A CALCULATION OF BLANCHFIELD PAIRINGS OF 3-MANIFOLDS AND
KNOTS

STEFAN FRIEDL AND MARK POWELL

ABSTRACT. We calculate Blanchfield pairings of 3-manifolds. In particular, we give a formula
for the Blanchfield pairing of a fibred 3-manifold and we give a new proof that the Blanchfield
pairing of a knot can be expressed in terms of a Seifert matrix.

1. INTRODUCTION

Let X be a 3-manifold. Throughout the paper we assume that all manifolds are compact,
connected and oriented, and we assume that all 3-manifolds are either closed or that they have
toroidal boundary. Let ¢ € H'(X;Z) = [X, S'] be a nontrivial primitive cohomology class. The
map ¢ gives rise to a homomorphism 71(X) — Z = (t). We write A = Z[t*!] and we denote
the infinite cyclic cover of X corresponding to ¢ by X. Thus ¢ determines an Alexander module
H(X;Z) = Hi(X;A) of X. We suppose that H1(X; A) is A-torsion; that is, H1(X; Q) = 0, where
Q@ = Q(t) is the quotient field of A.

In 1957, Blanchfield [BI57] introduced a pairing on the Alexander module H;(X; A) that takes
values in @)/A. More precisely, Blanchfield showed that there exists a pairing

Bl: Hy(X;A) x Hy(X;A) = Q/A,

which is sesquilinear i.e. linear over A in the first variable and conjugate-linear over A in the
second variable. We refer to this pairing as the Blanchfield pairing Bl of (X, ¢).

It follows from our assumption that H;(X; Q) = 0 and that ¢ is primitive, together with [FK0OG,
Proposition 3.4], that there exists a connected, properly embedded surface F' dual to ¢. Let
F x [—1,1] be a thickening and let Y := X~ (F x (—1,1)) be the complement of the thickened

surface. Let t4: Hy(F;Z) = Hy(F x {+1}) — H,(Y;Z) be the two inclusion induced maps.
Our assumption that Hi(X; Q) = 0 implies, by a standard Mayer—Vietoris argument, that ¢, —
t~h_: QRH\(F;Z) — Q®H,(Y;Z) is an isomorphism. Let ¢: H,(F;Z) — Hi(X;Z) = H(X;A)
be the map that is induced by a lift of F' to the infinite cyclic cover X. Our main technical theorem
obtains the following expression for the Blanchfield pairing of any two elements of H;(X;A) lying

in the image of ¢.

Theorem 1.1. Let X be a 3-manifold together with a primitive class ¢ € H'(X;Z), and suppose
that H1(X;Q) = 0. For any connected surface F' dual to ¢ and for any v,w € A ® Hi(F;7Z) we
have

Bl(w, w) = —(1qy —t 1) Hoy (v)) -
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Here 14 (v) lies in A ® Hi(Y;Z) C Q® Hi(Y;7Z), the map 1y —t 1 : Q@ Hi(F;Z) —» Q ®
Hy(Y;Z) is the aforementioned isomorphism and i denotes the sesquilinear intersection pairing

Q®H(F;Z) x Q@ H\(F;Z) — Q.

1.1. Fibred 3-manifolds. For our first application of Theorem Il we compute the Blanchfield
pairing of a fibred 3-manifold. First we fix some notation. Let F' be a surface and let p: ' — F
be a self-homeomorphism. We denote the corresponding mapping torus by M = M(F,p) =
F % [0,1]/(2,0) ~ (¢(z),1), which we endow with the usual product orientation. We refer to
¢: m (M) — 71([0,1]/0 ~ 1) = Z as the canonical epimorphism. We remark that H;(X;A) is A-
torsion, since the infinite cyclic cover X of X is homeomorphic to F' x R, and hence the homology
H(X;Z) = Hi(X;A) is finitely generated over Z.

Corollary 1.2. Let F' be a surface and let p: F — F be a self-homeomorphism. Denote the
mapping torus by M = M(F,p) and denote the canonical epimorphism by ¢: 7 (M) — Z.
Pick a basis ci,...,c for H(F;7Z). With respect to this basis, let J be the matriz represent-
ing the intersection pairing on Hy(F;Z), and let P be the matriz representing the monodromy
os: Hi(F;Z) — Hi(F;Z). Then the Blanchfield pairing of (M, ¢) is isomorphic to

AR/tP —1d) x A¥/tP —1d) — Q/A
(v,w) = TJEIP —1d) lw.

Here it is an entertaining exercise to verify that the formula in the corollary makes sense. In
the verification one needs that ¢ preserves the intersection pairing on F i.e. that PTJP = J.

1.2. The Blanchfield pairing of a knot. Another important special case arises from knot
theory. Given an oriented knot K C S® we write X := S3\vK, where vK denotes an open
tubular neighbourhood around K. A generator ¢ € H'(X;7Z) gives rise to the Alexander module
Hy(Xk;A), and this is A-torsion for any K. Let F' be a genus g Seifert surface for K and let A
be a 2g x 2g Seifert matrix for K with respect to a basis for Hy(F;Z). The matrices A and AT
represent ¢4 and ¢_ respectively (see the statement of Theorem 4 below for more details). It
is well known, and straightforward to show, that the Alexander module H(Xg;A) is isomorphic
to A%9/(tA — AT). Tt is also well known, but less straightforward to show, that the Blanchfield
pairing Blg can be expressed in terms of a Seifert matrix. After proving Theorem I, we will
deduce the following formula for the Blanchfield pairing of a knot.

