @ (_1)®b = {(1) o (1)@ H+(Z)%—1 if 0 =0.

Indeed these forms have signature o, rank h, and are indefinite and odd. Such symmetric bi-
linear forms are unique up to isometry. When e is extremal and h € N<qo U {14} we proved in
Proposition 5.5 that Qs,r) = sgn(c)(1)®" and, since |o| = h # 0, the isomorphisms in (9) hold
trivially.

We now calculate Qs (7)|im(j)xim(j)- The hyperbolic summands of Qx, ) lead to (the same
number of) hyperbolic summands in Qs,(F) |1m(j)xlm(j). Using (8), this is because hyperbolics are
even and therefore all squares are zero mod 2.

We first assume that o = 0, and analyse the restriction of B := (1) ® (—1) to Im(j). Use ey, €3
to denote the canonical basis of Z2. By (8),

Im(j) = {vie1 + voea | v1 +v2 =0 mod 2}.

Whence observe that Im(j) admits 2e;,e; + e as a basis. Evaluating B on these basis vectors
yields (53) =2 2H*(Z). Passing to quadratic forms yields the result in this case.
We conclude with the case o # 0. We need to analyse the restriction of B’ := sgn(c)l|4|

to Im(j). Use ey, ...,¢€),| to denote the canonical basis of zlel. By (8),

o] o]
Im(j) = {Zviei Zvi =0 mod 2}.
i=1 i=1
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We can therefore compute that Im(j) admits 2e1,e; + e2,e1 +e3,...,e1 + €|, as a basis. Evalu-
ating B’ on these basis vectors yields the matrix X, + XI. Passing to the quadratic forms yields
the result in this case. (]

5.3. The Z[Zs]-intersection form of the exterior. We describe the nondegenerate Hermit-
ian form A} induced by the equivariant intersection Ax, : Ha(Xp) x Ha(Xp) — Z[Zs] on the
quotient Hy(Xr)/rad(Ax, ).

Proposition 5.13. The radical of the equivariant intersection form Ax,. of Xr equals that of
the standard intersection form of X under the isomorphism Ho(Xp) = Ho(Xp; Z[Zs]). On the
quotient Hy(Xp)/rad(Ax,) we have N3¢ = (1 — T)Q’;F.

Proof. The same reasoning as in Proposition 5.6, but now using that Hs(Xp,0Xp;Z[Z2)])
HY(Xp;Z[Zs]) = 0, shows that the radical of Ay, is the image of Hy(0Xr;Z[Zs]) and this is
precisely rad(Q );F) Use Corollary 4.14 to observe that

(10)  Hy(XpiZIZa))/ rad(Ax,.) = Ho(Xp)/rad(Ax,) = Ha(Xr)/rad(Qx, ) = Z".

The last part of the assertion now follows from a direct calculation using the definition of Ax,..
Indeed, for any pair of elements x,y € Ha(Xr)/rad(Ax,. ), we have

N (2,) = Qz, (2,y) + Qx, (2, Ty)T = Qg (2.y) + Qg (v, —y)T = (1 - T)Q% (x,y).

This concludes the proof of Proposition 5.13. O

6. A SPIN UNION OF SURFACE EXTERIORS

We will show that if two Zs-surfaces with the same connected, nonempty boundary have the
same nonorientable genus and normal Euler number, then it is possible to glue their exteriors
together so that the union is both spin and has fundamental group Zs.

Remark 6.1. In this section, it will be necessary to be particularly careful with tubular neigh-
bourhoods. We will use the notation v4cp for the normal vector bundle of a submanifold A C B
(as opposed to vA C B, which is an open tubular neighbourhood). We will assume that every
surface F C D* comes equipped with a choice of tubular neighbourhood, i.e. a choice of continuous
map Vpcp4 — D* from the total space of the normal vector bundle of F whose restriction to the
unit disc bundle is a homeomorphism to its image:

~

Q' (D(VFQD4)7 S(VFQD‘l)) i) (OZ(D(VFQD4)), OL(S(I/FQDAL))),
and which when composed with the zero section gives the original embedding of F'. We refer to
the disc bundle a(D(vpcpa)) as a tubular neighbourhood of F C D*.

Moreover, for each knot K C S2, we choose a tubular neighbourhood and assume that, if a
surface F' C D* has connected nonempty boundary K C S3, then the tubular neighbourhood of F'
extends the given one of K. In this way, if two such surfaces have the same connected boundary K,
their tubular neighbourhoods will agree precisely upon restriction to the boundary. Throughout
this section it will also be helpful to recall that 0Xr = Xg Usprx S(Vrcp4)-

The meridian of a Zy-surface F' C D* refers to the homotopy class T' € 71 (Xr) of the boundary
of any D?-fibre of the tubular neighbourhood a(D(vpcpa)), together with a basing path. The
meridian of F

e generates 11 (Xp) = Hy(Xp) & Zo;
e lies in the image of the inclusion induced map ¢: m (0Xp) = 71 (XF).
We will also refer to an element p € 71 (0Xr) as a meridian if it satisfies ¢(u) = T. Given two

nonorientable surfaces Fy, F; C D*, a homomorphism ¢: 71(0Xg,) — m1(0XF, ) is said to preserve
meridians if there exists a meridian po € m (90X F,) with ¢ 0 t1(po) = T1.
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Definition 6.2. A section s: F' — S(vpcp4) is nice if the composition
Hl(F) S—*) Hl(S(VFgD4)) ﬂ) H1(8XF) i*—) Hl(XF),
is trivial, where ¢: 0Xp — X is the inclusion.

Recall from Definition 1.3 that a homeomorphism f: S(vFy) — S(vFy) that restricts to the
identity map on S(vK) is v-extendable rel. boundary if it extends to a homeomorphism 7Fy & UF;
of the closed tubular neighbourhoods that sends Fy to F}, and restricts to the identity map on v K.
The main result of this section is the following.

Proposition 6.3. Let Fy, F; C D* be two Zo-surfaces of nonorientable genus h, with the same
connected nonempty boundary K C S3, and each with normal Euler number e. Fiz a spin struc-
ture s € Spin(0Xp,) that extends to Xp,. Then there exists an orientation preserving homeomor-
phism f: 0Xp, — 0Xp, such that:
(1) the spin structure f*s € Spin(0Xr,) extends to Xp,;
(2) on X C Xp,, the map f restricts to the identity map Idx, ;
(3) on OVFy\vK = S(vg,cps) C XF,, the map f restricts to a homeomorphism S(vg,cps) —
S(vp,cp4) that is v-extendable rel. boundary;
(4) the map f.: 7 (0XF,) = 71 (0XF,) preserves meridians;
(5) there exist nice sections so: Fo — S(vp,cps) and s1: F1 — S(vp,cpa) which are preserved
by f, in the sense that f(so(Fp)) = s1(F1) € S(Vpcps).

Some preparation is required for the proof of this proposition, which is the goal of this section.
But, assuming the proposition, we record the main consequence.

Corollary 6.4. The union Xp, Ur —Xp, is spin and has fundamental group Zs.

Proof of Corollary 6.4. It follows immediately from Proposition 6.3 that the union is spin. To see
that the fundamental group is as claimed, we apply the Seifert—van-Kampen theorem, computing
the push-out of the diagram

(L10f)« (¢0)«

(Ty | T? =1) =m(Xp) m(0XR,) ——— m(Xp,) = (To | Tv* = 1),

where ¢j: X, — Xp; denote the inclusion maps. To understand this diagram we consider
the decomposition 0X g, = Xg Ugpk S(Vr,cpa), which computes the fundamental group as the
amalgamated free product

11 (0XF,) = 71 (Xk) *7, (owr) T1(S(VE,cD4))-

We claim that an element of m1(0Xp,) maps trivially under (io). if and only if it maps trivially
under (¢1 o f).. Let so: Fo — S(vp,cps) be a nice section. Recalling the standard cell struc-
ture for F' from our standing conventions at the end of the introduction, we have closed curves
Y1, ---,7n on Fy. Together with a meridian pp,, we have a generating set {ur,, so(71), - -, s0(vn)}
for m1(0XF,). Since s¢ is a nice section, and since f preserves nice sections, we have

(t0)«(s0(7i)) =1 €m(Xp) and  (u10 f)u(s0(7i)) =1 € m(XR,).

The meridian pp, lies in the image 71 (0VK) — 71 (S(vp,cps)). Thus an element g € 7 (0XF,)
can be expressed as a word in elements of 1 (X g ) and the so(7;). Consider the word g € m (Xk)
obtained by removing all the instances of sg(v;) from g € m(0XF,). Since sp and s; are nice
sections and f preserves nice sections, the images (10)«(g) € m1(XF,) = Z2 and (11 0 f).(g) €
m1(Xp,) = Zo are both computed by taking the image of § under the composition 71 (Xg) —
H(Xk) 2 Z — Zs, given by the Hurewicz map and reduction modulo two. Thus each element of
m1(0XF,) maps trivially under (i), if and only if it maps trivially under (¢1 o f)., as claimed.

As f is meridian preserving, pp, € m1(0Xp,) is such that (v0)«(pr,) = To and (¢10 f)(pr,) =
Ty. Hence in the push-out we have

m(Xp Uy X)) 2 (T, Ty | T = 1L, T2 =1, Ty = T}) = Zo,
as desired. O
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The focus for the proof of Proposition 6.3 is on proving condition (1); conditions (2), (3), (4),
and (5) will be achieved along the way. The idea for showing (1) is intuitively straightforward but
the argument is a little long, so some discussion is in order before we begin.

A Zs-surface exterior Xp is spin, and there are exactly two choices of spin structure. Thus
there are two spin structures on 0Xp that extend to Xp; they differ along a meridian to F.
The remainder of the spin structure on X g corresponds to a spin structure on a push-off of F'.
Exactly one of the possible spin structures on this surface component corresponds to the two spin
structures that extend to Xp. Thus, intuitively, the task is to produce a meridian-preserving
homeomorphism f: 0Xgr — 0Xp that also preserves this distinguished spin structure on the
surface. Having equal normal Euler numbers guarantees the last condition is possible.

We need the following definition.

Definition 6.5. Given a symmetric bilinear form (P, A) on a finite dimensional Za-vector space P,
a Z4-quadratic refinement is a function q: P — Z4 such that q(z +vy) = q(x) + q(y) + 2A(x, y), for
all x,y € P. We call the triple (P, A, q) a Z4-quadratic form over Zs.

Even though A(z,y) € Zs, we can make sense of 2A(z,y) € Z4. One quickly deduces from the
condition on ¢ that ¢(0) = 0 and that 2¢(x) = 2A\(z,z) € Z,.
Here is a more detailed proof structure for Proposition 6.3 (1).

(1) Let F C D* be a compact, properly embedded surface with boundary K C S® and write Y
for the total space of the sphere bundle of the normal bundle, so that 0Xp =& X U Y.
We show that a choice of section s: F — Y can be used to specify a 1:1 correspondence
between the set of spin structures on 0Xp and the set of Zs-quadratic refinements of
the Zo-intersection form on s(F'), up to isometry, together with the restricted spin structure
on the meridian. The Zy-refinement here is due to Kirby-Taylor [KT90].

(2) Anembedded surface I C D* has a canonical Z4-quadratic refinement of the Z-intersection
form of F, called the Guillou-Marin quadratic refinement [GMS86], and denoted ggps. We
prove (Corollary 6.20) that a spin structure s on 0Xp extends to Xp if and only if the
Kirby-Taylor refinement on s(F') C 0Xp corresponding to s coincides with the Guillou-
Marin refinement on F C D*.

(3) Guillou-Marin proved (Corollary 6.15) that if two surfaces Fy, F; € D* with 0Fy = 0F}
have equal nonorientable genus and normal Euler number, then there exists a homeomor-
phism Fj = F; inducing an isometry of Guillou-Marin Z4-quadratic forms.

(4) To complete the proof, we let s be a spin structure on dXp, that extends to Xp,. We
show how to use Guillou-Marin’s homeomorphism Fy = Fj to construct a homeomor-
phism f: 0Xgr, — 0Xf,. We show that

aaM, = 4G, © fv = qrT) (5) ofi= QKTo(f*5>-

The first equality uses (3), and the second uses (2). Applying the reverse implication
of (2) to 0Xp, implies that f*s extends over Xp,.

6.1. The Kirby-Taylor quadratic refinements. Given an abstract compact surface, we recall
a construction of Kirby-Taylor [KT90, Definition 3.5] that relates a certain set of spin structures
to the set of Z4-quadratic refinements of the Zs-intersection form on the surface.

Let ¥ be a compact, connected surface. Let ( = (R — E — X)) be a line bundle with w;({) =
w1 (X). Note that TS @ ¢ admits a spin structure. To see this, consider an immersion ¢: 3 & R3.
Note that o*(TR?) = TS & v,(s)crs. By the Whitney sum formula w;(v,(sycrs) = wi(TE) =
w1(C), so the normal bundle is isomorphic to (. We then compute that wi (T2 & () = w1 (TE) +
w1(¢) =0 and

0= 0" (wa(TR?)) = wa (1" (TR?)) = wy(TE & v(mycps) = wa(TT & ().
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So TY & ¢ admits a spin structure as desired. Fix a spin structure s on 7Y @ (. Using the 0-
section, identify ¥ with a subspace of E. The reader will verify that there is a canonical bundle
isomorphism ¢ = vscpg. 2

Let v C ¥ be an embedded circle. Make a choice of orientation on . This choice determines a
framing Ty = v x R. We now describe two ways of framing the rank three vector bundle T%|, &
vsicel|y. The framing F is defined to be the one determined by the choice of spin structure
on TY & ¢, via the following sequence of identifications:

F:TE, @ vecel, 2T, @ (), = (TS @ ()], =v xR

The framing Gy is obtained by combining the orientation-induced framing 7y = v x R with some
additional choice of a framing f: v,cg = v x R? in the following identifications:

Gr: TS|, @ vacply 2Ty ® vy @ vscpl, 2Ty @ vace =y x R

Definition 6.6. The framing f: v cp = v x R?%, above, is called odd (with respect to the chosen
spin structure s) if G; determines the same orientation on vycg as F, but the framings F and Gy
disagree up to homotopy.

Definition 6.7. Let ¥ be a surface, let ( = (R — E — X) be a line bundle over ¥ with w;(¢) =
w1 (X) and choose a spin structure s for TS & (. Let v C E be an embedded circle. Choose an
orientation on 7 and an odd framing of v.,c g with respect to s. With respect to these data, define
the Kirby-Taylor quadratic refinement of -y as

axr(s) () = # {

right-handed half-twists made by v,cx C vycE c7
as it completes a full rotation around ~ in the positive direction 4

Note that a count of right-handed half-twists only makes sense once an orientation on y and a
framing f: v,cp = v x R? have been chosen.

The Kirby-Taylor quadratic refinement depends neither on the choice of orientation on -, nor on
the particular choice of odd framing; see [KT90, p. 203]. The dependency on the spin structure s
is witnessed by the concept of an odd framing.

Theorem 6.8 (Kirby-Taylor [KT90]). The triple (H1(2;Zs), Qs, qxr(s)) is a Zs-quadratic form
over Zs. The assignment described in Definition 6.7 determines a bijection of sets

. : Zy-quadratic refinements of
. Spin(TL @ ¢) ~5 § :
T pm( @ O { (H1<Z§ ZQ)a QE)

Proof. As Kirby-Taylor do not state the result in the way we have, we collect the components of
their work which yield our statement. First, [KT90, Theorem 3.2] is the statement that there is a
natural 1:1 correspondence

(11) Pin~ (T%) 14 { Z4-quadratic refinements of }

(H1(%;Z2),Qx)

where the reader is referred to that article for the definition of a Pin™ structure. The natural
correspondence is described on [KT90, p. 203], and begins by using [KT90, Lemma 1.7] in which
there is described a natural bijection W41 (§): Pin™ (§) — Spin(§®(4k+1) det(€)), for any vector
bundle ¢ and integer k > 0. We use £ = T'%, and k = 0. We then note that as w1 (TX) = wi(()
and T'Y is orientable, we obtain wy (det(T'X)) = wq(¢) and so there is an isomorphism det(7'Y) = .
We thus obtain a bijection of sets

Pin™ (T%) — Spin(TE @ ()

2For the reader comparing with [KT90, p. 203], we note that they stipulate a choice of spin structure on TE at
this point. We think this is a minor error in that article, and they should rather stipulate a choice of spin structure
on TE|x, the tangent bundle of the total space restricted to X, as this is what corresponds to a Pin™ structure on
T3; see the proof of Theorem 6.8 below. This is then equivalent to our stipulation of a spin structure on TS @ (,
by the observation that ¢ 2 vs,c g and the splitting of TE|x = TE ® vscp.
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(depending only on the choice of isomorphism det(7TX) 2 ¢). The remainder of the construction
in [KT90, p. 203] is the definition of ¢xr(s) we have given above and so the bijection of line (11)
factors as

Pin~ (T) REN Spin(T & ¢) 4T { Z4-quadratic refinements of }

(H1(2;Z2),Qx)
It follows that gxr is a bijection as claimed. O

Remark 6.9. We remark at this point that Kirby-Taylor do not explicitly allow for the possibility
that the surface ¥ has boundary. However, we do explicitly allow this possibility. To justify
this, we note that their proofs that we cited in the proof of Theorem 6.8 remain valid (without
modification) when ¥ has boundary.

The following is a standard lemma and we omit the proof.

Lemma 6.10. Let ¢ be a spin vector bundle over a space B. Leti: K — B be a map of spaces in-
ducing isomorphism Hq(K;Zo) = H1(B;Zs). Then the induced map on the sets of spin structures
Spin(¢) — Spin(i*¢) is a bijection.

We use the previous theorem by Kirby-Taylor in the proof of the following.

