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This paper 1s about algebraic K-theory, homology of rings and diffeomorphisms
of smooth manifolds. Our purpose is to correct a discrepancy in a formula of Hatcher

The functor K is used to resolve the

and Wagoner relating diffeomorphisms to KZ' 3

diserepancy.

We now explain the criginal formula. Let M be a compact smooth (Cm) mani-
fold. Then a pseudoisctopy of M (rel 8aM) is defined teo be a (self) diffeomorphism
of M x I which fixes M x 04U 3M x T polntwise. (I = [0,1].) The space of all
pseudoisotopies of M with the weak C -topology [7] is denoted C(M). In [3] the

following statement is made. If dim M > 7 then

5 + )
(*) ’lTOC(M) = WhZ(TrlM) @ Whl (wlM; Z, @ ’J'TZM)

2
Here th is an algebraic K-theory functor related to K2 and Whl+ is a group ho-
mology functor. (WhZ(G) = KZ(:Z[G])/wZS(BG U pt) and Whl+(G;A) = HO(G;A[G])/HO(G;A))

There are two things wrong with Hatcher and Wagoner's formula. (Both mistakes
occur in [H] so Wagoner 1s not responsible.) The first is that the proof assumes that

the first Postnikov 1nvariant kl(M) of M is trivial. When kl(M) # 0 the formula

is not true and we give a counterexample below. (If wlM = Z;ﬂ nzM = Zp with p

odd and kl(M) is the third exterior power of the generator of Hl(ZP;ZZp) then (*)

is false.) The second mistake involves only wlM and 232 = wls = the stable l-stem.

This second mistake is corrected in [9].

The purpose of this paper is to explain how wOC(M) varies with kl(M)- In

*Research supported by NSF Grant MCS 79-02939. The author is a Sloan Fellow.
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chapter 8 we examine the proof of [5] in detail and see exactly where the Postnikov
Invariant assumption kl(M) = 0 1is used and we see what happens when kl(M) # 0. The
variation of HOC(M) with kl(M) is seen to be related to K3Z[wlM] and the exact
relationship is given by some equation involving the Steinberg group St(Z[FlM]). In
chapter 6 we show how these equations are related to R. K. Dennis's map from algebraic
K-theory to Hochschild homology. Thus the correct formula for nOC(M) is the follow-

ing exact sequence.
K. Z[ M]—~)£—>Wh+ M: Z_. @ m.M > 1. C(M) —> Wh,(m.M) —> 0
3 21Imy 1 (MM Z, @ M) Tt (M0 2(™y

+
Here ¥ is the sum of the Grassmann invariant KBZZ[TIlM] -+ Whl (nlM; 22) explained

in [9] and the following composition of maps.

K3ZZ[W M] ——> Hg(?é[wlM]; Z[TrlM])

h

+
X > HO( Z[wlM], TI'ZM['ITIM]) — whl (-nlm, 'FTZM)

1 K[ﬂlM] n

Here the first map 1s Dennis's map (defined in chapter 1), H* is Hechschild homology
and K[nlM] is an element of H3( Z{wlM]; wZM[nlM]) related to «k = kl(M). (K[wlM]
= £3(K) is defined in 6.d.) Since R. K. Dennis never published his work we give an
exposition of his theory in the first half of the paper.

Here is a list of chapter headings and a brief explanation of what is contained

in each chapter. Each chapter also begins with an introduction and a table of contents.

(Te find the true page numbers add the numbers given to the number of this page.)

1. Dennis's Hochschild homology invariant for algebraic K-theory 1
2. Homology of group extensions 11
3. Hochschild cohomology 16
4. K-theory of square zero ideals 20
5. Products in K-theory and Hochschild homology 26
6. Computations using the Steinberg group 32
7. The algebraic counterexample 43
8. Application to pseudoisctopies 44
9. A topological version of the counterexample 63

Chap. 1. We define Quillen's algebraic K-groups KnR, the Hochschild homology groups



106

. T | . .
Hn(R,M) and Dennis's map hn' KnR - Hn(R,R).
Chap. 2. Let A > E-> G be an exact sequence of groups where A 1is abelian. We de-
fine a map bn: Hn+l(G,E; Zy »~ Hn_I(G;A).
Chap. 3, We define the Hochschild cohomology groups Hn(R;M) and the cap product

s
N: HO(R;M) & Hn(R;R) > Hn_S(R;M).

2

Chap. 4. We define the algebraic K-theory of an ideal I S R and when I =1 we
define a map g * KnI > Hn_l(R/I;I). The definition involves the map bn of Ch. 2,
Chap. 5. We discuss the relationship between Loday's product formula for algebraic
K-theory and the exterior (shuffle) product in Hochschild homology.

Chap. 6. We do computations in K K., and the Steinberg group in order to get

1° K22 B3
a formula for Dennis's map which may be applied to pseudoisotopy theory.

Chap. 7. We give an example due to R. XK. Dennis showing that his map is nontrivial.
This later leads to a counterexample for the original formula (*) above.