Theorem 1.3. Let K C S? be an oriented knot. Let A be a Seifert matriz for K of size 2g. The
Blanchfield pairing of K is isometric to the pairing

A29)(tA — AT) x A29/(tA — AT) — Q/A
(v,w) = Tt —1)(A—tAT) 1w.

In this instance we also encourage the reader to verify that the pairing in Theorem I3 is indeed
well-defined and sesquilinear. In particular it is worth noting that the discrepancy between tA— AT
in the description of the module and A —tA” in the definition of the pairing is deliberate, and is
in fact necessary in order for the pairing to be well-defined.

Before we discuss the history of Theorem I=3 we state a more precise, albeit less readable
version.
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Theorem 1.4. Let K C S3 be an oriented knot. Let F be a Seifert surface for the knot K and let
{di,...,dag} be a basis for Hi(F;Z). Denote the Seifert matriz of F' corresponding to the basis
{di,...,dag} by A, and write Y := X~ (F x (—1,1)). Let {e1,...,eaq} be the basis of Hi(Y;Z)
that is Alexander dual to the basis {d1, ..., dag}, that is Ik(d;,e;) = 6;5. Then the homomorphism

®: A% — Hi(Xk;A)
29
(plu"'vaq) — szez
i=1
induces an isomorphism
®: A% /(tA— AT)A% 55 Hi (X g3 A),
which in turn gives rise to a commutative diagram

v, w vl (t— _tAT 1
A29/(tA — ATYA%9 x A29/(tA — AT)A29 (v,w)—vT (t—1)(A—tAT) 0/A

lm l

Hl(XK;A)XHl(XK;A) Q/A

The first time that the pairing on the top of the commutative diagram of the preceding theorem
appears in the literature seems to be in a paper by Trotter [1r73, p. 178]. However Trotter does
not relate this formula to the Blanchfield pairing. Kearton [Ke73] first gave a description of the
Blanchfield pairing in terms of the Seifert matrix. On [Ke7H, page 159] it is stated, in term of the
above notation, that for any i, € {1,...,2g}, we have

Bli(eiej) = (1—1)((tA—AT)™Y),.

(v,w)—Blg (v,w)

Kearton [Ke73, p. 150] uses the same notion of sesquilinearity as we do, thus his formula translates
into the statement that the Blanchfield form is isometric to
A29/(tA — AT) x A29/(tA — AT) — Q/A
(v,w) = oIt —-1)(tA - AT) 'w.

But the reader who did the above exercise will see that this form is not even well-defined.

Modulo the subtlety just discussed, the statement of Theorem I3 is well known. As well as
its appearance in [Ke75] discussed above, an argument was given in [Le77, Proposition 14.3] and
[Ra&T, p. 833]. An algebraic generalisation (with a well-defined formula) can be found in [Ra03].
Our proof is quite different from the one in [Le77], and has the virtue of being much more amenable
to generalisation. We have already seen that our proof covers the case of fibred 3-manifolds, and
in a future paper we will use our approach to provide a way to calculate twisted Blanchfield
pairings defined using unitary representations of 71(Xg). In these more general situations our
proofs will become significantly harder to parse. This motivated us to write up the proof in the
present more simple case separately.

The description of the Blanchfield form of a knot in Theorem 3 is arguably slightly unsatisfac-
tory, in so far as the presentation matrix for the Alexander module is not the inverse of the matrix
describing the Blanchfield form. For the sake of completeness, we give such a description of the
Blanchfield form in terms of the Seifert matrix. This first appeared in [BETH], following [Ka89].

Let K be an oriented knot and let A be any matrix of size 2k which is S-equivalent to a Seifert
matrix for K. Note that A — AT is skew-symmetric and it satisfies det(A — AT) = (—=1)*. After
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possibly replacing A by PAPT for an appropriate P, the following equality holds:

r_( 0 Idy
A-4 _<—Idk 0)

As in [KoRY, Section 4], we define Mg (t) to be the matrix

(1—-tH=tid, o0 4 (T 0 n Idy, 0 AT 1—-t)"11d, ©
0 Id,, 0 (1—1t)Idg 0 (1—-t1)Id 0 Id )

An elementary calculation shows that the matrix Mg (¢) is a hermitian matrix defined over A, and
that for any complex number z € S'\{1} the signature sign(M (z)) equals the Levine-Tristram
signature o,(K). The following is [BETH, Proposition 2.1], which in turn was proved assuming
Theorem 3. The notion of sesquilinearity used in [BETH] was different to ours, so we altered the
statement accordingly, replacing M (t) with My (t~1) as the matrix for the Blanchfield pairing.

Proposition 1.5. Let K C S® be an oriented knot and let My (t) be as above. The Blanchfield
pairing of K 1is isometric to the pairing

AR My (t) x A2k /Mg (t) — Q/A
(v,w) = —vT (Mg(t™) w.

Proposition 3 allows us to give a quick proof that the Blanchfield form of a knot is hermitian
and nonsingular. Both statements have been well known, but it is notoriously tricky to write
down a rigourous proof that the Blanchfield form is hermitian.

Corollary 1.6. For any oriented knot K the Blanchfield pairing is hermitian and nonsingular.