Proposition 6.11. Let F', Fy, and F5 be nonorientable surfaces, with connected nonempty bound-
ary.
(1) Let ¢ = (R? — E — F) be a vector bundle with orientable total space. Write Y for the
total space of the associated S'-bundle S(£). Fiz a choice of section s: F — Y and a
choice of S*-fibre i C Y. There is a bijection of sets

v, Spin(f/) REN Spin(T)O/\“) o { Z4-quadratic refinements of }

(H1(s(F); Z2), Qs(r))
5 — (5|anKT(5))'
To define qxr(s), we take ¢ := Vypycy and use the spin structure on Y to induce a spin
structure on T's(F) @ vy p)cy = T}()/\S(F).

(2) Let ®: & = & be an isomorphism of nonorientable 2-plane vector bundles with orientable
total space, covering a homeomorphism p: Fy — Fy. Write Y; for the total space of the
associated S'-bundles S(&;). Fix a choice of section s1: F — Y1|r and a choice of S*-
fibre uy C Yy, Write s3 = ®osy 007! and py 1= ®(u1). Then there is a commutative
diagram

) sy, ) o Z4-quadratic refinements of
. 2,42 TY,|,
Spin(¥2) SpIn(TYz,a) { (Hy(52(F); Z2), Qsy(ry)

y ;

) oy L e Z4-quadratic refinements of
Spin(Y;) ——— Spin(Y;
pin() pintilu) {2y e}

where the W, ,,, are the bijections of sets from the first item, and

(I)(t’ Q) = (((I)|M2)*t7 qo (I)*)
Proof. We begin with the first item. Take the standard cell structure for F' (see the conventions
at the end of the introduction), with its basis of loops 71,...,7,. Let A CY be a connected 1-
complex comprising a single 0-cell, the S!-fibre loop p, and the collection of loops s(7;). Applying
Lemma 6.10 to the inclusion map of A, we obtain a bijection Spin(Y) — Spin(TY|4). Here we
used Proposition 4.2 and the universal coefficient theorem to compute the Z,-coefficient homology
of Y. Now, as A is a bouquet of circles, there is a bijection
h
. o L1 o . o . o
Spin(TY|a) — Spin(TY|[,) x H Spin(TY [5(+,))-

i=1
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Hence it now suffices to prove that the latter factor is in 1:1 correspondence with the Z4-quadratic
refinement factor from the statement of the proposition.

For this, first note that the collection of loops s(v;) form the 1-skeleton of s(F') and so, as s(F)
is homotopy equivalent to this 1-complex, restriction determines a bijection

h
. © 1:1 . ©
Spin(TY |s(py) — H Spin(TY [ 5(~,))-
i=1
It is clear that there is a bijection between Spin(Tf’|S(F)) and Spin(T's(F) @ v p)cy ). We now
wish to apply Theorem 6.8 using the surface ¥ = s(F') and the line bundle Vymcy- To see that

this theorem is indeed applicable, observe that as Y is orientable, the product formula for Stiefel-
Whitney classes implies that wq (T's(F)) = wl(Vs(F)g"/)- Thus, by Theorem 6.8, the Kirby-Taylor
quadratic refinement determines a bijection of sets

Cas RS Z4-quadratic refinements of
\I/s,,u' Sle(TS(F) S Vs(F)gY) — { (Hl(S(F); ZQ), Qs(F)) )

and this completes the proof of the statement in the first item.
We will now prove the second claim, namely that ¥, , o®* = ®o V¥, , . In other words, for

all s € Spin(Y2), we will show ((*5)|,u,, i (975)) = (@12)* (8l,12), arcrs (8)0®.). As g = ®(pmr),
by definition, equality in the first argument is clear. Given s € Spin(Y2), we will now show the
equality

(12) dKTy (‘b*ﬁ) =d4KT, (5) (e} (b*Z Hl(sl(Fl)) — Z4,

which will complete the proof of the second claim. Let ; C F; be an embedded circle and let
v2 = ¢(v1) be the corresponding loop in F5. This way s1(71) C s1(F1) C Y, is an embedded
circle and, by definition of s, = ® 0 51 0 ™1, we deduce that ®(s1(y1)) = s2(72) C Yg is similarly
an embedded circle. Pick a framing fo: v, )y, = s2(72) x R? that is odd with respect to the
spin structure s. Since ® is a bundle isomorphism, one checks that the framing defined by the
composition

-1

o fa g @7 xldge 2
: o o 4>
fl Vsl('yl)§Y1 4>g VSQ(,Y2)QY2 4>%, 82(’)/2) x R = 51("}/1) x R

is odd with respect to the spin structure ®*s. Choose an orientation on ; and use the in-
duced orientations on s1(y1) and s2(72). Now gxr, (P*s)(s1(71)) is calculated by counting right-
handed half-twists of vy, (y,)cs, (Fy) € Vg, (4,)cy, With respect to the odd framing fi. On the other
hand, g, (s)o®.(s1(71)) = g, (5)(P(s1(71))) is calculated by counting right-handed half-twists
of Vo (s, (y))Csa(Fa) C Vo (51(7))CVa with respect to the odd framing f,. These counts agree thanks

to our choice of framings. This establishes (12) and therefore proves the second claim. (]

Remark 6.12. A similar statement to Proposition 6.11 holds when the surfaces are closed. To
modify the statement to the case of F' closed, one must consider the punctured surface F in order
to choose the initial section s: F — Y| £ (similarly for F} and F3). The remainder of the statement
holds verbatim and the proof proceeds entirely similarly.

6.2. The Guillou-Marin quadratic refinement. Let I' C D* be a properly embedded nonori-
entable surface with connected nonempty boundary. We review the definition of the Guillou-
Marin [GM86] quadratic refinement H;(F;Zs) — Za, refining the Zg-valued intersection form
of F.

Let v be an embedded circle in the interior of F' and let D 9+ D* be an immersed disc whose
boundary meets F' transversely in 0D = ~, and whose interior meets F' transversely away from -,
and in double points. Choose an orientation on v, and thus a positive tangent direction. There
are two possible choices of framing vpcps = D x R2, one for each orientation of the fibres. Choose
the framing with the property that, writing R? = R(ey, €2), the frame

(outwards-facing normal to v in D) x (positive tangent to v) x e; x es € Fr(T,D*)
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agrees with the ambient orientation of D* at all points p € ~.

Definition 6.13. Given an embedded loop v C F, choose an orientation on 7 and a disc D
as above. We then denote by W (D) the number of right-handed half-twists completed by the
sub-bundle vycr C vpcpaly in one complete rotation around . Define?

gem(y) == W(D)+2(D - F) € Zy.

A Zj-quadratic form (P,Q,q) over Zo has a Brown-Kervaire invariant 8(P,Q,q) € Zg; see
e.g. [Bro72,KM04]. The following theorem is due to Gilmer-Livingston [GL11, Theorem 7], build-
ing on earlier work of Guillou-Marin [GM86] that concerned closed nonorientable surfaces.

Theorem 6.14 (Guillou-Marin [GMS86], Gilmer-Livingston [GL11]). The Guillou-Marin func-
tion qgn s well defined on homology and gives rise to a Z4-quadratic refinement of the Zo-
intersection form (Hy(F;Zs2); Qr). Moreover, if F has normal Euler number e (which is neces-
sarily even by Proposition 2.5), then

B(HL(F; Z2), Qr dor) = — e+ 4 AM(OF)  (mod 8).

Note that Guillou-Marin and Gilmer-Livingston work in the smooth category, but their argu-
ments extend to the topological category.

Corollary 6.15. If Fy, F» C D* have the same nonorientable genus, connected, nonempty bound-
ary K C 83, and normal Euler number, then there exists a homeomorphism f: Fi — Fy, restrict-
ing to the identity map on K, and inducing an isometry between the Guillou-Marin forms

for (Hy(Fy; 7)), Qry s qann,) — (Hy(Fo; Za), Q. qainy)-

Proof. Since both F; and F5 have the same nonorientable genus, there is an isometry of intersection
forms (Hy(F1;Z2),Qr,) = (H1(Fy;Z2),Qr,). As the surfaces have the same normal Euler number
and connected boundary K, Theorem 6.14 implies that their Guillou-Marin forms have the same
Brown-Kervaire invariant. As mentioned in [GM86, final remark of Section II], this implies there
is an isometry of Zs-quadratic forms (Hy(F1;Z2), Qry, qcon,) =2 (Hi(Fe; Zsa), QFy s 4G, ); this re-
mark concerns abstract non-degenerate quadratic forms and therefore applies since 0F; = 0F5 is
connected. Finally, it is shown in [GP05, Theorem 6.1] that every isometry (Hi(F1;Z2),Qr,) =
(H1(F3;Z2),QFr,) of intersection forms of compact, nonorientable surfaces with connected nonempty
boundary is induced by some homeomorphism between the surfaces that fixes the boundary point-
wise. (]

6.3. The exterior Guillou-Marin form, in the presence of a nice section. In this section
we show it is possible to compute the Guillou-Marin quadratic refinement of a Zs-surface using
immersed discs whose exteriors lie entirely in the exterior of F'. Before doing this, we introduce
a mechanism that will allow us to choose immersed discs so that their interiors miss the tubular
neighbourhood.

Throughout this subsection, let F' C D* be a properly embedded surface with connected
nonempty boundary K C S3. Recall the standing convention that we have fixed a tubular neigh-
bourhood «a: (D(vpcps), S(vpcp4)) = (a(D(vpcpa)),0XF \ Xg), where vpcps denotes the
normal bundle of F and D(vpcpas) and S(vpcpa) respectively denote its disc and circle bundles.

Lemma 6.16. The bundle S(vpcpa) admits a nice section.

Proof. Write h for the nonorientable genus of F', write \/?:1 ~; C F for the 1-subcomplex that is
a deformation retract of F, using the standard cell decomposition of F', and let b; := [v;] € H1(F)
be the corresponding homology generators. Note that wy(F)(b;) # 0 for all i = 1,...,h. Choose
a section s: F' — S(vpcpa) and consider the composition

Ziby,...,bp) = Hi(F) 2% Hi(S(vpcp1)) = Hi(0XF) < Hi(XF),

3Guillou-Marin define qam for closed surfaces in closed 4-manifolds but their definition extends to properly
embedded surfaces in 4-manifolds with boundary, see e.g. [GL11].
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where t: 0Xp — X is the inclusion. By Proposition 4.2 we may write this map as

(13) Zby, ... bp) —2 Zo(u) ® Z(su(b1), ..., 5.(bp))

ete™ Z2.
Here, 11 is a generator of the first homology of a fibre of S(vpcps). We now intend to define a
new section s’: F' — S(vpcpa), which will be the promised nice section. Because F' is homotopy
equivalent to a wedge of circles, it is sufficient to describe our new section individually on the
1-cells ~;. Recall that a nonorientable circle bundle £ over a circle has exactly two sections up to
isotopy. The total space F(€) is a Klein bottle with homology Hy(E(£)) =2 Z&Zs, and with respect
to some such choice of isomorphism, the two possible sections represent the classes (1,0) and (1, 1).
In our case, the choices of v; and p fix such an isomorphism and so the image in H(S(vpcpa))
of the two possible sections of S(vpcpa)ly, are s.(b;) and s.(b;) + p. For each i such that the
composition in (13) ¢, 0, 05, (b;) is nontrivial, modify s|,, to s’|,, by switching to the other section
of this nontrivial circle bundle. On all other v;, i.e. where ¢, 0 a, 0 5,(b;) is trivial, set s|,, = §'|-,.
This determines the new section s': F' — S(vpcp1).

We now verify that s’ is nice. Note that for i such that ¢, o i 0 s4(b;) is nontrivial, we have
that s (b;) = s«(b;) + 1 € Hi(S(vpcpa)). Thus ¢y 0 o, 0 8, (b;) is now trivial for all 4, and so s is
a nice section, as desired. O

Now let F' C D* be a Zo-surface and suppose that we have chosen a tubular neighbourhood «
for F C D*, together with a nice section s: F — S(vpcpa). For any embedded circle v C s(F),
the facts that s is a nice section and that F' is a Zs-surface, imply () is null-homotopic in Xp.

So there exists a properly immersed disc D’ & X, whose boundary meets F transversely in
oD" = a(7).

Definition 6.17. Let a be a tubular neighbourhood for F C D*, together with a nice sec-
tion s: F' — S(vpcps). Let D' & X be a properly immersed disc whose boundary meets 0Xp
transversely in 9D’ = a(v), for some embedded loop v C s(F'). Choose an orientation on 7 and
choose a framing vp/cxp|a(y) = @(y) X R{e1, e2) such that the frame

(outwards facing normal to a(y) in D’) x (positive tangent to a(y)) x e1 x ex € Fr(T,Xr)

agrees with the ambient orientation of X at all points p € a(y). Define W(D’) as the number
of right-handed half-twists of vo(y)ca(s(F)) € VD/CXrla(y) in one complete loop around v in the
positive direction. Define

dam () = W(D").
As there is a basis of Hy(s(F);Zs) by oriented embedded loops, this extends linearly to a function
qger s Hi(s(F);Zs) — Z4, which we call the exterior Guillou-Marin function. The proof that this
is well defined on Hy(s(F'); Z2) is similar to the one for the Guillou-Marin form; see Theorem 6.14.

The next proposition relates ggps to the Guillou-Marin form, and in particular shows that its
isometry type does not depend on the choice of the tubular neighbourhood « of F'.

Proposition 6.18. Let F C D* be a Zy-surface, and fiz a nice section s: F — S(vpcpa). Then
the exterior Guillou-Marin quadratic function is a Z4-quadratic refinement of the Zs-intersection
form (Hl(S(F)7Z2)a QS(F))

Moreover, the isometry of Zs-intersection forms s.: Hy(F;Zs) — Hi(s(F);Zs) induces an
isometry between the Guillou-Marin quadratic form and the exterior Guillou-Marin quadratic form.

Proof. Let a be a tubular neighbourhood for F C D*, let § C F be an embedded loop, and
let D’ & X be a properly immersed disc whose boundary meets F transversely in 9D" = a(s(9)).
For each p € §, write I, for the radial line between p and s(p) in the fibre vpc pa|p. The union A :=
[1,e5Ip is an embedded annulus in vpcps. The union D := D' Uy (s(s)) @(A) may be used to
compute gaar(9). The interior of the disc D does not intersect F' and therefore ggas(6) = W (D).
As a(A) is an embedded annulus with trivial normal bundle in D*, and the framing conventions
for computing W (D) and W (D') are the same, we also have W(D) = W(D’). Thus, qenm(0) =
dca(s(6)). This shows both that ggas is a Zg-quadratic refinement of the Zs-intersection form
on s(F) and that s, is indeed an isometry of Z4-quadratic forms. O
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There is an isometry between the (exterior) Guillou-Marin form for F' and the particular Kirby-
Taylor forms that correspond to the spin structures on 0 X that extend to Xpg:

Lemma 6.19. Let F C D* be a Zy-surface, and let s: F — S(vpcps) be a mice section.

Write Y C 0Xp for the boundary of the tubular neighbourhood of F'. Choose a spin structure s
for'Y that extends to a spin structure on Xg. Then there is an equality of Z4-quadratic forms

((Hy(s(F); Z2), Qs(ry, qam) = (Hi(s(F); Z2), Qs(ry, arT(5)),
where the latter form qir(s) is furnished by Proposition 6.11.

Proof. To ease notation, in this proof we will write X := X and ¥ := s(F'), and we will henceforth
identify ¥ with «(X). Let v C ¥ be an oriented, embedded loop. We unravel the definition
of qxr(s)(y) from Proposition 6.11. In the notation of that section, set ¢ = vyy. The spin

structure s on Y gives a framing of
TY |z 2 TE O vgcy

This, together with the choice of orientation on 7, is used to define the concept of an odd framing
for the 2-plane bundle
VyCs O Vgey S Vcye
Then ggr(s)(7) is the number of right-hand half twists modulo 4 made by vycx C vy as it
rotates around ~y, with respect to a choice of odd framing on this ambient 2-plane bundle.
We compare with the process for computing the exterior Guillou-Marin form. Choose a properly
immersed disc D’ & X for computing gear(7y). Write

(14) f! VD’§X|'y = ¥ X RQ
for the framing coming from restricting the framing on vp/cx determined by the convention
described in Definition 6.17. Then Ggas(7) is the number of right-hand half-twists modulo 4
in v,cy C VDrgX\A, with respect to f. Since D’ is transverse to 57, there is a bundle isomor-
phism V,cy & VDX |y

As both gxr(s)(y) and gaa(7y) are counts of right-handed half twists of vycs; € vprcx|y, to

show they are equal it suffices to prove that f is an odd framing. In other words, we must show
that the following two framings induce the same orientation, but disagree as framings:

F: T{/H =~ ~v x R3, and Gy: T}o/|7 &~ ~ x R3,

where F is obtained by using the spin structure s on Y and, recall, G is defined as the sequence
of bundle isomorphisms

TY|, 2 Ty&v oy 2Ty S vpcx|y =y x R

Writing n for the outwards-facing normal to « in D', t for the tangent to ~, and (ey,es) for
the frame specified by f, the frame n x ¢t X e; X ey agrees with the ambient orientation of X, by
definition of f. Using the “outwards normal first” convention, the orientation on X induces an
orientation on Y. Our frame includes n as the first vector already, so the frame t x e1 X ez, (i.e. the
frame specified by G) induces this ambient orientation on Y. Now consider that F comes from a
spin structure on }O/, and this spin structure extends to a spin structure on X, by hypothesis. It
must be that the orientations underlying these spin structures agree with the orientations on X
and Y. Hence the orientation underlying F is the ambient orientation on Yf, and the orientations
coming from F and Gy agree, as claimed.

Next, we show that F and Gy disagree, as framings. Using the outwards-facing normal n,
complete each of F and Gy to a framing of

TX|yEvycp @ Tf/|7-
We refer to the completed framings as F' and Q}, respectively. We now show that these two
framings disagree, as this will imply that F and Gy also disagree.