Chap. 8. We examlne Hatcher's argument in [5] to see what happens when kl(M) # 0.
The topology leads us to an algebraic formula derived in Ch. 6.

Chap. 9. We give a simplified explanation of the counterexample using only KZ in-

stead of KB'

The author would like to thank R. Keith Dennis and A. Hatcher for explaining
their work to him. A lot of the algebraic ideas in this paper are due to Dennis and
the geometric argument of chapter 8 is essentially due to Hatcher. The author would

like to take credit for the typing of this manuscript.

Chapter 1. Dennis's Hochschild homology invariant for algebraic K-theory.

In this chapter we shall define natural transformations hz: KER = wnBGLk(R)+
- Hn(R;R) and show that they are compatible with the stabilization maps KER - K§+1R

induced by the inclusions GLk(R) < GL (R). This will allow us to define a map on

ekl
the limit h_: KR = 7 BGL (R) + H (R;R).
n n n «© n

Here are the section titles:

l.a. Definition of KER. 1
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1.b. Definition of Hn(R;M). 1
l.cs The bar construction for Hn(G;A). 2
1.d. Proof that Hn(ZZ[G];M) = Hn(G;M). 3
T.es Morita invarilance of Hn(R;M). 3
1.f. Stabilization of Dennis's map. 6
l.g. Some splitting theorems. 7

p I Definitien of KiR.

Let R be an assoclative ring with 1. Let Mk(R) be the ring of all k x k
matrices with coefficients in R and let GLk(R) be the group of invertible elements
of Mk(R)‘ Let Ek(R) denote the subgroup of GLk(R) generated by the elementary
matrices denoted by eij(r), where i # j and r € R, which are the matrices with
1's on the diagonal, an r in the ij-position and O's elsewhere.

If k> 3 then Ek(R) is perfect, i.e., it is its own commutator subgroup.
Thus we may perform the Quillen ''plus constructiocn” on the pair (GLk(R),Ek(R)). This
gives a space BGLk(R)+ and a map p: BGLk(R) > BGLk(R)+ which is uniquely determined

up to homotopy equivalence by the condition that p induces an isomorphism in homeology

with integral coefficients and wlBGLk(R)+ = GLk(R)/Ek(R). The unstable K-groups of

+
R for n>1, k>3 are defined by KE]R = wnBGLk(R) P

Let GL(R) GLW(R) be the direct limit of the maps GLk(R) -+ GLk+

1

in the standard way by inserting a 1 in the lower right corner. We shall consider

(R) gilven

these maps to be inclusions. Let the ordinary stable K-groups of R for n > 1 be

given by K R = 7 BGL(R)T = 1im X°R = K R. If n<=0 let K.R be defined in the
n n > n n

0
k

standard way [12].

Definition 1.a. (R.K. Dennis)

For 1 >mn and 3 < k < = the Hochschild homology invariant for KﬁR. is de-

fined by the following composition.

k +
K R = m BGL (R)" —— H_(GL, (R); Z) (1)

— B (6L (R)5 My (R)) (2)
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—> Hn(Z[GLk(R)]; Mk(R)) (3)

—_— Hn(Mk(R); Mk(R)) (4)

5 H (R;R) (5)
n

(1) This is the Hurewicz map.
(2) This is the map in homology induced by the coefficient map D: Z - Mk(R) de~

termined by D(l) = I, = the identity matrix,

k

(€)) This is the standard isomorphism between the homology of a group and the Hoch-—
schild homology of the corresponding integral group ring, (See 1.d.)

(4) The inclusion GLk(R) CIMk(R) induces a ring map ZﬂGLk(R)] -+ Mk(R). This is
the induced map in Hochschild homology.

(5) This is the standard iscmorphism described in l.e below coming from the fact

that R and Mk(R) are Morita equivalent.

The map described above will be denoted by hz(R) or just h:: KE[{ - Hn(R;R).
k
After (1) the map will be denoted with a "+" as follows. h§+(R) or hn+: Hn(GLk(R))

-+ Hn(R;R).

1.b. Definition of Hn(R;M).

n

e
If M is an R-bimodule and n > 0 let Cn(R;M) =R@®R® ... R®M (all

tensor products are over Z unless otherwise stated) and let d_: Cn(R;H) -+ Cn_l(R;M)

be given by the equation:

dn(rl ® ... 9 r @m) = r, @ ... ® E. ® mry

n-1 .
1
+ 121 (-1) T ® . @ L I Q... Q By @ n

+ D @@ ®rm

Then the n-th Hochschild homology of R with coefficients in M is defined to be the

n-th homology group of the complex (C*(R;M),d*) and it is denoted by Hn(R;M). Note

that HO(R;M) is the cokernel of the map d,: R® M >~ M given by dl(r ®m) = or -

1
rm. With this we can define the Hochschild homology invariant for KOR.
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Definition 1.b.1. (Hattori [6] and Stallings [13])

Suppose that P is a finitely generated projective left R-module. Then the

Hattori-Stallings trace of P 1is defined to be

trP = tr(lP @ OQ) € HO(R; R)

ne

where Q is an R-module such that P © Q R" for some finite n and 0Q denotes

the zero map Q - Q.