This means that for any v,w € Hi(Xk; A) we have Bl(v,w) = Bl(w,v) and the map Hi(Xk; A) —
Homp (H1(Xg;A),Q/A) given by v — Bl(—,v) is an isomorphism.

Proof. In light of Proposition 3 it suffices to show that if M (¢) is a hermitian & x k-matrix over
A with det(M(t)) # 0, then the pairing
ARJM(t) x A*/M(t) — Q/A
(v,w) = —vT(M(@t1) " 'w.

—T
is hermitian and nonsingular. To prove the first statement, suppose that M (t) = M(¢) and
observe that

WMD) 15 = T M) 15 =T (MED)1) w= ol (M(t*l)T) =M Y)Y,

Now suppose that det(M(t)) # 0. Then the linking form above corresponds, under the equiv-
alence of [Ra&1, Proposition 3.4.1] between hermitian linking forms on A-torsion modules and
Q-acyclic 1-dimensional symmetric complexes over A (see Sections 1.1 and 3.1 of [Ra&T] for the
definitions of these notions), to the symmetric complex

o ct
Idl Idl
M(t)
Ch Cy
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with all chain and cochain groups C;, C* isomorphic to A¥. Since the vertical maps are isomor-
phisms, this is a Poincaré complex, and so the linking form is nonsingular, by the last sentence
of [Ra&1, Proposition 3.4.1]. O

1.3. High dimensional knots. The techniques of this paper also extend fairly easily to prove the
analogous formula for the Blanchfield pairing of a high odd dimensional knot K : §2F~1 < §2k+1,
as was also considered in [Ke73], [Le77]. For such knots, let X := S?**I\v K, and let F C §%+!
be a 2k-dimensional Seifert manifold, i.e. F' is an oriented, connected submanifold of S2**+1 with
OF = K. For a A-module N let tor N be the Z-torsion submodule, and let fN := N/tor N be
the free part. We consider the Seifert pairing

fH(F;Z) x fH(F;Z) — 7
(v,w) = lk(v,w™),

where w denotes a positive push-off of w into the complement of F'. We denote a corresponding
size 2g Seifert matrix by A. The matrix A + (—1)¥A” is invertible. The proof of Theorems I
and [ can be modified by setting the indices 1, 2 to be equal to k, k+ 1 respectively, and working
with Z-torsion free modules, to show that the Blanchfield pairing

Bl: fHi (X3 A) x fHp(Xk; A) = Q/A
is isometric to

A29/(tA — AT) x A29/(tA — AT) — Q/A
(v,w) = Tt —1)(A—tAT) 1w.

Organisation of the paper. In Section B we recall the definition of the Blanchfield form and we
recall several tools and results needed in the study of twisted coefficients. In Section B prove
Theorem I, which determines the Blanchfield pairing starting from a dual surface. In Section @
we will use Theorem [ to deduce Theorem . Finally in Section B we apply Theorem [ to
give the proof of Corollary 2.
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We also wish to thank Maciej Borodzik, David Cimasoni, Greg Friedman, Matthias Nagel and
Patrick Orson for helpful conversations. The first author was supported by the SFB 1085 “Higher
invariants” funded by the DFG. The second author is supported by an NSERC Discovery Grant.
Part of the work of the paper was done while the second author was a visitor at the Max Planck
Institute for Mathematics in Bonn.

2. CONVENTIONS AND DEFINITIONS

2.1. Conventions. We will use the following conventions.

(1) All manifolds are assumed to be connected, compact and oriented. Furthermore all 3-
manifolds are assumed to be closed or to have toroidal boundary.
(2) We make the identifications

HY(X;7) = Hy(X,0X;7Z) = Hom(n1(X), Z) = Hom(m (X), (t)).
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(3) Identify Z[t*!] with the group ring of the infinite cyclic group Z 2 (t). Denote A := Z[tT!]
and @Q := Q(t), the field of fractions of A. We view A = Z[t*!] as a ring with involution
where, as usual, the involution is induced by ? := t~!. Extend this to an involution on
Q = Q(t) and on Q/A. Given a A-module M, denote the involuted A-module by M. This
means that M as an abelian group is the same as M, but given p € A, the multiplication
by p on M is defined as left multiplication by p on M.

(4) In an attempt to avoid cluttering the paper and diagrams with more notation than is
already necessary, we adopt the convention that for a morphism f: C — D and a covariant
functor F', we denote the induced morphism f,: F(C) — F(D) by f as well. On the other
hand, if F' is contravariant, then we write f*: F(D) — F(C).

(5) When chain, cochain, and homology groups appear without coefficients shown, Z-coefficients
are implicit.

2.2. Twisted homology and cohomology groups. Let X be a 3-manifold together with a
primitive class ¢ € H(X;Z). We write 7 = 71(X). Denote the infinite cyclic cover of X
corresponding to ¢ by p: X > X. Let ZCY C X be two subspaces, and write Z = p~Y(Z) and
Y =p~Y(Y). The group (¢) acts on Cy(X) via deck transformations. We will view C,(Y, Z) as a
chain complex of free A = Z[t*1]-modules.

Let M be a A-module. Write

C.(Y,Z; M) = My CuY,Z),
C*(Y,Z; M) = Homn (C* (v, Z),M).

These are chain complexes of Z[t*!]-modules. Denote the corresponding homology and cohomol-
ogy modules by H.(Y,Z; M) and H*(Y, Z; M). We adopt the following conventions.