The framing F’ extends to a framing of T X |ps because the spin structure on Y used to define a
extends to X (this uses the “outwards-facing normal first” convention, again). The framing G}
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splits as a framing of TD'|, = v,cps @ Ty and of vp/cx|,. The latter of these framings is f and
extends to vp/cx, by definition; recall (14). The former of these framings is given by n x t. An
ordered pair of framings of a 2-plane bundle over a circle, which correspond to the same orientation,
determines an element of 71 (SO(2)). Fix the (unique) framing that extends to a framing of vp ¢ x
as our reference framing; this framing determines the trivial class in 71 (SO(2)). On the other
hand, the framing n x ¢ determines a generator of m1(SO(2)) = Z, and so determines the Lie
framing. Therefore this latter framing does not extend to a framing of vp/cx. Thus, overall, Q’f
does not extend to 7X|ps. This proves that 7’ and G} are different framings of 7X|,.

But the framings ' and G} were obtained from F and Gy by the addition of the same line
bundle (given by the outwards facing normal), from which we deduce that F and G; are different
framings. This completes the proof that f is an odd framing, which completes the proof of
Lemma 6.19. (]

Corollary 6.20. Let F C D* be a Zy-surface, and write Y C 8Xp for the boundary of the
tubular neighbourhood of F. Let s € Spin(f/) be a spin structure and let s be a nice section. Then
s extends to Xp if and only if the quadratic refinement qrr(s) associated to the spin structure s
by Proposition 6.11 agrees with the exterior Guillou-Marin quadratic refinement.

Proof. Write S for the set of spin structures on Y that extend to Xp. Write T for the set
of t € Spin(Y) such that qxr(t)(y) = Gan(y) for every v € Hi(s(F);Zs). The corollary is
equivalent to the statement S = T. Lemma 6.19 shows that if t extends to X then we have an
identification between ggps and grr(t), and so S C T.

Now note that by Proposition 6.11 (1), exactly two spin structures on Y correspond to the
Guillou-Marin quadratic refinement, so we have |T| = 2. The corollary will be proved if we can
show |S| = 2. We know |S| < |T| 2 because S C T. As noted earlier there are two spin
structures on Xp and these induce at most two spin structures on Y. We write S = {s1,55}
where s; and s9 are the restrictions of the two distinct spin structures on X to Y. These spin
structures on X differ on their restriction to a meridian y C X, which is nontrivial in H, (Y7 Zs).
Thus by Proposition 6.11 (1) we have s; # s2 and so |S| = 2 as required. O

6.4. The proof of Proposition 6.3. We begin with a lemma that will allow us to align choices
of nice sections. We then move on to the proof of Proposition 6.3.

Given a surface ¥ with connected, nonempty boundary and a bundle { = (R? — N — Y), we
write N|pyx for the total space of £|gs. Since [0%] = 0 € Hy(X;Z/2), it follows that wi (£)([0X]) =
0, and therefore f |ox: is a trivial bundle.

Lemma 6.21. For i = 0,1, let F; C D* be nonorientable surfaces with the same nonorientable
genus, and the same connected boundary K C S3. For brevity, write §z = (R? — N; — F;) for the
respective normal bundles. Suppose sg,s1: F; — N; are nonvanishing sections.
(1) Given a homeomorphism ¢: Fy — Fl, restricting to the identity map on K, there exists a
vector bundle isomorphism ®: fo — 51 covering ¢ and sending sg to si.
(2) Suppose moreover that so|x and s1|x are isotopic as sections of vicgs. Then, after an
isotopy of s1 supported in a collar of K C Fy, the isomorphism <I>7may be assumed to
restrict to the identity on vicgs.

Proof. We prove the first item. For ¢ = 0, 1, the section s; determines a (trivial) line bundle ¢; =
(R — E; =% F;). Namely (; is the subbundle of & with fibre over = € F; given by R{s;(z)).
Every v € E; can be written uniquely as v = ALs;(m;(v)) € (E;)r,(v) for some X € R. Tt follows
that the assignment v — \)s1(¢(mg(v))) defines a bundle isomorphism a: (y = ¢, that covers ¢
and satisfies a0 59 = $1 0 .

We now extend « to a bundle isomorphism ®: 500 = 501, using orthogonal complements. Choose
Riemannian metrics on 500 and fol which agree over K, and consider the perpendicular bundles (g
and (i-. Given an embedded loop v C Fj, the line bundle Cf-|,y is orientable or nonorientable
according to whether wl(gl) is trivial on v or not. Since ¢ is a homeomorphism, for v C Fy we
have that wi(Fo)(7) = wy(F1)(¢(v)). Therefore since the total space of &; is orientable, we have
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that wy (&) (7) = w1 (£1)(¢(y)). Thus in both cases there is a bundle isomorphism G ly = (o)
Because line bundles are classified by wy, this implies there exists a bundle isomorphism 3: (- —
(i covering ¢. Combining o and 3, we obtain a bundle isomorphism

b SHga 2 aed Sé,
which covers ¢ and satisfies ® o 59 = s1 0 ¢.

We prove the second item. The normal bundles 500 and 51 both restrict to vgcgs over K, and
recall that our choices of Riemannian metric for foo and 51 were constructed to agree over K.
An isotopy of s; over K that makes it agree with sy thus determines an isotopy between the
line bundles ¢;|x and (o|k, as subbundles of vicgs. Also, because the metrics agree over the
boundary, this isotopy induces an isotopy between (i-|r and (i|x as subbundles of vgcgs. This
means we obtain an isotopy from @[, __, to a bundle automorphism of vgcgs that sends Co|x

to itself and (5-|x to itself. Since vxcgs = (o|x @ (i|k, it follows that this automorphism is in
fact the identity. Taper the isotopies of @], s and of s over a collar neighbourhood of K in Fy

and F}, to obtain the desired isotopy of ® to a new bundle isomorphism &: 500 — 501 that is the
identity over K, and to obtain the claimed isotopy of s;. O

Lemma 6.22. Fori = 0,1, let F; C D* be nonorientable surfaces with the same nonorientable
genus, the same connected boundary K C S® and each with normal Euler number e. Let s;: F; —
vp,cps be nonvanishing sections. Then so|x and si|x are isotopic.

Proof. Recall that, by convention in this section, the tubular neighbourhood of any surface with
boundary a given K C S3 extends a given tubular neighbourhood for K. So there are assumed
identifications vp,cpa|k = Vicgs for ¢ = 0,1. Isotopy classes of nonvanishing sections of v cgs
are in one-to-one correspondence with framings of vixcgs = S' x R?, and we will identify the
two, using the same notation for a section and the corresponding framing. Write 7: K — v cgs
for a nonvanishing section corresponding to the Seifert framing of K. The set of framings is
in affine correspondence with Z, so for ¢ = 0,1, the difference between framings determines an
integer d(r,s;|ix) € Z. We claim that for ¢ = 0,1 there is an equality d(7,s;|x) = e. To see
this, consider that if we add —k; full turns to 7 to make the difference 0, and thus to make 7;
isotopic to s;|k, this introduces —k; signed intersections between a generic extension of 7 to F;
and the O-section of vp,cps. As si|kx extends to a nonvanishing section, i.e. e(vg,cp4, si|x)=0,
this implies that d(7;, s;|x) = ki = e(Vp,cpa,7i) =: e (using the interpretation of e(vg,cpa,7;) as
a signed intersection count from Remark 2.1).
We thus have that d(7, $1]u,) = d(7, $1|vx ), from which we deduce

d(SO|VK’81|VK) = d(Tv SOIVK) - d(T781|VK) =0.

S0 sg|u, 1s isotopic to s1],, as claimed. O
We can now prove the main result of this section.

Proof of Proposition 6.3. Since the surfaces Fy, F; € D* have the same normal Euler number and
nonorientable genus, by Corollary 6.15 we can, and will, choose a homeomorphism ¢: Fy — Fj
inducing an isometry of their Guillou-Marin forms and restricting to the identity map on K. The
strategy for the remainder of the proof is to extend ¢ to a homeomorphism vp c p+ = vp, cps, and
then to restrict to S(vp,cp1) = S(vp,cps). Finally, extending by the identity on X leads to the
sought-for homeomorphism 0X g, = 0Xp,. Now, the details.

Recall that for i = 0, 1, we fixed a tubular neighbourhood «; for vg,c p4, so that o; (S(vr,cp4)) =
0XFr, \XK By Lemma 6.16, we may pick nice sections s;: F; = S(vp,cpa)|r, with respect to this
tubular neighbourhood. Thus we may apply Lemma 6.21 (1) to obtain a bundle isomorphism

d: VE,CD4 = Vp CD4

covering . Because the normal Euler numbers of Fy and F; agree, Lemma 6.22 shows so|x and
51|k are isotopic as sections of vicgs. As ¢ restricts to the identity map on K, this means we
may apply Lemma 6.21 (2). This achieves that ® restricts to the identity map on vxcgs, at the



UNKNOTTING NONORIENTABLE SURFACES 33

expense of changing s; by an isotopy. We will continue to call this modified section s;, and we
note that the new s; is still a nice section as this property is preserved by isotopy.

Our chosen tubular neighbourhoods g and o satisfy a;: S(vg,cps) — 0Xp, for i = 0,1, and
are such that each embedding extends the given tubular neighbourhood of the knot S(vxcgs) =
0X . We thus have a homeomorphism

g :i= o110 P o (Ozo)_li CYQ(S(VFOQDAL)) i> al(S(VFggD4))~
As ® restricts to the identity bundle map over K, this homeomorphism g restricts to the iden-

tity map on the tubular neighbourhood of the knot K. Thus we may extend g by the identity
map Id: Xix — Xk, to define a homeomorphism

(15) f:0Xp — 0Xp,.

We claim f has the properties listed in the statement of the proposition.

Property (2), that f|x, is the identity, is clear from construction. Properties (3) and (4), that f
restricts to a map that is v-extendable rel. boundary, and that meridians are preserved, follow
because f was constructed from the restriction of a vector bundle isomorphism vp c ps = vp cpa.
Property (5), which was about f preserving nice sections, is also automatic from the construction
because we defined f using choices of nice sections.

To finish the proof we prove that f has property (1). Pick a spin structure s € Spin(0Xp, ) that
extends to the exterior Spin(Xr, ). Write t := ajs for the induced spin structure on S(vg, cpa).
Choose an S*-fibre yiy € S(vp,cpa) and write p11 := ®(po) C S(vp,cpa) for the corresponding S*-
fibre of S(vp,cpa). Using the fact that ® satisfies ®osy = s10¢, the second item of Proposition 6.11
implies that

(16) (I)(t|M17QKT(t)) = ((q)*t”/im QKT(q)*t>)‘
On the left-hand side, the quadratic refinement is, by definition gx7(t) o ®,, whereas on the right-
hand side the quadratic refinement gx7(®*t) is assigned by the construction in Proposition 6.11.
Both of these quadratic refinements are defined on Hi(so(Fp); Zs2).

We claim that we have the following sequence of equalities of quadratic refinements:

(17) doM, = e, © Pu = qier, (1) 0 @i = g, (7).
The last equality follows from (16), as just explained. To see the central equality in (17) we use
Lemma 6.19, which implies that gk, (t) = gaur, , the exterior Guillou-Marin form of s;(Fy).

It remains to see that the isometry of Zs-forms @, induces an isometry between the exterior

Guillou-Marin forms gear, and gear, . As @ satisfies @ o so = s1 0 @, the isometry @, factors as a
sequence of isomorphisms

N1
O, Hy(s0(Fo); Za) S0y Hy(Fos Zo) 25 Hi(Fi; Zo) % Hy(s1(F)); Zo).

By Proposition 6.18, the outer two isomorphisms induce isometries between the ggps forms
on Hy(s;(F;);Z2) and the ggps forms on Hy (Fy; Za). One of the defining properties of the central
isomorphism ¢, is that it induces an isometry of ggps forms. Thus @, induces an isometry of
exterior Guillou-Marin forms, concluding the proof of the claim.

We therefore have from (17) that goar, = qxr, (P*t). From Corollary 6.20 it follows that f*s,
corresponding to the spin structure ®*t under the tubular neighbourhood map «yg, extends to X, .
This completes the proof of property (1) and therefore of Proposition 6.3. O

7. THE ODD-DIMENSIONAL /-MONOID

We recall the definition and some facts surrounding the monoid fo4+1(R). We will introduce
quasi-formations, define fo441(R), study elementary quasi-formations and recall how a quadratic
form v over R determines a subset fo441(v,v) C laq11(R).

For the remainder of the section we fix an integer ¢ and set ¢ := (—1)9. Since we will ultimately
work with R = Z, Z[Z5] which are both groups rings of groups with vanishing Whitehead torsion,
we work in less generality than in [Kre99, CS11] in order to avoid technicalities related to bases
and Whitehead torsion. As a consequence, throughout this section we assume that R = Z[G] is
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a group ring of a group G with vanishing Whitehead group, referring to [CS11, Section 3] for the

discussion in full generality. The involution z +— Z on R is > ngg+ > nggfl.

7.1. Quasi-formations. We introduce quasi-formations and the -monoid. The original reference
for these monoids is [Kre99], but we also refer the reader to [CS11] as we will work with the
equivalent formulation developed there. It might help to refer back to Section 3.1 on hermitian
and quadratic forms.

Definition 7.1. An e-quadratic quasi-formation is a triple ((P,1); F, V'), where (P,) is a non-
singular e-quadratic form, F' C P is a lagrangian, and V' C P is a half rank direct summand; P, F’
and V are assumed to be stably free.

This definition and terminology are due to Crowley and Sixt [CS11, Section 3] but are inspired
by work of Kreck [Kre99].

Remark 7.2. In both [Kre99] and [CS11], the authors work with stably based modules through-
out, as this is needed in the most general applications of the theory. However, we have made
the assumption that R = Z[G] where G has vanishing Whitehead torsion, meaning we can avoid
using based modules, as we now briefly explain. We assume some familiarity with the definition
of the first reduced K-group K 1(R) and refer to e.g. [CS11, Section 3] for more details and def-
initions. An R-module P is stably based if P is stably free and is equipped with an equivalence
class of a basis for a free stabilisation R" = P @ R*. Two bases are defined to be equivalent
if there is a common free stabilisation in which the change of basis matrix defines an element
of Z := {+g | g € G} C Ki(R). Assuming that Wh(G) = 0 implies that Z = K;(R), so that all
stable bases are equivalent, and so do need not be kept track of. For this reason, we do not work
with stably based modules, merely stably free modules.

Example 7.3. Formations (see e.g. [CLM, Section 8.2.1] for some background on formations) are
examples of quasi-formations: they are those quasi-formations where the half rank direct summand
is a lagrangian. Here and in what follows, a formation will refer to what is sometimes called a
nonsingular formation, i.e. a quasi-formation ((P,v); F, G) with G C P a lagrangian.

Definition 7.4.

e Two quasi-formations ((P,v); F,V) and ((P’,¢'), F',V') are isomorphic if there is an
isometry f: (P,¢) — (P’,%¢’) such that f(F)=F" and f(V)=V".

e A quasi-formation is trivial if it is isomorphic to a formation of the type (H.(F); F, F*).
Here, and afterwards when it causes no confusion, we use the abbreviation F, F** C F'& F™*
instead of F 0,00 F* C F @ F*.

e The boundary e-quadratic quasi-formation 6(F,0) of a sesquilinear form (F, k) is the quasi-
formation (H.(F), F,T',;), where 'y, C F' @& F* denotes the graph of x: F' — F*. Note that
the sesquilinear form x need not be hermitian.

e A quasi-formation is a boundary if it is isomorphic to the boundary J§(F,0) of some
sesquilinear form (F, k).

e Two quasi-formations are stably isomorphic if they become isomorphic after some number
of trivial formations is added to each. We use = to denote isomorphism and =, to denote
stable isomorphism.

o If a sesquilinear form (F, k) is even (k can be written as 6 — ef* for some 6) and (—¢)-
hermitian, then the graph T'y, C F & F* is a lagrangian for H.(F). If (F,[f]) is a (—e¢)-
quadratic form, then (H.(F),F,Tg_.¢~) is called the boundary e-quadratic formation
of (F,[0]). Note that 6 — £6* is tautologically even and is also (—¢)-hermitian.

e An e-quadratic formation is a boundary if it is isomorphic to the boundary 6(F,8) of
some (—e¢)-quadratic form (F, [6]).

Every quasi-formation ((P,1); F, V) is isomorphic to one of the form (H.(F); F, V') for some
half rank direct summand V' C F @ F*. Indeed the Fundamental Lemma of L-theory (see
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e.g. [CLM, Lemma 7.92]) implies that the embedding (F,0) — (P,v) extends to an isome-
try f: H.(F) =N (P, 1)), which therefore induces an isomorphism

(Ho(F); F, f7H(V) 2 (Py): F V).

Definition 7.5. The ¢-monoid ¢2441(R) is the unital abelian monoid (under direct sum) of stable
isomorphism classes of (—1)%-quadratic quasi-formations modulo the relation

(18) (P); F.G) & (Py),G, V) ~ ((P); F,V),
where F, G C P are both lagrangians.

Definition 7.6. The L-group Log11(R) is the group (under direct sum) of stable isomorphism
classes of (—1)%-quadratic formations modulo the equivalence relation of cobordism, where z and z’
are said to be cobordant if there are boundary formations b and b’ such that @ b and 2’ ® b’ are
stably isomorphic.

Remark 7.7. An alternative definition of the L-group Ls,+1(R) is as the abelian group (under
direct sum) of stable isomorphism classes of (—1)?-quadratic formations modulo the relation (18);
see e.g. [Ran01, Remark 9.15]. Thus Log11(R) C fag4+1(R).

7.2. Elementary quasi-formations. We recall the definition of elementary quasi-formations
and the submonoid of ¢3441(R) that they define. References for the material include [Kre99]
and [CS11, Section 3.

We start by recording some terminology that we will use frequently in the sequel.

Definition 7.8. A direct complement to a submodule V' C P is a submodule U C P such that
the inclusions U,V C P extend to an isomorphism U & V = P. We say that U and V are
complementary. If (P 1) is a quadratic form, then a lagrangian complement to V' C P is a direct
complement U that is moreover a lagrangian.

We introduce a geometrically significant notion of triviality for a quasi-formation.

Definition 7.9. A quasi-formation ((P,v); F,V) is elementary if F C P is a direct complement
to V. C P. A class in lo441(R) is elementary if it admits an elementary representative.

For an elementary quasi-formation ((P,); F, V'), since F is by definition a lagrangian, it follows
that F' is a lagrangian complement to V. In particular, V admits a lagrangian complement.
The next proposition proves a partial converse by working on the level of the monoid, modulo
formations. This proposition was proved by Kreck [Kre99, Proposition 8 (iii)] but we translate
the argument into the language of quasi-formations.

Proposition 7.10. If © € {y,11(R) is represented by a quasi-formation x = (H.(F); F,V') such
that V' admits a lagrangian complement, then there exists a formation y such that © + [y] is
elementary.

Proof. Let L C F'@® F* be a lagrangian complement for V' C F @ F*. Note that (H.(F); L,V) is
elementary. Consider the formation y := (H.(F); L, F). Working in ¢3,+1(R), we have

(19) [(He(F); L, V)] = [(He(F); L, F)| + [(He(F); F, V)] = [y] + [2] = [yl + ©,
and thus © + [y] is elementary as required. O
Proposition 7.10 motivates considering the action of Lag1(R) on £2441(R) by direct sum.

Construction 7.11. The action of [y] € Lag+1(R) on [z] € loq+1(R) is by [y] - [z] == [z @ y]. To
verify this is well defined, it suffices to prove that trivial formations and boundary formations act
trivially. For trivial formations, this is clear: in £o441(R) stably isomorphic quasi-formations are
equal. To verify that boundary formations act trivially, use that in ¢3,41(R) a boundary forma-
tion y = (H.(F); F,Tg_(_1)ap~) decomposes as y1 ®yz := (Ho (F); F, F*)©(H(F); F*,Tg_(_1)ap+),
which is the sum of two trivial formations. To see that the latter is trivial one shows that F™
and 'g_(_1yag- are complementary. Here is the proof that (0@ F*) © I'g_(_1yag- = F @ F*. The
fact that (0 @ F*) NTg_(_1)ag- = 0 is verified by noting that if (0,¢) = (x, (6 — (=1)%6*)(x)),



36 A. CONWAY, P. ORSON, AND M. POWELL

then 2 = 0 and therefore ¢ = (6 — (—1)96*)(0) = 0. The inclusion (0 & F*) © I'g_(_1)ap= C
F & F* is clear and the reverse inclusion follows by writing (z,¢) € F & F* as (0, — (0 —
(—=1)96*)(z)) + (z, (6 — (—1)96*)(z)). Now apply [CLM, Lemma 8.10 i)], which states that a for-
mation ((P,v); F, G) is trivial if F&G = P. This completes the proof that (H.(F); F*,T'g_(_1)ag~)
is a trivial formation. Thus in fo,41(R) we obtain 2 ® y ~ x ® y; S y2 ~ x, as required.

The following proposition describes an equivalent characterisation of © € f9441(R) being ele-
mentary when Logi1(R) = 0 cf. [HKT94, Proposition 2].

Proposition 7.12. Assume that Logy1(R) = 0. Given © € lyq41(R), the following assertions are
equivalent.

(1) © is elementary, i.e. © admits a representative (H.(F'); F, V') such that F is a lagrangian
complement to V.

(2) © is represented by a quasi-formation (H.(F); F,V) such that V admits a lagrangian
complement.

Proof. The implication (1) = (2) is immediate. Assuming that (2) holds, Proposition 7.10 implies
that © is elementary modulo Lag41(R). Since Logy1(R) = 0, we deduce that (2) = (1). O

If a formation ((P,1); F, V) is elementary then in particular V admits a lagrangian complement,
but it is unclear in general that for every ((P’,v’); F', V') in the class [((P,¢); F, V)] € l2q41(R),
the module V! C P’ admits a lagrangian complement. We will show that this property holds
if Log11(R) = 0 and one is willing to add a formation to ((P’,v’); F',V').

For brevity in the next lemma and its proof, given a quasiformation x = ((P,%); F, V) we will
say x admits a lagrangian complement to meant that V' C P admits a lagrangian complement.

Lemma 7.13. Let R be a ring with Logy1(R) = 0. Let a and b be quasiformations over R that
are either stably isomorphic, or related by the defining relation (18) of lag41(R). Then there is
a formation f such that a @ f admits a lagrangian complement if and only if there is there is a
formation f' such that b® f' admits a lagrangian complement.

Proof. First assume that ¢ and b are stably isomorphic, so that there are trivial formations ¢;
and ty such that a ®t; 2 b @ to. If a ® f admits a lagrangian complement for some formation f,
then b® (f ®t2) X a® f ®t; admits a lagrangian complement because both a @ f and ¢; do. The
proof of the converse is identical.

Next assume that a = ((P,¢); F,V) and b = ((P,v); F,G) & ((P,%);G,V) are as in (18).
If a @ f admits a lagrangian complement for some formation f, then ((P,); G,V) & f admits a
lagrangian complement. Since Lag+1(R) = 0, every formation is stably isomorphic to a boundary
formation [Ran01, Corollary 9.12]. In particular, after adding a trivial formation ¢, the forma-
tion ((P,v); F,G) admits a lagrangian complement, because every boundary formation does. It
follows that

bo fot=(((Py)FG)et) e ((Py):;G,V)ef)

admits a lagrangian complement.

For the converse, assume that b® f admits a lagrangian complement for some formation f. More
explicitly, ((P,v); G, V)@ (((P,v¢); F,G) @ f) admits a lagrangian complement. Since admitting a
lagrangian complement is a statement that only involves the half rank direct summand, it follows
that ((P,v); F,V)Y®((P,v); F,G)®f a®((P,v); F, G)® f also admits a lagrangian complement. [

Proposition 7.14. Let R be a ring with Logt1(R) = 0, let © € lagr1(R) and let u be any
representative quasiformation for ©. If © is elementary, then there is a formation v such that in
the formation u ® v =: ((P,v); F, V), the summand V C P admits a lagrangian complement.

Proof. The definition of £2,41(R) is as the transitive closure of the set of quasiformations under the
relation of being either stably isomorphic or related as in (18). The proposition is now immediate
from Lemma 7.13. O
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7.3. Induced forms. Following [CS11, Section 5], we describe some additional facts about the
structure of the monoid fa441(R).

Given a quasi-formation x = ((P,v); F, V) (a representative for) the quadratic form ¢): Px P —
R restricts to a quadratic form 0 := ¥|yxy on V leading to a split isometric inclusion (V,6) —
(P,%). The same holds for V- and we formalise this as follows.

Definition 7.15. The induced forms of a quasi-formation ((P,); F, V') are the quadratic forms (V, 6)
and (V+, —04), where 6 := 9|y v and 0+ == |y 1 1.
Example 7.16. We describe the induced forms in some simple cases.

(1) The induced forms of a formation ((P,); F,G) are both equal to the zero form (G, 0).
This is immediate since G is a lagrangian of (P,) so ¢¥|gxg = 0 and G+ = G.

(2) Adding a formation to a quasi-formation has the effect of adding a zero form to its induced
forms: if x = (H.(K), K,V) is a quasi-formation and y = (H.(F); F,G) is a formation,
then the induced forms of the quasi-formation x @y = (H.(K @ F), K ® F,V & G) are the
quadratic forms (V & G,0 @ 0) and (V+ @® G, -0+ @ 0).

Example 7.16 (2) motivates the following definition from [CS11].

Definition 7.17. Two quadratic forms (P, ) and (P’, ') are 0-stably equivalent if there are zero
forms (@, 0) and (Q’,0) and an isometry

(Py) & (Q,0) = (P, ¢") & (Q',0).
The O-stable equivalence class of a form (P, 1) is denoted [P, ¥]o. Such an equivalence class is called
a 0-stabilised quadratic form. We write F3;(R) for the unital abelian monoid of 0-stabilised (—1)9-
quadratic forms over R, where addition is given by direct sum.

Definition 7.18. The induced 0-stabilised forms of a quasi-formation ((P,); F,V) are the 0-
stable equivalence classes [V, 0]p and [V1, —6+]y of its induced forms (V,6) and (V+4, —61).

The notion of induced 0O-stabilised forms descends to ¢-monoids, as first observed in [CS11].

Proposition 7.19. Given a ring R, taking induced 0-stabilised forms gives rise to a well defined
monotd homomorphism

b: lag1(R) = F3q(R) x F3q(R)
[(Pw); EV)] = ([V, 6o, [V, —67]o).

Proof. Adding a trivial formation to a quasi-formation adds a zero form to the induced forms;
recall Example 7.16. It therefore remains to study the effect of the relation in (18):

(P); F,G) & (P 4); G, V) ~ ((Py); F, V).

Since ((P,v); F,G) is a formation, its induced forms are zero forms and therefore the induced
forms on both sides of this equivalence are 0-stably equivalent. Note that the induced forms of a
quasi-formation are independent of the data of the first lagrangian. O

Remark 7.20. Given quadratic forms v,v’ such that [v]g @ H.(RF) = [v']o ® H.(RF), [CS11,
Corollary 5.3] ensures that ([v], [v]) € Im(b). Following [CS11, Subsection 5.2] we can therefore
define

Cag11(v,0") := b~ ([v]o, [v']0) € Log1(R).
This is the set of all (equivalence classes of) quasi-formations whose induced forms are 0-stably
equivalent to v and v’ respectively. If [v]g = [v']o, then we write fo441(v) instead of foq41(v,v).
Note that for any 0-form (V,0), we have lo441(V,0) = Lag41(R) [CS11, Lemma 6.2].

Crowley and Sixt also show that for every 0-stable equivalence class of a quadratic form v =
(V,0), there exists a unique elementary class e(v) € fa411(v) such that boe(v) = ([v]o, [v]o) [CS11,
Corollary 5.3]. Explicitly, e(v) is the class of the boundary quasi-formation §(V, p), where p is a
sesquilinear form representing 6 € Q. (V).

Definition 7.21. Given a quadratic form v we say that f3441(v) is trivial if it contains a single
(necessarily elementary) element.
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7.4. Linking forms and boundary automorphism sets. Given a quadratic form v = (V,6)
over Z, we recall Crowley-Sixt’s description of £5(v) in terms of linking forms [CS11]. We use this
to discuss various examples where ¢5(v) is trivial. In this section, the group T is a finite abelian
group and the group V is always understood to be a finitely generated abelian group.

Definition 7.22. A (symmetric) linking form (over Z) refers to a pair (T',b) where T is a finite
abelian group and b: T x T'— Q/Z is a symmetric bilinear form.

Definition 7.23 (Ranicki [Ran81, §3.4]). A split quadratic linking form (T,b,v) (over Z) is a
symmetric linking form (7, b) together with a map v: T — Q/Z such that the following equalities
in Q/Z hold for all z,z1,z2 € T and all r € Z:

(1) v(rz) =r’v(x),

(2) v(xy + x2) —v(xy) — v(xe) = b1, T2).

Note that applying the second condition with z; = xo = x yields v(2z) — 2v(z) = b(z, x), and
then applying the first condition we learn that 2v(x) = b(z, x).

Definition 7.24. A nondegenerate symmetric bilinear form A: V x V. — Z, whose adjoint we
denote A: V — V*, determines a linking form 9A: coker(&) X coker(X) — Q/Z via the formula
([z], [y]) = Ly(z), where sz = X(z) for some z € V and some s € Z\ {0}. We call O the boundary
linking form of the symmetric form .

We recall the corresponding definition for quadratic forms. Note that if 6 := [p] € Q-(V) is a
quadratic form, then for z € V, the integer p(z, z) only depends on the the class of p in Q.(V).
As a consequence, we write 0(z, z) instead of p(z, z).

Definition 7.25. Let (V,0) € Q.(V) be a nondegenerate quadratic form over Z with symmetrisa-
tion (V, A). The boundary split quadratic linking form of (V,8) is the split quadratic linking form
A(V,0) := (coker(\), A, 90) where (coker(\),d)) is the boundary linking form of the symmetric
form (V,\) and

-~

00: coker(\) — Q/Z
1
(i) = 500z, 2),
where sz = /)\\(z) for €V and s € Z \ {0}.

One verifies that if a nondegenerate symmetric form (V, A) is represented by a size n matrix A,
then OA([z], [y]) = A~ 'y where A~! denotes the inverse of A over Q and [z],[y] € Z"/AZ"™. We
record the corresponding calculation in the quadratic case.

Remark 7.26. If a nondegenerate quadratic form (V) is represented by a size n matrix @ so
that its symmetrisation is represented by A = @ + Q7 then
([z]) =27 (A HTQA e =2TATIQA 2
for every [z] € Z"/AZ", where once again we invert A over Q.
Example 7.27. We use Remark 7.26 to calculate the boundary split quadratic linking form of a
rank one quadratic form. When V =Z and 6 € Z \ {0}, we have A = 20 and the boundary forms
are therefore defined on Z/26. Remark 7.26 implies that OX([z], [y]) = 552y € Q/Z and
_ 0 2 _ 1 o
29([z]) = 2l Tt € Q/Z.

Still building towards the description of ¢5(v) in terms of linking forms, we now describe isome-
tries of linking forms.
Definition 7.28. An isometry of split quadratic linking forms (T, by, v9) and (T1,b1,v1) is an
isomorphism f: Ty — T} such that v1(f(xz)) = vo(x) for every x € Tp.
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Observe that an isometry automatically satisfies by (f(x), f(y)) = bo(z,y) because
bi(f(x), f(y)) = vi(f(2) + f(y) = (f(2)) =1 (F(y) = wo(z +y) —vo(z) —vo(y) = bo(x, y).

Given an isometry h: (Vp,0p) — (V1,601) of quadratic forms, one verifies that (h*)~': Vj — V}*
induces an isomorphism coker(Ag) — coker(\;) on the cokernels. This isomorphism, which we
denote by Oh := (h*)™1, is an isometry of the boundary split quadratic linking forms.

Definition 7.29. The boundary of an isometry h: (Vy,0p) — (V1,61) is the isometry
oh == (h*)~1: 0(Vhy,00) — O(Vi,64).
This determines a homomorphism
0: Aut(V,0) — Aut(9(V,0)).

The group Aut(V,6) of isometries of (V,0) acts on the group Aut(9d(V,0)) on the left both
viah-f:=0ho fand g- f:= fodg~! where f € Aut(d(V,0)) and g, h € Aut(V,0). Combining
these actions, which clearly commute, leads to a left action of Aut(V, ) x Aut(V, 0) on Aut(9(V, 0)).

Definition 7.30. The boundary automorphism set of a nondegenerate quadratic form (V,6) is
the orbit set

bAut(V,8) = Aut((V, 0))/ Aut(V, 0) x Aut(V, ).

Observe that an isometry f € Aut(9(V,#)) is trivial in the boundary automorphism set bAut(V, 9)
if and only if f extends to an isometry of (V).

Example 7.31. Using Example 7.27, one verifies that for a rank one form (Z,0), the automor-
phisms of the module Z/26 are the units of the ring Z/260, while the automorphisms of 9(Z, )
consist of the units z of Z/26 such that 2> = 1 mod 46. The corresponding boundary automor-
phism set bAut(Z, §) consists of the same x € Z/26, but with z and —z identified.

e For 0 = 4, the units of Z/8 are +1 and 43, but only 1 and —1 satisfy 22 = 1 mod 16. It
follows that bAut(Z,4) is trivial.

e For § = 6, the units of Z/12 are &1, £5 all of which satisfy 2 = 1 mod 46 = 24. It follows
that bAut(Z,6) = {1,5}.

Theorem 7.32 (Crowley-Sixt [CS11, Section 6.3]). Given a nondegenerate quadratic form v =
(V,0) over Z, there is a bijection between £5(v) and bAut(v).

Example 7.33. We illustrate Theorem 7.32 with some examples that will be relevant to the study
of Zg-surfaces of nonorientable genus h = 1, 2.

e In Example 7.31 we saw bAut(Z,4) is trivial, and thus so is ¢5(Z, 4), by Theorem 7.32.
o We argue that bAut(4H,(Z)) is trivial, thus proving ¢5(4H(Z)) is trivial. First observe
that the isometries of the quadratic form 4H (Z) are
Awt(4H(Z)) = Aut(H(2) = {(3 2) . (2 %) | ere2 = 1}

0&‘2 620

We verify that all the isometries of 9(4H4(Z)) are induced by Aut(4H,(Z)). This was
already observed by Kreck [Kre90, p. 70]. First, note that the symmetric linking form

is b: (Zy ® Z4) X (Zy ® Z4) — Q/Z, represented by B := (2 i ), and the quadratic
enhancement is v: Zy ® Zs — Q/Z,key + les — k€/4. An atftomorphism « of this is
represented by a matrix A := (Z 3) over Z4 such that AT BA = B over Q/Z and such
that voa = v: Zy®Zy — Q/Z. The former condition implies that ad+bc = 1 € Z4, while
the conditions that v(e1) = v(ae; +ces) and v(eg) = v(bey +des) give ac = 0 = bd. A case
analysis yields exactly the same four matrices for A as in the description of Aut(4H(Z)).
It follows that Aut(4H;(Z)) — Aut(0(4H+(Z))) is surjective, as claimed.
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7.5. Nikulin’s criterion for trivial bAut. Determining whether ¢5(v) is trivial is geometrically
significant, as we will recall in the next section. Theorem 7.32 converts this problem into a question
about linking forms. In order to state a criterion due to Nikulin [Nik79] that describes conditions
for bAut(v) to be trivial, we introduce some notation. Namely, given an abelian group G and a
prime p, we write n,(G) for the minimal number of generators for the p-primary part of G, or
equivalently n,(G) := dimg, (G @ F)).