(1) As usual we drop the Z from the notation when Z = ().

(2) With M = A we will use the canonical isomorphism A®y C, (Y, Z) = C.(Y, Z) to identify
the chain complexes and the corresponding homology modules.

(3) With M = A, we obtain H,(X;A) and we refer to the first homology H;(X;A) as
the Alexander module of X. We assume that H;(X;A) is a A-torsion module, so that
H(X;Q) = 0. .

(4) If Y C X is connected with ¢|y = 0, pick a lift Y of Y to X and denote the corresponding
lift of Z to X by Zy C Yp. The inclusion induced map

n: M ®z Co(Yo, Zo) — M @4 C(Y, Z) = C,(Y, Z; M)

is an isomorphism of A-chain complexes. Similarly, the map

¢: M ®z Homz(C, (Yo, Zo),Z) — Homy (A@ZC*(YO,ZO),M):HomA (C’*(Y,Z),M>
pof = (9o~ f(o)g-p)

is an isomorphism of A-cochain complexes. In the sequel we will use these maps to make
the identifications

(Y,Z; M) = M ®zCi(Yo, Zo),
C*(KZaM) = M®ZH0mZ(C*(}/OaZO)7Z)
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and

H.Y,Z;M) = M @z H(Yo, Z),

H*(Y,Z;M) = M ®zHomg(H. (Yo, Zo),Z).
If we want to specify these identifications then we refer to them by 7 and £ for homology
and cohomology respectively.

2.3. The evaluation map and the Bockstein map. For M = A, Q or Q/A the map

%: Homy (c*(y, 2), M) — Homy (C,(Y, Z), M)
foe (o0 flo)
gives rise to a well-defined isomorphism of A-modules

ke H(Y,Z; M) — H;(Homa (Ci (Y, Z; A), M)),

We also consider the evaluation map

ev: H;(Homp(C.(Y, Z;A), M)) — Homy (Hy(C.(Y, Z;A)), M).

The composition ev ok is sometimes referred to in the literature as the Kronecker evaluation map.
Let C, be a chain complex of free A-modules. Then there exists a short exact sequence

0 — Homy (Cy, A) — Homp (Cy, Q) — Homy (Cy, Q/A) — 0
of A-modules. This short exact sequence gives rise to a long exact sequence

—  H;j(Homp (Ck,A)) = H;(Homp (Cy, Q)) — H;(Homy (Cy, Q/A)) —

B, H, 1 (Homa(Cy, A)) — . ..

The coboundary map BS in this long exact sequence is called the Bockstein map. For example, tak-

ing C, to be the involuted chain complex C,(X) we obtain a Bockstein map BS: H*(X;Q/A) —
H2(X;A).

2.4. Definition of the Blanchfield pairing. In the following let X be a 3-manifold together
with a primitive class ¢ € H'(X;Z), and suppose that H;(X;Q) = 0. We write 7 = m(X).
We denote the composition of the following maps by W.

Hy(X; A) — Hy(X,0X: A) 22 12(0x; 0) — 25

Homp (H1(X;A),Q/A)

Here we consider the following maps:

(1) the first map is the usual map from absolute to relative homology:;

(2) PD denotes (the inverse of) Poincaré duality, i.e. the inverse of capping with the funda-
mental class of X;

(3) the maps x and ev are defined in Section P=3.
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We obtain a pairing
Bl: Hi(X;A) — Hi(X;A) — Q/A
(a,0) — ¥(b)(a)
which is referred to as the Blanchfield pairing of (X, ¢). It follows immediately from the definitions
of the maps that this pairing is sesquilinear over A, in the sense that Bl(pa, ¢b) = pBl(a,b)q for

any a,b € Hi(X;A) and p,q € A. As we already mentioned in Corollary 8, the Blanchfield
pairing is also hermitian and nonsingular.

3. THE BLANCHFIELD PAIRING FROM A DUAL SURFACE

3.1. Relating the dual surface to the Blanchfield pairing. Let X be a 3-manifold together
with a class ¢ € H'(X;Z), and suppose that H;(X;Q) = 0. Before we state our main result
we introduce some more notation and conventions. Let F' be a connected, properly embedded,
oriented surface dual to ¢.

(1) Pick a tubular neighbourhood F x I = F x [—1,1] in X and write Y = X~ (F x (—1,1)).
We take the slight liberty of writing F' x +1 instead of F' x {£1}.

(2) Pick a lift Fy of F to the infinite cyclic cover X of X. Then Fy x [—1,1] is also a lift
of F x [—1,1]. Denote the unique lift of Y to X with the property that it agrees with
Fy x [~1,1] on F x 1 by Y. Note that with this convention Fy x —1 lies in ¢t~1Yj.

(3) Denote the inclusion map Fy — X by .

(4) Denote the composition of the maps F' — F' x £1 — Y by 4.

(5) By a slight abuse of notation we make the identifications F' = Fy and Y = Y. Further-
more, by a slight abuse of notation we do not distinguish in our notation between the
inclusion maps and the induced maps on homology and cohomology.

(6) Denote the intersection pairing on H;(F';Z) by = We extend this to a hermitian pairing

A® H((F;Z) x A@ H(F;Z) — A
@®wq®w)k>p@ﬁwh

that we also denote by = Similarly we extend it to a hermitian pairing on Q ® Hy(F;Z).