Theorem 7.34 (Nikulin [Nik79, Theorem 1.14.2])). Let v = (V,0) be an indefinite, nondegenerate
quadratic form over Z with symmetrisation (V,\) = (V,0 + 6*). Suppose that

-~

(1) the inequality rk(V') > ny(coker(X)) 4+ 2 holds for all odd primes p, and
(2) if tk(V) = na(coker(N)), then the split quadratic linking form O(Z%,[(32)]) is a summand
of 9(V,0).
Then 0: Aut(V,0) — Aut(9(V,0)) is surjective, and so bAut(v) consists of one element.

The statement in Nikulin’s paper is not written this way. The fact that Nikulin’s work could
be translated into this language and used in this context was observed in Crowley-Sixt [CS11,
Proposition 6.18 i)], where they reported the outcome of that translation. We provide the details
of the translation momentarily, but first record the key consequence for our purposes.

Corollary 7.35. Under the conditions in the hypotheses of Theorem 7.34, £5(v) is trivial.
Proof. Combine Theorem 7.34 with Theorem 7.32. O

We now translate the result stated in [Nik79, Theorem 1.14.2] to that stated in Theorem 7.34.
First, Nikulin works with the nonsplit version of quadratic linking forms, whose definition we recall
next, in which the quadratic enhancements p are valued in Q/2Z.

Definition 7.36 (Ranicki [Ran81, §3.4]). A nonsplit quadratic linking form (T,b, u) (over Z) is a
symmetric linking form (7', b) together with a map p: T — Q/27Z such that the following equalities
in Q/2Z hold for all z,z1,z2 € T and all r € Z:

(1) plrz) =rpu(z),
(2) @1 + @2) — p(w1) — plae) = 2b(z1, 22).

In the more general context where Ranicki defined these notions, there is in general a difference
between split and nonsplit quadratic linking forms. For us, because 1/2 € Q/Z, there is effectively
no difference.

Proposition 7.37 ([Ran81, Proposition 3.4.2]). A split quadratic linking form (T,b,v) determines
a nonsplit quadratic linking form (T,b, u) by sending v: T — Q/Z to p:=2v: T — Q/2Z. This
gives rise to an equivalence of categories

split quadratic linking forms over Z o~ nonsplit quadratic linking forms over Z
. = .
and morphisms thereof and morphisms thereof

that is the identity on the morphisms.

Definition 7.38. The boundary of a nondegenerate, even symmetric bilinear form )L VXV —>Z
is the nonsplit quadratic linking form 9(V, ) := (coker(\), 9\, p), where (coker(X),d\) is the
boundary linking form of the symmetric form (V,\), and

-~

p: coker(A) — Q/2Z

is defined by u([y]) = HA(z, 2), where s € Z,z € V and y € V* satisfy sy = X(z)

S

Remark 7.39. We caution the reader that 9(V,\) does not refer to a symmetric linking form
but to a nonsplit quadratic linking form. As illustrated in Example 7.31, quadratic linking forms
typically have fewer isometries than their symmetrisations.
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Construction 7.40. Write Quad, EvenSym, SplitQuadLink, and NonSplitQuadLink for
the categories of nondegenerate quadratic forms over Z, even symmetric forms over Z, split qua-
dratic linking forms over Z and nonsplit quadratic linking forms over Z, together with morphisms
thereof. Consider the following functors:

Quad —2— SplitQuadLink

(20) F F

EvenSym N NonSplitQuadLink.

Here, the left vertical functor maps a quadratic form to its symmetrisation and is the identity on
morphisms. It is an equivalence of categories because every even symmetric form over Z admits a
unique quadratic refinement. The right hand side vertical functor is the equivalence described in
Proposition 7.37, and the horizontal functors take the boundary.

Proposition 7.41. The square (20) commutes.

Proof. To see that the diagram of categories and functors commutes on the level of objects, note
that if 6 € Q4 (V) is a quadratic form with symmetrisation A, then

00([y)) = 36(2,2) = 53 M(z,2) = u(ly)-

The commutativity on the level of morphisms holds because a homomorphism f: V — V is

-~

sent via both routes to df: coker(\) — Q/2Z. O

Corollary 7.42. The diagram in (20) induces the following commutative diagram of automor-
phism groups:

Aut(V,0) —2— Aut(d(V,0))
(21) L: l«:
Aut(V,A) —2— Aut(d(V, \)).

The vertical equalities refer to equalities as subsets of the automorphisms Aut(V') of the group V.

Proof. Restrict (20) to the isometries. O

Nikulin’s theorem is stated in his paper in terms of the objects on the bottom row of (21) and
Crowley-Sixt’s Theorem 7.32 is stated in terms the objects on the top row. For our statement in
Theorem 7.34, we translated Nikulin’s statement into the language of quadratic forms and split
quadratic linking forms, in order to be able to apply it in the context of Theorem 7.32.

Summarising, Nikulin’s map 9: Aut(V, A) = Aut(9(V, \)) is identified with the map 9: Aut(V,0) —
Aut(9(V,9)) from Definition 7.29. Thus for (V, \) = (V, §+6*), Nikulin’s requirement that the non-
split quadratic form 9(V, \) split off a 9(Z2, (9 2)) summand (Nikulin writes U(?)(2) for the sym-
metric form A and uf)(2) for its nonsplit quadratic boundary 9(V,\) [Nik79, Proposition 1.8.1])
is equivalent to requiring that the split quadratic linking form 9(V, ) contains a 9(Z2,[(32)])
summand.

We conclude this section by illustrating Corollary 7.35 with some examples that will be useful
when studying Zs-surfaces. Given an integer n € Z, consider the quadratic form

2 2 2 ... 2
0 1 T -1
X, =sgn(n) | [0 0o . . |l e (zV
SR |
0 ... 0 0 1

from Proposition 5.12. For nonnegative integers a,b € Z>g, set h := a+b and o0 = a —b. Observe
that h— |o| is nonnegative and even, and note that if o = 0 then & is even. Consider the quadratic
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form

o (2D H(Z)®E-D  ifo =0,
YT X, @ Hy (2)230—loD if o # 0.

This is a rank h, signature o, nondegenerate quadratic form. If h # |o| then h — o] > 080 0, is
an indefinite form on V := Z".

Proposition 7.43. Given nonnegative integers a,b € Z>q, seth:=a+bando=a—0b. If h <3
or if |o| # h, then the set {5(Z",20,) is trivial.

Proof. For h =1 we have 20, ; = 4 and we already proved in Example 7.33 that ¢5(Z, 4) is trivial.
For h = 2 and 0 = 0 we have 20,;, = 4H,(Z) and again we already proved in Example 7.33
that ¢5(4H(Z)) is trivial. The cases where |o| = h = 2,3 involve detailed explicit computations,
and are treated in the appendix.

We now assume that h > 3 and |o] # h. Write § := 0,5. If b > 3 then 6 has at least one
hyperbolic summand, and therefore 20 has a 2H (Z)-summand. We deduce that O(Z",26) splits
off a (Z2,[(§2)]) summand.

Thanks to Corollary 7.35, the proof therefore reduces to verifying that coker()\) is 2-primary

~ <

and satisfies na(coker(A)) = rk(V)) = h. Thus in our case np(coker())) = 0 for every odd prime,
and so h > 3 implies that h = rk(V) > n,(coker(A)) + 2 = 2. We have that

20 = 4H(Z) & 2H+(Z)@%_1 if 0 =0,
T\ 2X, @ 2H, (2)®2 (oD if 0 # 0.

When o = 0, we have that coker(4H*(Z) @ 2H*(2)®51) =~ 7, & Z, & 25", This is 2-
primary and generated by no fewer than h elements. Thus ng(coker(:\\)) = h in this case. When
o # 0, we have that coker(2H, (Z)®z(h=1oD) = (7,)®h=lo| which is 2-primary and generated by
no fewer than h — |o| elements. To complete the o # 0 case, it therefore suffices to show that
coker(2X, + 2X7T) is 2-primary and generated by |o| and no fewer elements.
We consider
8 4 4 ... 4
4 4 2 .- 2

2X, +2XT =sgn(o) | 4 2

Do 2
4 2 ... 2 4
By performing row and column operations, we compute that
¥ & 7 if |o| is odd,

coker(2X, +2X71) = o] —2 ) )
VA Y ARV if |o| is even.

Thus coker(2X, + 2X71) is indeed 2-primary and is generated by no fewer than |o| elements.
This concludes the verification that the assumptions of Corollary 7.35 hold, from which it follows
that ¢5(Z",20) is trivial. O

Remark 7.44. We currently know of no pair (a,b) where l5(Z",20,,;) is nontrivial; here re-
call that h := a+ b and 0 = a — b. In particular, it could be that 65(Zh,20a,b) is trivial for
all a,b. It would be very interesting to know whether or not this holds. Proposition 7.43 implies
that ¢5(Z",20,,) could only potentially be nontrivial when h = |o| > 4. In the appendix, we
verify by direct calculations of isometries that ¢5(Z",26,,) is trivial in the cases corresponding
to h = |o] € {2,3}. The computations grow rapidly in complexity with h. For h = |o| = 2,
the group Aut(Z",6,,)) has 8 elements, whereas for h = |o| = 3, it has 48 elements. This com-
putational complexity explains why, for extremal values of o, we only proved Proposition 7.43
for h < 3.
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8. MODIFIED SURGERY THEORY

In this section we recall some elements of Kreck’s modified surgery theory [Kre99]. In Sub-
section 8.1, we review the concept of a normal k-smoothing of a manifold M. Restricting to
dimension 4, Subsection 8.2 recalls the definition of the modified surgery obstruction that takes
values in 5(Z[m1(M)]). In Subsection 8.3 we narrow down where in the monoid ¢5(Z[m1(M)]) the
modified surgery obstruction lives.

8.1. Normal smoothings. We recall the notion of a normal smoothing and of the normal k-type
from [Kre99]. We then consider the concrete case where the manifolds are 4-dimensional and
orientable with fundamental group Zs.

Let B be a topological space with the homotopy type of a CW complex and let £&: B —
BSTOP be a fibration. An n-dimensional (B, §)-manifold consists of a pair (M,7), where M is
an oriented n-manifold and 7: M — B is a lift of the oriented stable (topological) normal bundle
v: M — BSTOP of M, meaning that v = £ o 7.

A (B, &)-null-bordism for a closed n-dimensional (B, ¢)-manifold (M, D) is an (n+1)-dimensional
(B, &)-manifold (W, ) for which 9(W,7) = (My,7y). A (B, £)-cobordism between two n-dimensional
(B, &)-manifolds (Mo, 7o) and (M7,7;) consists of:

(i) a homeomorphism f: My — OMq;
(ii) for ¢ = 0,1, homotopies T; ~ P;r, to some maps PI: M; — B, such that

ﬁ%b]y[o :f“aMl o f: oMy — B;

(iii) an (n+1)-dimensional (B,§)-null-bordism of (My Uy —M,7") where 7’|y, = ig and /|y, =
—7l.
We note that the homotopies in condition (ii) are there to ensure one can produce a well-defined
B-structure 7' on My Uy —M; in the scenario that the B-structures 7; o f and 7y are isomorphic,
but not necessarily equal (equality is required for glueing).

We briefly discuss orientation reversal, to give meaning to the notation —ﬂ above. Given
a (B,¢)-manifold (M,7), the map 7 o pry: M X [0,1] — B defines a (B,&)-manifold (M x
[0,1],pry ov). We identify (M,7) with the restriction to M x {0}, and define —v: M — B as
the restriction to the end M x {1}, which then produces a (B, £)-manifold (—M, —7), i.e. —7 lifts
the oppositely oriented stable normal bundle v_j;: — M — BSTOP.

Recall that a map of spaces f: X — Y is m-connected if f,: mj(X) — m;(Y) is an isomorphism
for ¢ < m and is surjective for i = m. A map of spaces f: X — Y is m-coconnected if f.: m,(X) —
7 (Y) is an isomorphism for ¢ > m and is injective for i = m.

Definition 8.1. Let B be a space with the homotopy type of a CW complex with finite (k + 1)-
skeleton, let £: B — BSTOP be a fibration, and let (M,7) be a (B, §)-manifold.
(1) If 7 is (k+1)-connected, then (M, 7) is called a normal k-smoothing into (B, ¢§).
(2) The pair (B,§) is a normal k-type for M if £ is (k 4 1)-coconnected and there exists a
normal k-smoothing (M, 7) into (B,§).

The existence of the Moore-Postnikov factorisation [Bau77] of the stable normal bundle v: M —
BSTOP ensures that for all £ > 0, there exists a normal k-type for M. Moreover, this theory
implies any two normal k-types for M are fibre homotopy equivalent.

We now assume that M is a 4-manifold with fundamental group Z,, and equipped with a spin
structure. This implies the existence of maps c¢: M — BZs and s: M — BTOPSpin, where ¢
classifies the universal cover of M, and s is a lift of the stable normal bundle along the standard
principal fibration v: BTOPSpin — BSTOP. These maps are unique up to homotopy.

Lemma 8.2. Let M be a spin 4-manifold with fundamental group Zs, equipped with a spin struc-
ture. Write

(B,§) := (BTOPSpin x BZs, o pry).
Then the map

v:=s5 X c: M — BTOPSpin x BZs
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determines a normal 1-smoothing into (B,§), and (B, &) is a normal 1-type for M.

Proof. The space B has finite 2-skeleton because both BZy; ~ RP* and BTOPSpin do (for
the latter, use m;(BTOPSpin) = 0 for ¢ = 1,2 together with CW approximation). The map
BTOPSpin — BSTOP is 2-coconnected because TOPSpin — STOP is the universal covering
map. It follows that & is 2-coconnected, because 7;(BZs) = 0 for i > 2. Next, since M is spin, the
stable normal bundle v: M — BSTOP lifts to s: M — BTOPSpin and therefore combining with ¢
we obtain a smoothing M — BTOPSpin x BZy. This is 2-connected because m;(BTOPSpin) = 0
fori=1,2. O

Proposition 8.3. If Fy and Fy are Zs-surfaces with the same nonorientable genus and normal
Euler number, then there exist normal 1-smoothings (Xg,,7;) for i = 0,1, that are bordant over
their normal 1-type, relative to a homeomorphism f: 0Xp, — 0Xp, that restricts to a homeomor-
phism S(vEFy) — S(vFy) that is v-extendable rel. boundary.

Proof. Write (B,¢) for the normal 1-type of the Xp, that was described in Lemma 8.2. By
Proposition 6.3, there is a homeomorphism f: 0Xr, — 0Xr such that M := Xp, Uy —Xp, is spin
and has fundamental group Zs. Fix a spin structure on M. Via Lemma 8.2, we obtain a normal
1-smoothing 7: M — B. Denote by 7p: Xp, — B and —77: — X, — B the restriction of 7 to the
respective exteriors. By Lemma 8.2, (XF,, 7;) is a normal 1-smoothing for ¢ = 0, 1. The proposition
now reduces to proving that [(M,7)] vanishes in the bordism group Q4(B,¢) = Q}OPSpin(Zg). A
spectral sequence calculation shows that QEOPSpin(ZQ) = Q}OPSpin =~ 7., detected by the signature
divided by 8. See e.g. [OP22, Proof of Proposition 5.1] for the details.

For i = 0,1, the Mayer-Vietoris sequence corresponding to the decomposition D* = Xp, U—VF;
implies that the inclusion-induced map H3(0XFp,;Z) — Ha(Xp,;Z) is surjective. As a result,
the ordinary intersection pairing of Xp, vanishes identically, and so in particular o(Xp,) = 0.
Then Novikov additivity of the signature implies that the signature of M also vanishes. It follows
that (M,7) is (B, &)-null-bordant, as desired. O

8.2. The surgery obstruction. We recall the definition of the modified surgery obstruction in
odd-dimensions. The main reference is [Kre99]. For simplicity, we restrict our discussion to 4-
manifolds whose fundamental group has vanishing Whitehead group. Since Wh(Zz) = 0 [Whi50],
this will suffice for our purposes.

We say that (W, 7, My, Do, M1,71) is a modified surgery problem if My and M; are 4-manifolds
with normal 1-type (B,§), the 7;: M; — B are normal l-smoothings, and (W,7) is a (B,¢)-
cobordism between (My, 7o) and (M, 71).

Let (W,7, My, 7o, M1,71) be a modified surgery problem. By surgery below the middle dimen-
sion [Kre99, Proposition 4], we may assume that 7: W — B is 2-connected i.e. that (W,7) is a
normal 1-smoothing. It can then be proved that Kma(W) := ker(7,) is finitely generated; see
e.g. [CCPS21, Lemma 3.4]. Choose a finite set w of generators for Kma(W'). Choose disjoint em-
beddings ;: S? x D® — W with basing paths representing these generators, that are compatible
with the (B, §)-structure. Set

U:=| |¢i(S* x D?).

Since OU = ||, 52 x S?, its quadratic intersection form, denoted (H»(OU;Z[m(B)]),%), is
hyperbolic. For concision, we refer to the pair (w, ) as a set of embedded generators for Kmo(W),
we set A := Z[m1(B)], and consider the A-modules

(22) F:=H3(U,0U;A) and V :=Hs(W\U, My UdU;A).