Since the Mayer—Vietoris sequence

Ho(X:A) = A @ Hi(F) “2% A @ Hi(Y) — Hi(X; A)

is exact and since H,(X;Q) = 0 we have that the map ¢y —t 1 : Q® H{(F) - Q® H (Y) is
an isomorphism. (In the special case that X = X is a knot exterior, see for example [Le77] and
the proof of Proposition B for details.) Now we can state our main technical theorem.

Theorem 3.1. Let X be a 3-manifold together with a class ¢ € H'(X;7Z), and suppose that
H(X;Q) =0. Then for any v,w € A ® Hi(F) we have

Bl(w, w) = —(1qy —t 1) Hoy (v)) -

The proof of Theorem B will require the remainder of this section. In Section @l we will deduce
Theorem from Theorem B
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3.2. Proof of Theorem Bl. Throughout this section let X be a 3-manifold together with a
class ¢ € H'(X;7Z) for which H1(X;Q) = 0, and let F be a dual surface corresponding to ¢. We
write Y = XN F x (—1,1).

In order to keep track of the various inclusion maps we will denote any inclusion map A — B
by ¢(A). We consider the following commutative diagram of A-homomorphisms:

PD BS—1!

Hi(X;A) — Hi(X,0X;A) H?(X;A) HY(X;Q/A)

L(F)onT lﬁ K

A® Hy(F) Hy (Hom (C.(X: 1), 1) BS . H, (Homy (G, (X; A), Q/A))

1R

o)

Homy (H1(X;A),Q/A)
(«(F)om)*

Homp (A ® H{(F),Q/A).

Our first goal is to understand the maps T and 2. We start out with T.

Pick a CW-structure for F' and equip F' x [—1, 1] with the corresponding product CW-structure.
We extend this to a CW-structure over Y and thus over X. We introduce the following notation
and conventions.

(1) Given a chain complex C, we denote the cycles in Cy by Zx(Cy) := ker(9: Cy — Ci—_1).
We denote the projection map Z;(C,) — Hy(Cy) by p.

(2) Pick a splitting b: C1(F) — Zi(F) of the inclusion map Z;(F) — Cy(F). We may
do so because the short exact sequence 0 — Zi(F) — Ci(F) — By(F) — 0, where
By(F) = im(C1(F) — Cy(F)), splits, since By(F) is a submodule of the free Z-module
Co(F') and hence is also free.

(3) Identify Cx(F x I, F x £1) with the free Z-module generated by the open product k-cells.

(4) Let xI: Cu(F) — Cyy1(F x I, F x £1) be the chain isomorphism that is induced by
mapping each i-dimensional cell in F' to the corresponding open (i+1)-dimensional product
cell.

(5) Let o(F x I): Cx(F x I, F x +1) — Ci(X) be the inclusion map of A-modules. That is,

t(F xI) is the map which sends the open product cell in F' x I to the same cell in X. By a
slight abuse of notation we also denote the induced map Cy(F x I, F'x £1; A) — Ci(X; A)
of A-modules by ¢(F' x I).

(6) Let

c: On(X) = Co(F x I, F x +1)

be the chain map of A-modules which is the identity on the open product cells and which
is the zero map on all other cells. By a slight abuse of notation we denote the induced
map

c: Co(X5A) = Co(F x I, F x £1;A)
also by c¢. Note that ¢ is a splitting of +(F x I).
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(7) Given a map f: A — B between Z-modules we denote the induced maps A@ A - A® B
and Q ® A — Q ® B by f as well.

Now let w € Hi(F'). We consider the following diagram of A-module homomorphisms. Recall
that the map 7, defined at the end of Section 22, can be used for the chains of Fj or Yj.

Vv w A
5 nfloc :5¢w
/—\
< x1
A® Hi(F) =5— A ® Zi(F)—— A ® Cy(F) —5= A Co(F x L F x £1)s Col(X: ).

We have the following lemma.

Lemma 3.2. The homomorphism ¢,,: Co(X;A) — A defined by the above sequence of homomor-
phisms represents T(1 @ w).

Proof. Let : A — A be the map given by 5(p) = p. Now consider the following diagram of maps
of A-modules.

w— (v——v - w)
F

AeHomy (Hy (F); Z) 2 ReoHomy(H, (F), 7)
> ev ov]a (pob)*
ASH(F) — Ao Hy (F,0F) — 490 Aomi(F) — 2 . ReH, (Homz(C.(F), Z))
=, |, B = (x1)* B > (x1)*
A@H, (FXI) - AoHy (Fx1,0Fx1) ““*2 N H2(FxI, Fy)’o% RoHy (Homz(C.(FxI, Fy), 7))
~|n ~|n . ~ ¢ ) ~ ¢
Hy(FxI;A) — Hy(FxI,0FxI; ) — 2 H?(FxI, Fy; A) —= Hy(Homp (C,.(FxI, Fx; A), A))
W(FXI) S(FXI) o o*
PD

Hi(X;A) —— H{(X,0X;\) H2(X;A) = Hjy(Homy (Cy(X;A), A)).

o

1R

Of course we could have OF = () = 0X. We assert that the above diagram commutes.

(1) The bottom middle square involving Poincaré duality commutes by Bredon [Br93, Corol-
lary VI.8.4].

(2) We argue that the top middle square involving Poincaré duality commutes, and in par-
ticular that the given sign change on —PD is correct. We start out with an observation.
Let X be an oriented n-manifold with a decomposition of the boundary X = AU B
with 0A = ANB = 0B. Let a € H(X,A) and b € H,_(X,B). We write a =
PD(a) € H" *(X,B) and 8 = PD(b) € H*(X, A). Put differently, a = a N [X,0X] and
b= pgnN[X,0X]. By [Br93, p. 367], by the graded commutativity of the cup product and
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by [BrY3, Section VI.5.3] we have

akb = PD(fUa)=(BUa)N[X,0X]
— (U [X,0X]) = (-1 P (a U 8, [X,0X]) = (~1Hn—H(a, 1 [X, 0X])
= (-1 Fa,b).

Here -x denotes the intersection pairing on X and (—,—,) is the Kronecker evaluation
map H'(X,Y) x H;(X,Y) — Z. Now consider the diagram

a»—)(b»—)al;b)

—aN[F,0F]«+a

~

ar— (b—(a,b))

Hy(F,0F) = H(F) = Hom(H1(F),7Z)

lL %’T(x[)* %T(x[)*
«@ ,0 @ a—(b—{a,b
Hy(F x I,0F x 1) 200D o oo 1 pyy 2200 oy (F x 1, Fy), 2).
ab—>(bi—>aF;<Ib)

It follows from the above discussion that the two curved maps are the composition of the
corresponding two horizontal maps. It is straightforward to see, using the geometric inter-
pretation of the intersection pairing, that the outside quadrilateral commutes. Evidently
the right hand rectangle commutes. Since all maps are isomorphisms it follows that, as
claimed, the left hand rectangle commutes.

(3) Tt is straightforward to see that all other squares commute.

(4) The part of the diagram on top involving the big curved map commutes by the definition
of the tensored up intersection pairing on A @ H;(F).

Now the lemma follows from the fact that the diagram commutes and from the definitions. To
see this, first observe that travelling top left to bottom left, then to bottom right, is the definition
of T. On the other hand passing along w +— — W then down to the bottom right, gives the

homomorphism ¢,,. O

Now we turn to the map Q: Hy(Homa (Cy(X;A), A)) — Homy (A ® Hi(F),Q/A).

(1) Since Hi(F) is torsion-free we can pick a splitting a: Hi(F) — Z1(F') of the projection
map Zl(F) — Hl(F)

(2) Since H1(X; @) = 0 and since @ is a field we can and will pick a splitting d: Z1(X;Q) —
C2(X; Q) of the boundary map 0: Ca(X; Q) — Z1(X;Q).

(3) Given € Homp (Co(X;A), A) we denote the corresponding homomorphism Homg (Ca(X; @), Q)
by <.

Lemma 3.3. The homomorphism
Hy(Homy (C(X;A),A)) — Homp(A® Hi(F),Q/A)

A H\(F) — Q/A
v < pROwW p-wQ((dOL+0noa)(w))>

of A-modules is precisely the homomorphism €.
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Proof. Consider the following diagram of A-modules:

Hom(C1(X; A), Q) — Homa(C1(X; A), Q/A)

o*

T

\

12

Homa(Z1(X; A), Q) —> Homa(Z1(X; ), Q/A)

- *

Homp(Co(X;A),A) — Homy(Co(X;A), Q)

Homgq(C5(X; @), Q)

HomQ(Zl(X; Q)7 Q)

\ B / | p*
PyQ }

d*

Homy(Z(F;A), Q/A)

Homp(A®Z1(F),Q/A)

a*

Homa(A®H 1 (F),Q/A).

It is straightforward to verify that the diagram commutes. The map 2 is defined by the uppermost
route. The second step in this route involves choosing a lift to Homy (C1(X; A), Q) of an element

in Homp (C2(X;A),Q). On the other hand d oty oo a is given by the sequence of maps in
the lowermost route of the diagram. Since the diagram commutes we get the same result. This

concludes the proof of the lemma.

We are now ready to give the proof of Theorem BI.

Proof of Theorem B. Let w € A ® Hi(F).

Consider the following diagram of A-module homomorphisms

Q@ Hi(F) <— Q® Z1(F)——> Q& C1(F) —== Q& Ca(F x I, F x £1)C—~ Cy(X

b
T T

V——v - w
F

O

We define ¢,,: Co(X;A) — A as in Lemma B2

Q/A

n~toc ¢t
L T

= L(FxI)on

Q

;Q)

p—t7l | =t 3] j d
Q& Hi(Y) ~— Q& Zi(Y)C e 71(X:Q)
t+ t+
Q® Hi(F) <"— Q® Zy(F) o

(G
a

A®?I1(F) «LA®UZ1(F)

7
a
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Here the top left vertical map ¢, — ¢t~ !._ arises from the conventions of Section Bl that Fy x 1
lies in Yy and Fy x —1 lies in ¢t~1Yy. It follows easily from the definitions that the homomor-
phism C5(X;Q) — @ on the top right is indeed the homomorphism (;53 given by tensoring up
dw: Co(X;A) — A with Q. Here the left squares and the right rectangle with the horizontal
arrows are easily seen to commute, with any choice of maps indicated in the squares and rectan-
gles. The top triangle commutes by definition of ¢f§. It is straightforward to see that the bottom
triangle commutes.