Via the boundary maps in the long exact sequences of the appropriate pairs, F' and V can be
identified with submodules of P := H(0U; A). Under these identifications, F' C P is a lagrangian
and V' C P is a stably free half-rank direct summand [Kre99, p. 734]. The kernel quasi-formation
associated with these data is defined as

EW,m,w, ) = ((P,¢); F,V).
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The class of this quasi-formation in ¢5(A) only depends on the (B, £)-bordism class rel. boundary
of (W,7) [Kre99, Theorem 4]. This leads to the following definition [Kre99, p. 734]; see also [CS11,
p. 494].

Definition 8.4. Let (W,7, My, 7y, M1,71) be a modified surgery problem. The modified surgery
obstruction of (W,7) is
OW,p) = [(Z(W', 7, ¢"))] € l5(A),

where (W', 7') is a normal 1-smoothing over (B, £), which is (B, £)-bordant rel. boundary to (W, 7)
and (w', ') is a system of embedded generators for Kma(W').

Remark 8.5. The class ©(W,7) € £5(A) only depends on the (B, £)-bordism class rel. boundary
of the (B, &)-null-bordism (W,7): it is independent of the choice of the 1-smoothing (W’,7') and
of the subsequent choice of a system of embedded generators for Kmq(W’) [Kre99, Theorem 4].

Theorem 8.6 (Kreck [Kre99, Theorem 4]). Let (W, 7, My, Do, M1,71) be a modified surgery prob-
lem. The modified surgery obstruction O(W,7) € U5(A) is elementary if and only if (W,D) is
(B, &)-bordant rel. boundary to an s-cobordism.

8.3. Wall forms. Let (W5,7, My, vy, My,7;) be a modified surgery problem as in the previous
section. We wish to narrow down where in the monoid ¢5(A) the modified surgery obstruc-
tion ©(W, D) lives. For this we will show how to choose nondegenerate quadratic forms v and v’,
on free A-modules, so that the obstruction lies in the subset f5(v,v’) C £5(A) described in Re-
mark 7.20.

Write (Mg, 7g) for a normal 1-smoothing into the normal 1-type (B, ¢) of My and recall that
KTFQ(M()) = ker((ﬁg)*: 7T2(M0) — 7T2(B))

Intersections and self-intersections in My define a quadratic form (Ko (M), ¥ns,) called the Wall
form of (My,7y) [Kre99, Section 5]. Write Apz, for the symmetrisation of ¢y, (this agrees with
the restriction of the equivariant intersection form on ma(My) = Ha(Mp; A)) and recall that the
radical rad(Apg,) € Kma(My) of this pairing consists by definition of those z € Kmo(My) such
that Apg, (2, —) = 0. We shorten Kma(My)/rad(Ap,) to Kma(Mp)/rad from now on. The Her-
mitian form Ay, descends to a nondegenerate Hermitian form )\‘]{f}o on this quotient and therefore
determines a quadratic form ¢} on this quotient. The form (Kmy(My)/rad, ¥} ) is called the
nondegenerate Wall form.

We would like to use the nondegenerate Wall forms for My and M; as the forms v and v’
mentioned at the start of this subsection. However, the modules Kmo(M;) need not be free, or
even stably free. This is solved using the following idea from [Kre99,CS11].

Definition 8.7. Let (M{, 7o) be a normal 1-smoothing into the normal 1-type (B, £) of My. Given
a free A-module S and a surjection w: S — Kmwo(My)/rad, the pull-back of the nondegenerate
Wall form (Kme(My)/ rad, 1/)??0) by w is called a free Wall form of (Mo, 7y) and is denoted by

(8,9) := (S, =" ¥i,)-

A consequence of [Kre99, Proposition 8] is that all free Wall forms of (My,7p) are O-stably
equivalent (Definition 7.17). The following proposition is also a consequence of [Kre99, Proposi-
tion 8 ii)]. Recall the map of monoids b: ¢5(A) — F7*(A) x F;*(A) from Proposition 7.19, which
takes a quasi-formation to its pair of induced forms, considered up to 0-stable equivalence.

Proposition 8.8. Let (W,7, My, Uy, M1,71) be a modified surgery problem with modified surgery
obstruction O(W,7) € L5(A). For any choice of free Wall forms v(Dy) and v(vy1) for (Mo, 7o)
and (M, ,7y) respectively, we have a 0-stable equivalence:
b(O(W,7)) = (v(Po)o, v(P1)o) € F5°(A) x F*(A)
and hence
O(W,v) € £5(v(vo), v(v1)).
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9. FORMS AND QUASI-FORMATIONS OVER Z[Zs)

As before we write Zy = (T' | T? = 1). In this section we specialise to the ring A := Z[Zy] =
Z[T]/(T? — 1) and develop some results concerning quasi-formations over this ring. The eventual
goal is to describe a tractable criterion guaranteeing that a class © € ¢5(Z[Z3]) is elementary.

In Subsection 9.1 we use £1 eigenspaces to associate two forms over Z to a form over Z[Zs],
called the plus and minus forms. In Subsection 9.2, we use plus and minus forms to associate two
quasi-formations over Z to a quasi-formation over Z[Zs]. In Subsection 9.3, we use this construction
to prove the main technical ingredient. In Subsection 9.4, we deduce a criterion ensuring that a
class © € U5(Z]Z3)) is elementary; see Proposition 9.14.

In this section we assume that Z[Zs]-modules are finitely generated and free; cf. Lemma 3.9.

9.1. Forms over Z[Z-]| and eigenspaces. A Z[Z,]-module can also be thought of as an abelian
group. Given a Z[Zz]-module P, recall that we write £ (P) C P for the abelian subgroup given
by the (£1)-eigenspaces of T'.

In this subsection we recall how a hermitian (resp. quadratic) form over Z[Zs] induces a her-
mitian (resp. quadratic) form over Z on 4 (P).

Remark 9.1. Recall that P is assumed to be free. In this case, we argue that £y (P) can
equivalently be described as (1 £ T)P. Certainly, we always have (1 £ T)P C £.(P). For the
reverse inclusion, since P is free we can work coordinate by coordinate, thereby reducing to the
case P = Z[Zs). Now if a 4+ bT € Z[Zs] satisfies T'(a + bT) = £(a + bT), then T(a + bT) = b+ Ta,
so a = %b.

Remark 9.2. In the notation of Subsection 3.1, which concerned e-quadratic forms over a ring R,
we have R = Z[Z] and € = 1. Note that a + 0T = a + bT in Z[Zs]. It follows that Q4 (Z[Zs]) =
Z[Zs], and so quadratic refinements of hermitian forms take values in Z[Zs].

Given a quadratic form (P, A, u) over Z[Zs], since (1+T)(1£T) = (1 +£T)? = 2(1+£7T),
we have that u((1+T)z) = (1 £ Tp(z)(1+T) = 2(1 £ T)u(x) and M((1 £ T)z, (1 £ T)y) =
1Dz, y)1£T) = 2(1 £ T)\(=z,y) for every z,y € P. It follows that the restrictions of A
and p to E4(P) take values in 264 (Z[Zs]) C E4(Z[Zs]). We identify Z = £ (Z[Zs)]) using the
isomorphism n — (1 £+ T)n. We refer to the inverse as dividing by (1 &+ 7). Under this identifi-
cation 2€4(Z[Z5)) is identified with 2Z. Dividing by 2 gives rise to an isomorphism 27 — Z. We

will use the composition

1 . /(1£T) /2
LT 284 (Z|Zo)) —— 22 S 1L

in the following construction.

Construction 9.3. Given a quadratic form (P, A, i) over Z[Zz], we set

1
gi()\) = m o )\| gi(P) X Ei(P) — Z,
1
Ex(p) := LT opl: Ex(P) = Z.
We write EL (P, A, ) := (E£(P),Ex(N), Ex(w)). Similarly if = [p] € Q-(P) is a quadratic form,
then we write £4.(0) € Q-(E4(P)) for the quadratic forms determined by this construction, namely
the equivalence class represented by the pairing
1
20 LT o pley(Pyxes(p): Ex(P) X Ex(P) = L.
Remark 9.4. Note that £1(P) is naturally a Z[Zs]-module, where T' acts by multiplication by
+1. But &4 (P, A\, i) is not a quadratic form over Z[Zs] because £ (P) is not stably free over Z[Z].

Remark 9.5. If z,y € EL(P), then Az, y) = 2(1 £ T)EL(N)(x, y).

The following proposition can be straightforwardly verified from the definitions and the fact
that (P, A\, 1) is a quadratic form.
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Proposition 9.6. The data EL(P, A, 1) determines a quadratic form over Z. If (P, A, 1) is non-
singular, then so is Ex (P, A\, u).

Definition 9.7. The plus form and the minus form of a quadratic form (P, A, u) over Z[Zs] are
respectively the quadratic forms £, (P, A, u) and E_(P, A\, i) over Z.

Example 9.8. Let ¢ € Q1(Z[Z2]") be a quadratic form. A matrix representing the quadratic
form E4(v) € Q1 (Z™) can be obtained by plugging in T = +1 into a matrix representing 1.

In particular, given a quadratic form 6 € Q4 (Z"), the plus form of (1 — T € Q1 (Z[Z3]") is
zero, while its minus form is 20 € Q4 (Z™). To see this, let {e;}7_; be the standard basis for Z[Z2]"
and pick a sesquilinear form p representing ¢ = [p] € Q+(Z[Z2]™). Then {(1 £ T)e;}?, is a basis
for 4 (Z[Z2]™). For p € Z|Zs] we write p(+1) for the evaluation of p at £1. Similarly to above we
have

p((L£ T)er, (1 £ T)e;) = (1= Tpler, e))LET) = 2(1 = Tpler, e;) = 21 £ T) (pler, e;)(£1)).

Therefore the (4,7) entry of a matrix representing 4 (p) is

ﬁ (2(1 +1)(p(ei, 6j)(i1))) = ples, e;)(£1),

E<(0)((1 £ T)es, (1 £ T)e;) =
which arises by evaluating as asserted.

9.2. Plus and minus quasi-formations. Given a quasi-formation over Z[Z,], we describe how
plus and minus forms can be used to produce two quasi-formations over Z.

First of all, observe that if i: V < P is a split injection then the induced map iy: EL(V) —
E+(P) is also a split injection.

Proposition 9.9. If x := ((P,v); F, V) is a quasi-formation over Z[Zs)], then the triple
Ex(z) = (Ex(Py); Ex(F), E£(V))
s a quasi-formation over Z.

Proof. First observe (e.g. using Example 9.8) that £4 (P, ) is hyperbolic over Z. Next we observe
that since F,V C P are summands, we have inclusions of summands €1 (F),EL(V) C E4(P).
Finally, one verifies that £ (F) C E4(P,v) is a lagrangian and &4 (V) is a half rank direct
summand. O

Using (V, 0) and (V+, —01) to denote the induced forms of a quasi-formation ((P,1); F, V') (Def-
inition 7.15), note that the induced form of £+ (P,) on £+(V) and E4 (V1) coincide with E4(6)
and £ (—01) respectively.

Proposition 9.10. The following assignments define monoid maps
fei U5(Z[2Zs]) — U5(Z), 2] = [Ex(2)].

Proof. Since fi maps trivial formations to trivial formations, we deduce that it preserves stable
isomorphisms. The reader can then verify that f4 maps quasi-formations of the form ((P,v); F, V)
and ((P,v); F,G)®((P,v); G, V) (which are equivalent in £5(Z[Z2]) to equivalent quasi-formations
in ¢5(Z). Additivity follows as well. O

In what follows, we will often write £4(0) = [E£4(x)] instead of fi(O) and refer to &;(z)
and E_(z) as the plus and minus quasi-formations of x.

Remark 9.11. Given quadratic forms v, v’ over Z[Zs], the monoid map fi from Proposition 9.9
restricts to a map fu: €5(v,v") = £5(Ex(v), E£(v")). This follows from the observation that taking
induced forms commutes with taking +-forms/formations i.e. the following diagram commutes:

(5(Z(Z5)) E (5(2)

L L

FP(ZIZ) x FP(ZIZ2)) o Fp(@) x FP(2).
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9.3. Finding a lagrangian complement. The following lemma is a technical ingredient towards
establishing our criterion for showing that a quasi-formation over A = Z[Z,] is elementary. The
lemma will justify that, for this purpose, it suffices to understand the plus and minus quasi-
formations. A sketch was given on [Kre90, p. 70]. We follow the same overall strategy, but the
proof given below is considerably more detailed, and includes arguments not found in Kreck’s
sketch.

Lemma 9.12. Suppose (P, )\) is a nonsingular, even, hermitian form on a free A-module P, with
a free half-rank direct summand V. C P. Suppose that (V') is a lagrangian for (E4(P),E+ (X))
and that E_(V) C E_(P) admits a lagrangian complement. Then V. C P admits a lagrangian
complement.

Proof. We will frequently use the following fact. Let U be a complementary free direct summand
to V in P. Let {u;} be a basis for U and let {v;} be a basis for V. Add linear combinations of
basis elements of V' to the basis elements for U, to obtain a set {u; +3_; a;;v;}, for some a;; € A.
An elementary linear algebra argument shows that this set is a basis for a new complementary
direct summand U’ to V in P, for any a;; € A.

Now we begin the proof. Choose a basis x1,...,x, for V and complete it to a basis of P
via v1,...,v,. Since P is free we may consider the dual basis elements 2} € P* fori=1,...,n
that satisfy ] (z;) = 0;; and z}(v;) = 0 for every i,j. Since the form A is nonsingular, we can
choose u1,...,u, € P such that X(ul) = z}. In particular, we have \(x;,u;) = 0;; for every i, j.

We assert that the z; and u; generate P. We will prove this by showing that each v; can
be expressed as a linear combination of the u; and z;. Write u; = >, aaxr + Y, byvy for
some a;k, by € A. Arrange the u;, x5, v; as column vectors u,x, v and the a;;, by as matrices A, B
so that, formally, we can write u = Ax + Bv. Since we have \(u;,z;) = J;; and since the
form &4 (\) vanishes on £, (V) x £, (V), we obtain

8ij = Nui, 5) = E¢ N1+ Tyus, (14 T)xy) = Y b - E¢ (W (1 + oy, (14 T)ay).
=1

The second equality here uses that A(u;,x;) € Z. Write L for the matrix with coefficients L;; =
Er( N+ T)v, (1 + T)x;) and I, for the size n identity matrix so that I, = BL. A square
matrix with coefficients in a commutative ring admits an inverse if and only if its determinant is
a unit. That inverse is both a left and a right inverse. The equalities 1 = det([l,,) = det(BL) =
det(B) det(L) imply that det(B) is a unit. We deduce that B is invertible with inverse L.
Therefore u = Ax + Bv can be rewritten as v = L(u — Ax). Thus the v; can be expressed as
linear combinations of the u; and z;. This concludes the proof of the assertion the x; and u;
generate P.

Since {z;} U {u;} form a rank n generating set of P = A", they are also linearly indepen-
dent. This statement follows from the general fact, which we now prove, that a surjective A-linear
map f: A" — A™ is necessarily injective. Let A be a matrix for f with respect to the canon-
ical basis e1,...,e, of A™. Surjectivity implies that there are column vectors by,...,b, such
that f(b;) = e;. Arrange the column vectors b; into a matrix B such that AB = I,,. Taking
determinants, as above we deduce that f is also injective, as claimed.

Since {z;} U {u;} forms a basis of P, it follows that the u; span a half rank direct summand
UO Q PwithP=V ® Uo and )\(l‘i,u]') = 51]

Let U_ C £_(P) be the hypothesised complementary lagrangian to £_(V) C £_(P). First,
we will modify Uy to obtain a direct summand U; C P that is complementary to V and such
that £_(Uy) = U-. Then we will improve U; further, to obtain a lagrangian complement Us
for V.

Write b; := (1 — T)a; for the basis of £_(V) obtained from {z;}. Recall that we have a
basis u1, ..., u, for Uy and that {z1,..., 2y, u1,...,u,} is a basis for P. Write (1-T)u; = w;+2; €
E_(Uy) with respect to the decomposition E_(P) = E_(V) @ U_, ie. w; € E_(V) and 2 € U_
for each 7. Write w; = Zj n;b; for some n;; € Z. Define U; C P, a new complementary direct
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summand to V, as the submodule with basis given by the elements
Yi = Us — Znijxj.
J

Here we used the fact from the first paragraph of the proof to see that Uy is a direct complement
to V.

To confirm that £_(Uy) = U_, first note that {(1—T")y;} forms a basis for £_(U;), because {y;}
forms a basis for U;. Next, note that {(1 — T)z1,...,(1 — T)xp, (1 — Tug,...,(1 = Tu,} =
{b1,...,bp, w1 + 21,...,wy + 2z,} is a basis for E_(P) = E_(V) @ £_(Up), and therefore so
is {b1,...,bn,21,...,2n}, because w; € E_(V) for all i. Therefore {by,...,bn,21,...,2,} is a
basis for E_(V) @ U_ = £_(P), and we deduce that {z;} forms a basis for U_. Now we compute
that

(]. — T)yl = (]. — T)’LLZ — Z]n”(l — T)xj = W; + Zi — Zjnijbj = Z;.
It follows that £_(U;) = U_ as asserted. This completes the U; step. Note that U; need not be a
lagrangian, so the proof is not yet complete.

At this point, we consider the following subspaces with their respective bases shown underneath

each subspace:

EL(V) E_(V) Uy =& (Uh) U_ =& (Uh)
{a;:=(1+T)ziy  {bi=0-Ta} {t7 =0 +Ty} {t; =1 =Ty}

Next we modify the bases ¢ to something more favourable. Consider the Z-valued forms £+ ()
on £L(P) = £4(V) @& Uy; this decomposition holds because P = V @ U;. With respect to

this decomposition, these forms are represented by block diagonal matrices over Z, say £4(\) =

A
(Yf ;i) Observe for later use that &, (A)|v, xu, is even. To see this note that A(y;,y;) € 2A

because A is even and p + p € 2A for every p € A. Therefore

ELNE ) =
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m)\((l +T)yi, (1 +T)yi) = e(Myi, yi)) € 2Z,
where the last equality uses A\(y;,y;) € 2A and £: A — Z denotes the augmentation map, defined
by e(a +bT) = a +b.