The theorem will follow from the two lemmas above and the commutativity of the diagram, as
we now explain. Let v € A ® Hi(F'). We write

z=(bo(xI)tontocodor, onoa)(v) € Q® Zi(F).
That is, z € Q ® Z1(F') is the element obtained from w via the long route on the right. It follows
from the previous two lemmas that:
Bl(w, w) = QT (w))(v)
Q(¢w)(v)
(@ odory onoa)(v)

= p(2) ;w0

More precisely, the first equality follows from the diagram at the beginning of Section B2. The
second equality follows from Lemma B™, and the third equality follows from Lemma BZ3. The
fourth and final equality follows from the definition of z and the commutativity of the top triangle.
This top triangle is the triangle that appeared above Lemma B3, tensored with @) over A, and it
commutes by definition of the right hand map.

We make the following observations to finish the proof.

(1) Since the big rectangle commutes and since Q@ ® Z1(Y) — Z1(X; Q) is a monomorphism
we see that (14 —t 1 )(2) = (14 0 a)(v).

(2) Since the bottom two squares and the bottom triangle commute we see that the image of
P((er = t7 1) (2)) = 14 (v).

(3) Since the top left square commutes and since 1y —t~ 1 : Q® Hi(F) - Q ® H1(Y) is an
isomorphism, we see that p(z) = (14 —t~ 1)1 (1) (v).

Combining these observations with the equation Bl(wv, tw) = p(z) A from above, we obtain that

Bl(w, tw) = —p(z) LU= —(y —t7H )T ) (W) W

This concludes the proof of Theorem Bl

4. PROOF OF THEOREM

In this section we will prove Theorem [, which implies Theorem 3. Throughout this section
let K be an oriented knot in S3, let X := S~ vK be the knot exterior, and we will apply
Theorem B with ¢ € H'(Xk;Z) = Hom(m (Xk),Z) the epimorphism corresponding to the
orientation. Denote the Blanchfield pairing of K by Blg.

Given a Seifert surface F for K and a basis {di, ..., ds,} for Hi(F;Z) we write a;; = 1k(d;, d})

J
and we refer to A = (a;;) as a Seifert matrix for K. Here we follow the convention of [Ra90,
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p. 201][L197, p .53], which is the transpose of the convention used in [Ke75] and [Le77]. For the
convenience of the reader we restate Theorem 4 here.

Theorem 4.1. Let K C S? be an oriented knot. Let F be a Seifert surface for the knot K and let
{d1,...,dog} be a basis for Hi(F;Z). Denote the Seifert matriz of K corresponding to the basis
{di,...,dog} by A and write Y := X~ (F x (—1,1)). Let {e1,...,eaq} be the basis of Hi(Y;Z)
that is Alexzander dual to the basis {d1, ..., dag}, that is 1k(d;, e;) = 6;5. Then the homomorphism
®: A9 — Hi(Xg;A)
2g

(pla"'vaq) — szez
i=1

mduces an isomorphism
®: A2/(A—tTAT)AY S Hy(Xk; A)
which in turn gives rise to a commutative diagram

v,W UT — _ T 71@
A29 /(A —t7LAT)A2%9 x A29 /(A —t~LAT)A% (v,w)—vT (t—1)(A—tAT) O/A

\Ltbxtb \L:
Hy(Xg; A) x Hi(Xg; A) Q/A.
We remark that the presentation matrix used for the Alexander module is slightly different

from the matrix given in the introduction, but the two matrices only differ by multiplication by
a unit t+1.

(v,w)—Blg (v,w)

Proof. By definition of the Seifert form, with respect to the bases {d1,...,dsy} and {e1,... ez},
the two inclusion induced maps ¢_: Hi(F;Z) — H{(F x —1;Z) — H1(Y;Z) and v4: Hi(F;Z) —
Hy(F x 1;7Z) — Hy(Y;Z) are represented by AT and A respectively. Let

0: A% — A®H|(F;Z) d: A% - A H(Y;Z)
29 and 29
(P1,--.,p2g) lez'di (p1,---,p2g9) = > D€
1= =1

be the isomorphisms induced by the choices of bases. Now we note that the Mayer—Vietoris
sequence and the above maps yield the following commutative diagram of short exact sequences:

A—t—1AT

0 A2 A2 A2 /(AT — {A)A2 — =0
o 3 l@
Ly —t— e
0= A H(FZ) "o Ao H\(Y;2) Hy(Xx: A) 0,

This concludes the proof of the (well known) first statement of Theorem E-1. Before we continue
with the discussion of the Blanchfield pairing we need to prove the following lemma.

Lemma 4.2. The map
Lt A® Hy(F;Z) — coker ((1y —t 7o) A® Hy(F;Z) = A® Hi(Y;Z))

18 surjective.
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Proof. Since the map is linear over A it suffices to show that any element on the right hand side
that is represented by an element in Hi(Y';Z) lies in the image. So let w € Hy(Y;Z). First note
that vy —v_: Hi(F;Z) — H1(Y;Z) is an isomorphism since it can be represented by the matrix
A — AT which has determinant +1. Thus we see that the images of ¢, and +_ generate H1(Y;7Z).
In particular we can find w,v € Hy(F;Z) such that w = ¢4 (u) + ¢t—(v). It follows that

w =14 (u) +1_(v) =ty (u+tv) + (tp —t 1) (—tv).
This concludes the proof of the lemma. O