In the “4” case, A; = 0 because £; (V) is a lagrangian. Thus, since £, (\) is nonsingular,
we deduce that Y, is nonsingular. Using column operations, Y, can be made into the identity
matrix. This corresponds to performing elementary basis change operations on the basis {t;r}
of U, (using only linear combinations of the ¢;). We denote the resulting basis of Uy by ¢y, ..., ¢,.
Note that £ (X\)(ai,¢;) = d;;. Since ¢; € Uy C P and a; € £4(V) C P, we have that A(a;, ¢;) =
2(1+1T)d;; (recall Remark 9.5). In fact, in the +-case, since £, (\)|v, xv, is even, by adding linear
combinations of the a;, we can assume that £, (\)(¢;,¢;) = 0 for all 4,j. Note that Uy may not
satisfy £, (U;) = U anymore, since we changed the basis for Uy C £, (U;) but did not make the
corresponding basis change for Uy C P, but this does not affect the remainder of the argument.

In the “—” case, B_ = 0 because U_ is a lagrangian. Thus, since £_(\) is nonsingular,
we deduce that Y_ is nonsingular. Arguing as in the “+” case, we perform elementary basis
change operations on ¢; to obtain a basis di, ..., d, of U_ such that A(b;,d;) = 2(1 —T)J;;, again
because dj € U_ C P and b; € £_(V) C P (recall Remark 9.5).

We summarise the outcome. With respect to the basis {a1,...,an,c1,...,¢n} of E4(P) and
{b1,...,bn,d1,...,dp} of E_(P), matrices for £, (A\) and £_(\)) are given by:

5+(/\):<?. é) and 5_()\):@ é)

We claim that, for all ¢, j, we have:
(23) /\(ai, CLj) = 0, )\(ai,cj) = 2(1 + T)(Sij, )\(bi, dJ) = 2(1 - T)(Sij, and )\(Ci, Cj) =0= )\(dz, d])

An argument is needed to see that the first and the last two equalities hold. We will just argue
for A(c;,c¢j) = 0; the others proceed similarly. Since £4(M)(¢;,¢j) = 0, then A(c;,¢j) € 2E4(A)
maps to zero under the identifications 284 (A) = 2Z = Z, and therefore A(c;, ¢;) = 0.
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Now, using the same elementary basis change operations we just used to change ¢, into d;,
transform the basis {y; } of U; into a new basis {p}} of U;. For this we take the basis changes over Z
and consider them as basis changes over A via the ring homomorphism Z — A. By construction
we also have (1 — T)p, = d;. Write (1 +T)p, = a; +v; € E4(V) @ Uy for some «o; € EL(V)
and v; € UL, and note that
r_ Gt d;

L
Next we claim we can make a further helpful basis change from the p} to a new basis for Uy,
given by
0y +c +d;
pi=———y
We must prove «; + ¢; + d; is indeed divisible by 2 and that the resulting p; form a basis, then
after that we will modify U; to obtain the desired lagrangian complement Us to V.

To begin proving the claim that a; 4 ¢; + d; is divisible by 2 and that {p;} forms a basis for Uy,

first observe that since the {c;} form a Z-basis of U, for each j we can write v; = >, vjrck

with v, € Z. It is also the case that the ¢, € £.(P) can be written as ¢, = (1 4+ 1)z, for
some z; € P. We note for later use that

(24) 2A(zi,cr) = May, A+ T)YA+T)zi) = M1+ T)ay, 1+ T)z) = May, c)-

Similarly 2\(z;, oj) = Mai, o) and 2A(z;, (1 = T)p}) = A(bi, (1 = T)p);). Using (24), we observe
that

= 2\(zi, ;) +2 ) Mwi, vjnek) + 2 (@i, (1= T)p))
k

= Mai, ;) + Y Mai, yikcr) + Abi, (1= T)pf)
k

=0+2(1+T)yji + A(bi, dj)
= 2(1 + T)’}/ji + 2(1 — T)ém € A.

For the last two equalities we applied (23). Since A is torsion-free as an abelian group, we deduce
that

(25) 2M(wi, pf) = (L+T)vji + (1 — T)b5.

Write A(z;, p}) = rij +s5i5(1 = T) with i, s;; € Z; this is possible because a+bT' = a+b— (1 -T)b
for every a+bT € Z[Z5]. Plugging in T' = 1 into (25) gives r;; = ;. It follows that setting T' = —1
into (25), we get 28;; = 2;; + 4s,;, which we write as 2s;; = J;; — 7;;. Now define

a; +d; 1 1 a; + d; 1 a; +c¢; +d;
5 +§%+§Zk:(5m—%k)ck= 5 +§Zk:5m0k=72 :

pi == pi + Z SkiCk =
k

Since ¢; € Uy = &4 (Uy) C Uy fori=1,...,nand {p},...,p,} forms a basis of Uy, it follows that
{p1,.-.,pn} again forms a basis for U;. This concludes the proof of the claim.
Next we observe some symmetries in the coefficients of «; € €4 (V') with respect to the Z-basis a;

of £4(V). Write
Q; = Z aijaj
J

for some a;; € Z. Recall that A(ey, ;) = 0, M(eg, ¢5) =0, A(d;, dj) = 0, and A(a;, ¢j) = 2(1+T)d;5,
by (23). We use these and the fact that A|g¢, (pyxe_(p) = 0, which follows from the equality
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(1+T)(1—T)=0, to compute that
(ai +ci+di,a;+c; + dj)
A, ¢5) + Mei, o))
Ak ikar, ¢5) + A(ci, 32, @jsas))
2(14T) - (ovj + 04)
= 314 T) (g + a0
Because A(p;, pj) € A and «y; € Z, we deduce that a;; + o € 2Z.

We now modify the summand U; C P into a lagrangian complement to V. As V., C V,
so a; € V for all j. Therefore if we modify p; by adding multiples of a; we will obtain a new direct
summand of P that is still complementary to V. Of course, the objective is to do this so that the
resulting direct summand is self-annihilating. Consider that for p € A we have
o; + 2paj +c + dz

2
so the proposed operation modifies the coefficient «;; of a; in o; by the addition of 2p. Using
this operation, and the symmetries in the «;; (namely «;; + aj; € 2Z), we may now modify
the coefficients a;; to a;j, which satisfy that agj + a;i = 0 for all ¢,5. We obtain a new direct
summand Us of P, which is still complementary to V' by the first paragraph of this proof. We

write p} for the modified basis element coming from p;. The same computation as we made
for A(pi, p;j) above now shows that A(p;, p}) = 0 for all 4, j (here it is important that A(a;,a;) = 0

Xpi, pj) =

NN N N T
—~ o~ >

pi +pa; =

for all 4, ), and thus Us is a complementary sublagrangian to V, i.e. Uy C Us-. Since Us C P is
a half rank sublagrangian and A is nonsingular, it must in fact be a lagrangian; see e.g. [Ran02,
Proposition 11.53]. We have therefore found a complementary lagrangian to V' C P. O

9.4. A criterion for being elementary in /5(Z[Zs]). We now prove the promised criterion,
which ensures that a class © € (5(Z[Zs]) is elementary.

Lemma 9.13. If © € (5(Z[Z2)]) is such that E_(©) is elementary, then © is represented by a
quasiformation ' = ((P',¢"); F', V') such that E_ (V') C E_(P’) admits a lagrangian complement.

Proof. Let x = ((P,v); F, V) be a representative of ©. Since £_(0) is elementary, Proposition 7.14
implies that there is a formation f = (H(L); L, G) over Z such that £_ (V)®G admits a lagrangian
complement in E_(P) & (L & L*). Now consider the formation
f ©22(2s) = (Hy (L 82 Z2a)); L 92 2], G 7 Z{Ts).
and set 2’ := 2@ (f ®zZ[Z2]). Note that £_(f ®zZ[Zs]) = f as can be seen by reasoning in terms
of bases for the Lagrangians of f.
Since L5(Z[Z2]) = 0, observe that [2'] = [¢] = © and, by construction,
£ (2') = £_(2) ® E_(f ©2 7))

=(E-(Py),E(F),E (V)@ f

= <5*<P’w) S2) HJr(L)»g*(F) ) L757(V) S G)
is such that £_ (V) ® G admits a Lagrangian complement in £€_(P) & (L & L*). O

Proposition 9.14. An element © € {5(Z[Z3)) is elementary if it satisfies both:
(1) £+(©) is represented by a formation, so E4(0) € Ls(Z) = {0} C ¢5(Z), and
(2) £_(O) is elementary.

Proof. Let © € ¢5(Z[Z2]) and assume that (1) and (2) hold. Thanks to Lemma 9.13 we can
represent © as © = [z] = [((P,¢); F, V)] where the quasiformation z = ((P,); F,V) is such
that £_ (V) C £_(P) admits a lagrangian complement.

We assert that £, (V) C E,.(P,%) is a lagrangian. Proposition 7.19 ensures that the induced
forms of £4(0) = [E4(x)] € Ls(Z) are independent up to O-stabilisation of the quasi-formation
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representative of £,(0) and therefore of ©. Since [€;(z)] is represented by a formation, the
induced form, which lies in the O-stabilisation class of £, (V, ), is trivial. It follows that £, ()
vanishes on £, (V). Since £ (V) is a half rank direct summand, £, (V) is a lagrangian as asserted.

By the assertion and the hypothesis that £_ (V) C £_(P) admits a lagrangian complement, the
hypotheses of Lemma 9.12 are satisfied for (P, \), where X is the symmetrisation of . Here we
should also remark that since P is stably free is it free by Lemma 3.9, and that A is even and
nonsingular since it arises as the symmetrisation of the quadratic form v in a quasi-formation.
Lemma 9.12 therefore implies that V' C P admits a lagrangian complement L, with respect
to A. As L is a direct summand of the free group P, it is projective. By Corollary 3.8, L is
thus also a lagrangian with respect to the quadratic form . Thus by Proposition 7.12, and
since L5 (Z[Z2]) = 0 [Wal70, Theorem 13A.1], the class © = [z] € {5(Z]Z2]) is elementary. O

Proposition 9.15. If (Z",0) is a nondegenerate quadratic form over Z such that {5(Z",260) is
trivial, then every © € 5(Z[Zz)", (1 — T)0) is elementary.

Proof. By Example 9.8, the induced positive and negative forms are given by evaluation T' = +1
respectively. Thus the induced positive form of (Z[Zs]", (1 — T)#) is trivial, and the induced
negative form of (Z[Zs)", (1 — T)0) is (Z",20).

Write © = [((P,4); F,V)]. The fact that £, (Z[Z]", (1—T)0) is the zero form implies, as in the
proof of Proposition 9.14, that £, (V) is a lagrangian. It follows that £, (0) € L5(Z). In addition,
E_(©) € £5(Z",20), and so is necessarily elementary because £5(Z",26) is trivial by assumption.
The proposition now follows from Proposition 9.14. U

10. ANALYSIS OF THE SURGERY OBSTRUCTION

We summarise the outcome of the previous two sections on modified surgery in the next theorem.
We then explain how we are going to apply this theorem to surface exteriors.

Theorem 10.1. Let My and M; be two 4-manifolds with fundamental group Zo and normal 1-
type (B,&). For i =0,1 let U;: M; — B be normal 1-smoothings into (B, ), and let f: OMy —
OM; be a homeomorphism that is compatible with the 1-smoothings, i.e. U1lonm, © f = Tolom,-
Suppose that (Mo Uy —Mq,7o U —71) is null-bordant over (B,§).

Let (Z",0) € Q4 (Z") be a nondegenerate quadratic form such that ¢5(Z",20) is trivial, and
such that (Z[Z)", (1 — T)0) is a free Wall form for My. Assume that for both i = 0 and i = 1,
the pair (M;,7;) admits a free Wall form that is 0-stably equivalent to (Z[Zz)", (1 —T)0). Then f

extends to a homeomorphism M = M.

Proof. By assumption (M, 7o) and (My,7;) are bordant over their normal 1-type, say via a
cobordism (W, 7). Consider the modified surgery obstruction @(W,7) € ¢5(Z[Zz]). Proposition 8.8
states that O(W,7) € l5(Z[Zs)", (1 — T)6). Since £5(Z",20) is trivial, Proposition 9.15 ensures
that ©(W,7) is elementary.

Theorem 8.6 implies that (W,7) is bordant rel. boundary over (B, ) to an s-cobordism. The 5-
dimensional s-cobordism theorem [FQ90, Theorem 7.1A], which applies since Zs is a good group

(every finite group is good), then implies that f extends to a homeomorphism M =N M. O
10.1. The free Wall form of X. We will set up some language to describe a specific ﬁiee Wall
form (see Definition 8.7) for the exterior Xp of a Zs-surface F. Since Xp spin, so is Xp, and

therefore the integral intersection form @ %, iseven [FNOP19, Proposition 3.3]. By Corollary 4.14
we have

Hy(Xp)/rad(Qg,) = Z".
The form @ e descends to a nondegenerate form Qr}‘?d on this quotient. Because () %, 18 even, so
F
is Qnid . Thus Qr)‘?d determines a unique nondegenerate quadratic form (Z", 0}‘1 ) over Z. Now,
F F F

remembering the Z[Zz]-module structure in order to identify Z" = Z[Z,]" ®zz,) Z—, we will think
of the integral quadratic form 9‘)‘?(1 as an equivalence class of a pairing:
F

(26) 0% = [p: (ZlZ2) @z1z,) Z-)" % (Z[22) @zjz,) Z-)" — Z].
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Recall this is not a quadratic form over Z[Z,] because the module (Z[Zs] ®zz,) Z—)" is not stably
free. The next proposition establishes a formula for a free Wall form for Xp.

Proposition 10.2. Let F C D* be a Zs-surface of nonorientable genus h, and letv: Xp — B :=
BTOPSpin x BZsy be a normal 1-smoothing. Then a free Wall form for X is given by (Z[Z2)", 1),
where the quadratic form ¥ is represented by the pairing

Z(Lo)" % L] — ZlZa),  (w,y) = (1=T)pz @1,y ®1).
We write ¥ = (1 — T)Q%dF.

Proof. First we describe a specific free Wall form for X, and then we show that it can indeed be

expressed as claimed in the proposition. Since TOPSpin is simply-connected, w2 (BTOPSpin) = 0,

and therefore we deduce that 7o (B) = w2 (BTOPSpin x BZs) = 0. Since Kmo(Xp) = ker(me(Xp) —
ma(B)) and mo(Xp) & Ho(XF; Z[Zs)), we deduce that

K?TQ(XF)/Tad()\XF) = WQ(XF)/rad()\XF) = HQ(XF;Z[ZQ])/I‘&d(}\XF) = Z’i7

where the last isomorphism follows from Corollary 4.14. We have therefore showed that the Z[Zs]-
module underlying the nondegenerate Wall form (Km(Xp)/rad(Ax,), %% ) is defined on Z".
The tensor product
Z(ZLo)" — L) @z, Z—, @1

is a surjection of left Z[Z,]-modules. Identifying Z[Z2]" ®zz,) Z— = Z", we thus obtain a sur-
jection w@: Z[Zy]" — Z". We use @ to pull back the quadratic form (Kmy(Xp)/rad(Ax, ), ¥5),
thus obtaining a representative (z,y) — p(w(x),w(y)) for a free Wall form o, where p is as defined
in (26). Observe that the symmetrisation of this quadratic form is (z,y) — A3 (@ (), @ (y)).

We now establish the expression ¥ = (1— T)G;l(dF for this free Wall form. Recall that if a hermit-

ian form on a free Z[Zs]-module admits a quadratic refinement, then it admits a unique quadratic

refinement (Corollary 3.8), and therefore is the symmetrisation of a unique quadratic form. Ob-

serve that the symmetrisation of 0;’?‘1 is Qn)zd . Thus it now suffices to show the symmetrisation A
F F

of ¥ is given by the symmetrisation (1 — T)QI;}d of the claimed expression (1 — T)Q;‘Zd . To see
F F
this, we compute:

Mz, y) =¥, (w(2),w(y) = X, (e@Lyel) = (1-T)QF (z@1y®1).

Here, the first equality comes from the fact that symmetrisation and pull-back commute, and
the final equality follows from the third item of Proposition 5.13. This concludes the proof of
Proposition 10.2. O

10.2. Isotopic Zs-surfaces. We prove Theorem B, whose statement we recall for the reader’s
convenience. Recall that Theorem B implies Theorem A, by taking K to be the unknot.

Theorem 10.3. Let Fy, Fi C D* be Zo-surfaces of the same nonorientable genus h, the same
normal Euler number e and the same boundary K. Assume that |det(K)| = 1. If either h < 3
or e is non-extremal, then Fy and Fy are ambiently isotopic rel. boundary.