Now we turn to the discussion of the Blanchfield pairing. First note that by [Ra9(, Chapter 8]
we have the following commutative diagram

(v,w)—=vT (A—ATYw

A29 x A29 A
\L@x@ =
(v,w)—v-pw
A® H (F;Z) x A® H (F;7Z) A

Thus by Theorem B, given any v, w € A%9, we have
(4.3)
Bl (11 (8(v)), 14 (O(w))) = —((A—t"TAT) 1 Av) " (A—AT)w = —(Av)T (ATt 4) " (A—AT)w

Now we turn to the proof that the diagram in Theorem T is in fact commutative. So let
v,w € A%. First we consider the special case that ®(v) and ®(w) lie in the image of (1 : A ®
Hy(F;Z) — A ® Hy(Y;Z). This means there exist v,w € A% such that

L (O(v)) = B(B) and 1+(O(w)) = B(@),

The commutative diagram

A® Hi(F;Z) —> A® H(Y;Z)

o> il

A

A2g AQg
implies that Av = v and Aw = w. By (EZ33) we have
Bli(®(0), ®(@)) = —Blx(is ( (v)), 14+ (B(w)))
— —(A)T(AT 1A A - AT
= —(4 )T(AT AT (AT + 1A (At A)w
= —(Av)T(AT —t7TA)" YA -t~ 1A)
= —(A)T (AT —t71A)11 -t Aw

= (AT AT (1 - Y
= TT(A—tAT) Mt - D)@ € Q/A.

In the step from the third to the fourth line we used that we are only interested in equality
modulo A.
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Now we turn to the general case. So let v, w € A?9. By Lemma B3, there exist v, w, z,y € A%
such that

(@) = 14(0(0)) + (1s — t7"1-)(O(a)) and (@) = 14 (O(w)) + (14 — t~'1_)(O(y)):

The two commutative diagrams for the price of one

Ly, —71[,7
Ao Hi(F;2) T N o 1y (v z)

ofs il

A2 {A,A—t~1AT} A2

imply that ¥ = Av + (A —t 'AT)z and @ = Aw + (A — t 1 AT)y. Now observe that

T A—tAD) Lt - 1)@ = (AU + (A - t‘lAT) ) (A —tATY Yt = 1) (Aw + (A — tTAT)y)
(4 AT t71A)) (A —tAT) 7t — 1) (Aw + (A — tAT)y)
((A (A —tAT)) (A —tAT)"1(t — 1) (Aw + (A — tAT)y)
(A ) ( 7fAT) Ht - 1)Aw,
where the last equahty holds in Q /A only. Combine this computation with the computation above
to obtain Blg (®(0), ®(w)) = 07 (A — tAT)"1(t — 1)@ as desired. O

5. BLANCHFIELD PAIRINGS OF FIBRED 3-MANIFOLDS

In this section we apply Theorem I to give the proof of Corollary I from the introduction,
that computes the Blanchfield pairing of fibred 3-manifolds. We restate the corollary here for the
convenience of the reader.

Corollary 5.1. Let F' be a surface and let p: F' — F be a self-homeomorphism. Denote the
mapping torus by M = M(F,y) and denote the canonical epimorphism by ¢: 71 (M) — Z.
Pick a basis ci,...,cp for Hi(F;Z). With respect to this basis, let J be the matriz represent-
ing the intersection pairing on Hi(F;Z), and let P be the matriz representing the monodromy
ws: Hi(F;Z) — Hi(F;Z). Then the Blanchfield pairing of (M, ¢) is isomorphic to

ARJ(tP —1d) x A¥/(tP —1d) — Q/A
(v,w) + TJEIP -1d)"'w

Proof. In the following we identify F with F x 0 and we view F x [0, 1) U (2,1] as the tubular
neighbourhood of F. Correspondlngly we write Y = I x [4, 4] C M. We equip Hy(Y;Z) with
the basis given by d; = ¢~ !(¢;) x 5, i=1,...,k. We use these bases to identify Hy(F;Z) with
ZF and to identify Hq(Y;Z) with Z*.

With respect to these bases, the map

vt Hy(F;Z) = Hi(F % 0;Z) — Hy(F x 1, Z) — H\(Y; Z)
is represented by P and the map
vt Hi(F;Z) = Hi(F x 0;Z) — Hi(F x 1;Z) — Hy(F x 3,7) — H\(Y; Z)

is represented by Id. Here the map H;(F x 0;Z) — Hi(F x 1;Z) corresponds to the identification
of FFx 0= F x 1 via the gluing.
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Now consider the following commutative diagram of exact sequences given by the Mayer-
Vietoris sequence

teg—t—

A® H(F;Z) A H(Y;Z) — Hi(M;A) —=0

e b

AR AF Hy(M;A) —=0.

The map ®: A¥ — H;(M;A) descends to an isomorphism A*/(tP —1d) — Hi(M;A). We
claim that this isomorphism is the desired isometry. This follows immediately from the following
calculation, which builds on Theorem I

BU(d;, dj) = Bl (ci), () = —(os —71) (e e) 5 5

— ij-entry of — (P—¢11d)"LP)"J
= ij-entry of — PT(PT —¢t~11d)~1J
= ij-entry of (—Id+t~1(PT)~1H)=1J

= ij-entry of J(¢t~1P —1d).

Here in the last equality we used that J = PTJP, i.e. that (PT)~1J = JP. O
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