Proof. Fori = 0,1set M; := Xp, for the Zy-surface exteriors. Recall that B := BTOPSpin x BZy £>
BSTOP is the normal 1-type of M;. By Proposition 8.3 there are normal 1-smoothings 7, : M; — B
and there is a homeomorphism f: My — OM; such that (Mo, 7y) and (My,7;) are B-bordant
relative to f. In other words, writing M := MUy —M;, we have that M is spin, m (M) = Z, and
(M,7yU—7) is null-bordant over B. Moreover f restricts to a homeomorphism S(vFy) — S(vF)
that is v-extendable rel. boundary. Proposition 10.2 shows that a free Wall form for M; is given by
the Z[Zy]-quadratic form (Z[Z]", (1 — T')¢% ) where 62 denotes the non-degenerate Z-quadratic

form determined by the even form Q%}_ on HQ(]\Z)/rad(QMY) = 7M. Set o := o(X2(F})), the
signature of the 2-fold cover of D* branched over F;. Recall from Lemma 5.2 that |o| # h if and

only if e is non-extremal. By Proposition 5.12 we know that

gnd _ {2H+(Z) @ H(2)23 ! if 0 =0,

M, Xr,

nd  ~

X, ® Hy(2)®32(h~lo]) if o #0.
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Proposition 7.43 states that when h < 3 or if |o| # h (i.e. if e is non-extremal), then ¢5(Z", QHHME_)

is trivial. Theorem 10.1 now implies that f extends to homeomorphism Xp = Xp . The v-
extendability condition implies that Fjy and F} are equivalent rel. boundary. That is, there is a
homeomorphism G: D* — D* with G|gs = Id|gs and G(Fp) = Fy. By the Alexander trick, G is
isotopic rel. boundary to Idps and therefore Fy and Fj are ambiently isotopic rel. boundary. O

10.3. One internal stabilisation is enough. In the proof of Theorem 10.3, the assumption
det(K) = 1 was essentially only used to be able to analyse the isometry type of the intersection
form Qs,(r). In general, if Fy and F} have the same nonorientable genus h, the same normal
Euler number e, and the same boundary K, we do not know whether Qx, (r,) = Qx,(r,)- Even if
this were the case however, there would still be a further potential obstruction in £5(Z”, 2(9’)2 ) to

surface exteriors being homeomorphic rel. boundary. Nikulin’s theorem ensures that if 260 Tr szplits
off a 2H, (Z)-summand then £5(Z", 20‘;?‘i ) is trivial. For general K, we do not know whether this
7

set is trivial, but this is always the case after we add a single tube to both Fy and F}, as we now
prove. We recall the statement of Theorem C for the convenience of the reader.

Theorem 10.4. Let Fy, Fy C D* be Zy-surfaces of the same nonorientable genus h, the same
normal Euler number e and the same boundary K. Then Fo#T? and Fy#T? are ambiently
isotopic rel. boundary.

Proof. Since Fy, Fy are Zs-surfaces with the same nonorientable genus, the same boundary and
the same normal Euler number, a result of Baykur-Sunukjian [BS16, Theorem 1] (cf. [CP23,
Appendix], where their proof was adapted to the topological category) implies that they become
ambiently isotopic rel. boundary after adding n > 0 unknotted tubes to each. Adding a tube adds
an S? x 5% connected summand to the 2-fold branched cover, and therefore adds a H(Z) = (9 })
summand to the intersection form of the 2-fold branched cover. Thus we have

(27) Qsy(Fo#nT2) = Qsy(Fy) © HY(2)%" = Qs (r) @ HY(2)%" = Qs (7 #7T2)-
As above we write M; := Xp,. Applying Proposition 5.8 to (27) and passing to quadratic forms,

we obtain
0 gna = GHMSO & H, (2)%" ~ 9%‘1 ® Hy ()%™ = 0.

Fo#™T?2 Fy #n T2 ’
A cancellation result due to Bass [Bas73, Corollary IV.3.6] (cf. [CP23, Proposition 7.3] for an
explanation as to how Bass’s general theory applies to this simple setting) gives an isometry 9%}1 &3]
0
H.(Z)= 9%}1 @ H;(Z) and thus
1
~ — pnd ~ pnd — 0~
9X;§#T2 o HJWO S Hy (Z) o 9M1 S Hy (Z> HX;‘(:#Tz ’
We now follow the same steps as in Theorem 10.3 to verify that Fo#T? and F} #7172 are ambiently
isotopic rel. boundary. Proposition 10.2 implies that the free Wall form of F;#772 is (1 — T)(G%IQ &)
H,(Z)). We also know by Proposition 8.3 that we can find normal 1-smoothings 7;: Xp, —
B := BTOPSpin x BZy and a homeomorphism f: 0Xp ur2 = 0Xp »r2, such that the union
along f is spin, has fundamental group Zs, and is null-bordant over B. Moreover f restricts to
a homeomorphism S(v(Fo#T?)) — S(v(F1#7T?)) that is v-extendable rel. boundary. Thanks to
the criterion from Theorem 10.1, it now suffices to prove that £5((Z", 29%‘;) ® 2H(Z)) is trivial.
We verify the assumptions of Nikulin’s Theorem 7.34 for '

(V,0) = (Z", 2055 ) @ 2H ., (Z).

-~

Let X denote the symmetrisation of §. We claim that rk(V) = h + 2 > n,(coker(X)) + 2 for every
odd prime p. To see this let
. nd nd \*
A=2077 +(2047)
and note that n,(coker(\)) < h. Adding 2H*(Z) to X' to obtain A adds Zs ¢ Zs to the cok-
ernel, but does not affect the odd primary part. Therefore n,(coker(\)) = n,(coker(\)) < h,

~

so ny(coker(A))+2 < h+2 = rk(V), as claimed. The second condition of Theorem 7.34 holds since 6
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splits off a 2H (Z) summand. By Corollary 7.35 we therefore have that ¢5((Z", 20;\1}1_) ©2H, (7))
is trivial. '

Theorem 10.1 now implies that f extends to a rel. boundary homeomorphism Xp u72 =
X, #7r2. The v-extendability condition implies that Fy#T? and Fy#7T? are equivalent rel. bound-
ary, which again using the Alexander trick implies they are ambiently isotopic rel. boundary. [

APPENDIX A. QUADRATIC LINKING FORMS FOR h = 2,3 AND EXTREMAL NORMAL EULER
NUMBER

During our proof of Theorem 10.3 for nonorientable surfaces with nonorientable genus h = 2,3
and extremal normal Euler number we used that for the quadratic forms (V,0) = (Z*, £[(2?)]) €
Q+(Z?) and (V,0) = (Z3, [j: (§ % %)D € Q+(Z3), the set bAut(V, 20) is trivial. More specifically,
this was asserted in the proof of Proposition 7.43. This section proves these facts. As we mentioned
above Corollary 7.35 (see specifically the diagram in (21)), for a quadratic form (V,0) € Q(V)
over Z with symmetrisation (V,\) we have Aut(V,0) = Aut(V,\). We will use Sage to calcu-
late Aut(V, \) with respect to a particular basis and then show that Aut(V,\) — Aut(9(V,6)) is
surjective.

A.1. Extremal normal Euler number calculation for h = 2. We prove that for the quadratic
form (V,0) = (Z%,[(2%)]) € Q+(Z?) =: Q, the set bAut(V, 20) is trivial.

Lemma A.1l. The quadratic form v := [(§4)] € Q+(Z?) is represented by

a3 )

The cokernel of the adjoint X of the symmetrisation X of ¥ is isomorphic to (Z4)? and, for [z],[y] €

(Z4)? the boundary symmetric form OX: (Z4)* — Q/Z is given by
10
ol b =" (3 )
1
The boundary split quadratic form O: (Z4)* — Q/Z is given by
" 1
ov (1) = (% +43) € O/2

Proof. We claim that 20 = [(29)] € Q1(Z?). Use e1,ez to denote the canonical basis of Z2.
Perform the basis change which replaces ey, e3 by €1 — e, e5. With respect to this basis of Z?2, the
quadratic form ¢ := 260 = [($4)] now becomes [(§ 7') (§3) (4 9)] = [(2%3)]. The claim now
follows because [( % 3)] =[(29)] € Q+(Z?).

We now calculate the boundary split quadratic linking form. The symmetrisation of 1 is

~

represented by A = (¢ 9). It follows that the boundary linking form O\ is defined on coker(\) =
1

(Z4)?, given by OA([z], [y]) = 2T A~1y where A~} = (8 2) As in Remark 7.26, the boundary

split quadratic linking form is 8 ([z]) = 2TA1QA 1z € Q/Z where [z] € (Z4)?. In particular,

evaluating on the canonical basis elements of (Z4)?, we see that 9% is determined by the pair of

clements (3, §) of Q/Z. O
In the following proposition, we write automorphisms of (Z4)? as matrices with coefficients

in Z4.

Lemma A.2. The automorphism group of the quadratic form v = [(4)] € Q+(Z*) contains 8
elements. More precisely, in the basis of Lemma A.1, we have a bijective correspondence

w22 {5 2). (8 3)

With respect to this same basis, the image of 8: Aut(Z2,v) — Aut(9(Z2, 1)) is
o €1 0 0 €1 2
Im(9) = { (0 Ez) , (52 0) €1,62 € {:I:l}} C Aut((Zy4)?).

£1,€2 € {:l:l}} - GLQ(Z)
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Proof. The calculation of Aut(Z?2,4) follows from the fact, proved in Lemma A.1, that 1 is

represented by @ = (39). The second statement is a consequence of the definition of d as
OF := (F*)~% O

Proposition A.3. For (V,0) = (Z*,[£(2%%)]) € Q+(Z?) =: Q, the set bAut(V,20) is trivial.

Proof. Tt suffices to prove the statement for § = [(2?)] because bAut(v) = bAut(—v) for every
quadratic form v. An automorphism of (Z4)? is determined by its values on e; := [(})] and eg :=
[(9)]. We immediately rule out some automorphisms that do not preserve 9¢, where ¢ := 26.
Given f € Aut(9(Z2%,1)), write f(e;) = aze1 +bjea with a;,b; € Zy, note that since dA(eq, ez) = 0,
Lemma A.1 implies that

L= 0uler) = DU(f(er)) = D(aser + bies) = a2Du(er) + BROU(ea) + ON(er, e2) = @ € Q/Z.

This implies that a? +b? = 1 mod 8 with a;,b; € Zy for i = 1,2 and thus {a;, b;} = {0, £1}. Using
Lemma A.2, this implies that Im(9) = Aut(d(Z2,v)). We deduce that bAut(Z2, ) is trivial, as
claimed. (]

A.2. Extremal normal Euler number calculation for h = 3. We prove that for the quadratic

er
form (V,0) = (Z?’, [:I: (§ %% D € Q4 (Z?), the set bAut(V,20) is trivial.
444 3 .
Lemma A.4. Set ¢ := [(8 2 %)} € Q+(Z?). The form 1 is represented by
/12 32 —16
O=[0 22 -2
0 0 6

The cokernel of the adjoint A of the symmetrisation X of 1 is isomorphic to Zs @ (Z2)? and,
for [x], [y] € Zs & (Z2)? the boundary symmetric form OX: (Zs ® (Z2)?) x (Zg ® (Z2)?) — Q/Z is
given by

([z], [y]) = @ y.

N
O Owlw
= o O
ovi= O

The boundary split quadratic form O: Zg & (Z2)? — Q/Z is given by

v ([B]) =103 + L (23 +23) € Q/Z.

Proof. Write Q := <§ % %) and A := Q + QT. Performing row and column operations on A, one

gets coker(A) = Zg @ (Z2)? with generators given by the classes of (1,0,0),(0,1,1) and (2,0,1).
With respect to this generating set, the boundary symmetric linking form OX([z], [y]) = zA~ 1y is
isometric to the pairing
3 _1 1
8 2 2
([«]. [y]) = = *1% 0 —5|yeQ/z
0

2

cor
—o

—ON
—

We now simplify this form by performing isometries that lift to Z3. Namely, we set B := (

and C' := (71% ? §> Write D := BC'. The linking form 0X is isometric to the pairing

0
([z), [y]) = «" DT A" Dy = ™ 0

O Owlw

0
3| v
0
)

2
The matrix @ is obtained by using the defining relation of Q(Z3):
12 20 -12 12 32 -16
M:=D1QDT=[(12 22 —-14|~[0 22 —22
-4 -8 6 0 O 6

[
o
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The statement about the boundary symmetric linking form now follows by construction, so we

conclude by studying the boundary quadratic linking form. The symmetrisation of @ is G :=

D7 'ADT. As noted in Remark 7.26, the values for the boundary quadratic linking form follow

by looking at the diagonal entries of the matrix G=*MG~! = DT(A7'QA~1)D. These diagonal
11 1

entries are precisely {5, 5 and % O

As explained in [HRO07, Theorem 3.6], there is a canonical isomorphism

a 4b 4c
{A: (a‘;‘?) EMg(Z)‘Amod2€GL3(Zg)}

8a 8b 8¢
2d 2e 2f
2g 2h 2i

From now on we use this isomorphism implicitly.

(28) Aut(Zg ® Zoy ® Zs)
a?b7c’d’e’f’g7h’i 6 Z}

Lemma A.5. Set ) := [(é % g)} € Q. (Z3). The group Aut(v)) has 48 elements. More precisely,

using the basis from Lemma A.J, the image of 9: Aut(Z®,v) — Aut(0(Z3,1)) decomposes as
Im(9) = Xo UYy where
£100 £100 £100 £100 +1 £100
X(]z{(o10%(011),(001),(001),(0 ),(0 10)}
001 001 010 011 0 011

has 12 elements and Yy has 36 = 12 - 3 elements:

O
oo

+340 +344 +304 +304 +344 +340
Yo = 010),{o011),{001),{001),{011),{010],
101 101 110 111 110 111
+304 +304 +340 +344 +340 +344
110}, 1 11),( 101}, 1 01),( 111}, 110]),
001 001 010 011 010 011

[=TENN
O
O
==
[=TENN

+344 +3
110),( 1
101 1

0 +34 +3 +30 +304

1),{101]),(1 (11 , {1 10) .

1 11 1 11 111
444

Proof. Write @ := (8 2 %) so that the symmetrisation \ of v is represented by A = Q + Q7. We
used Sage” to list all the elements of {M | MTAM = A}, which is in bijective correspondence

with Aut(Z3,1) = Aut(V, ). Taking the inverse transpose of these matrices and reducing the
coefficients according to (28) leads to the claimed determination of Im(9). O

Proposition A.6. For (V,0) = (Z3, [:I: <§ % %)D € Q4 (Z3), the set bAut(V,20) is trivial.

444
Proof. Tt suffices to prove the statement for § = [(8 2 %)} because bAut(v) = bAut(—v) for every
quadratic form v. Write ¢ := 20 and A for the symmetrisation of 1. Recall that dvy (resp. O\)
denotes the boundary quadratic linking form (resp. boundary symmetric linking form) of ¢ and A.
Recall also that Ov(x + y) = Op(x) + O(y) + OA(w,y) and dp(rz) = r29y(z). Using these facts
as well as the calculation of OA from Lemma A.4, we see that for (a,b, c) € Zg ® Za ® Z2 we have

_11 o Lo o0 1, 116 4802 + 2 + bo)
(29) oY(a,b,c) = ¢ T 2(b +c*) + Sbe= s :
Now we begin our study of the automorphisms of di. Such an automorphism f is determined by
its images on the canonical generators of Zg & Zo & Zs.

e For (a,b,c) := f(1,0,0) with a € Zs, b, ¢ € Z2, the calculation in (29) gives
2 2 2
1713 _ f(l,0,0) _ f(a,b,c) _ lla +8(b16+c + be) c Q/Z

In other words we have

11 = 11a® 4 8(b* 4 ¢* 4 bc) mod 16.

4Speciﬁcally we entered Q = QuadraticForm(ZZ,3,[12, 32, —16,22, —22,6]) and then Q.automorphisms() to
list the automorphisms. The relevant documentation can be found here https://doc.sagemath.org/html/en/
reference/quadratic_forms/sage/quadratic_forms/quadratic_form.html.


https://doc.sagemath.org/html/en/reference/quadratic_forms/sage/quadratic_forms/quadratic_form.html
https://doc.sagemath.org/html/en/reference/quadratic_forms/sage/quadratic_forms/quadratic_form.html
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We also know that f(1,0,0) must have order 8. It follows that a = £1 or £3. If a = £1
then we have the equation 8(b% + ¢ + be) = 0 mod 16 which implies b= ¢ = 0. If a = 43
then we have the equation 8(b% +¢? +bc) = 8 mod 16 which implies (b, ¢) # (0,0). Putting
this all together, we deduce that

r@) ) ere{maaml}
o For (a,b,¢) :

= £(0,1,0) with a € Zg,b, ¢ € Zs, the same reasoning as above (but this time
using 9¢(0,1,0) =

%) leads to the equation
8 = 11a® + 8(b* + ¢* + bc) mod 16.

Since f(0,1,0) must have order 2 we obtain that a € {0,4}. Since a> = 0 mod 16 for
both a = 0 and a = 4, we obtain the equation

8 = 8(b? + ¢ + be) mod 16.

This implies that (b, ¢) # (0,0). Putting this all together, we deduce that

r(8){(5)-(0).(1) | 0n}.

e The exact same reasoning shows that

r() e (5).(1).(7) [sc 00},

Combining these calculations, we have proved that

Im(9) C Aut(9(Z>,¢)) C X UY C Aut(Zg @ Zy © Zo)

where X is the following set with (2-2-2) -6 = 48 elements

+1bec¢ +1bec c +1bec 1bec +1bec
X = 010),( 011 1 001 11),( 010
001 001 0 011 10 011

6=

and Y is the following set with (3-2-2-2) -

O o

b,ce{0,4}},

elements

) (1) (1) [pec o ..}

We are justified in writing these automorphisms of Zg ® Zs ¢ Zo as matrices because the entries b
and ¢ are divisible by 4 and because the reductions mod 2 have nonzero determinant; see (28).
Using the basis from Lemma A.4, elements of Aut(9(Z?,+)) must additionally preserve the
linking form
) y'

Tedious but explicit matrix calculations (available upon request) show that of the 192 elements
of X UY only those in Im(0) (as listed in Lemma A.5) preserve the linking form. For example

din"(Ged) = (1) A(

We conclude that Im(9) = Aut(9(Z3,1)) and this concludes the proof of the proposition. O

N O O
o = O

1l
VR

NI Nl 00les
N O =
[=RN LA
O O mlw
N O O
o v O

) € M3(Q/Z).

O O mlw
v © O
[N
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