Proposition 1.b.2, ([6], [13]) The Hattori-~Stallings trace of P depends only on P.

Proof: Let T = 1P @ OQ.

choice of the isomorphism P ® Q = R". However the equivalence class of trT in

Then as an element of R the trace of T depends on the

HO(R;R) is easily seen to be well-defined. If Q' is ancther R-module with P @ Q'

= N - = & & = & =
= R then we have: tr(lP @ OQ) tr(lP @ OQ @ ORm) 3 tr(lP @ 0Q &) OP @ OQ.)
tr(lP @0 . @ Oq,) = tr(lP @ OQ,). I

R

Definition 1.b.3. Let hO(R) or simply ho denote the natural map hO: KR HO(R;R)

given by ho([P] -[Q]) = trP - tr Q. This is well-defined because of the following

obvious property of the trace: tr(P ®P') = trP + trP'.

Example 1.b.4. (Hattori) Let G be a finite group and V afinite dimensional re-
presentation of G over €. Then V 1is a projective module over the group ring

C[G] and

1
tr Vv = I x,(g)e
G gEGV

where : G+ @* is the character of the represéntation V. This formula shows that

Xy

lCC @ hO(CC[G]): Cc® KOCC[G] s HO(CC[G]; ClG

is an isomorphism.

l.c. The bar construction for Hn(G; A).

Let G be a group and A, B two left G-modules. Then Axié B denotes the

n?

quotient of A ® B by the diagonal left action of G (i.e., a @b ga ® gb.) Let
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Cn(G) be the free left G-module generated by the set ¢" and let dn: Cn(G) -+

Cn_l(G) be given by

dn[gl, ,gn] = gl[gz, vee 5]

n-1 i
+iz=l (_1) [gls 2 ,gigi“'l! L ’gn]

+ ("1)n[gla LI ’gn~1] .

Then Hn(G;A) is the n-th homology of the complex (C*(G) %9 A; d,  ® 1A). We shall

denote CD(G)%A by Cn(G;A).

1.d. Proof that Hn(Zé[G];M) = Hn(c;ﬁy.

We repeat the standard argument. (See for example [11].)

Theorem 1.d. Let G be a group and M a Z[G]-bimodule. Let M be M considered
as a left G-module by the conjugation action g-*m = gmg-l. Then there is a natural

B

isomorphism of chaln complexes fp: CP(G;E) —> Hp( Z[G]; M) given by
£ LRy coe 26 10m = g. ® ... ®g & (g +o: 80 Im
P71 P 1 P 1 p

Proof: One can easily verify that fp is a chain map. Let JLP: CP(Z[G]; M) -

cp(c;ﬁ) be defined by

zp( zl gil® ®igi ®m = . N . [gil, e a8y ]®gil...gipm
1 P p lls"'s p p
Then &2 £ =1 and f & = 1. 0
nn nn

l.e. Morita invariance of Hn(R;M).

Let R and S be two rings with 1. We say that R and S are Morita equi-
valent if there is an R-S-bimodule A and an S-R-bimodule B such that A ? B =R
and B @ﬁ) A =S as bimodules. This implies that AGS'9 : S-Mod + R-Med is an isomor-
phism of categories, its inverse being given by B % Similarly &ﬁ) A: Mod-R > Mod-S
and B % - % A: R-Mod-R + S-Mod-S are isomorphisms of categories, Note that A 1is

projective in R-Mod and in Mod-S since it correspends to S and R in S-Mod and
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Mod-R respectively. Similarly B is projective over both rings.

Lemma l.e.l. Let M be a left R-module. If M ® R 1is considered as an R-bimodule
in the standard way then
M if i =0
H (R; M& R) =
t 0 if i#0
Proof: Let «: HO(R; M®R) =M®R>M be the augmentation map given by e(x @ r)
= rx, We can define a chain contraction of the augmented complex by fn(r1 8 ... @ rn

@x®r) = (r® r1 ® ... ® r @ x®1) and n(x) = x® 1. O

Lemma l.e.2. Let M be a left R-module and A a prpojective right R-module. Then
A@M if i=20
H (Ry M® A) = R
t 0 if i #0
Proof: H*(R; M ® A) is the homology of the complex C*(R; M®A) = A % C*(R; M ® R)
where R acts on Cn(R; M®R) =R® ... @ R®M @R by left multiplication on the

last (right hand) factor. The lemma follows from 1l.e.l and the exactness of A %.Iﬂ
By right-left symmetry we also have:

Lemma l.e.3. Let M be a right R-module and A a projective left R-module. Then
M® A if i=20
Ho(R; A®@ M) = R
0 if 140 0
Theorem l.e.4. Let R, S be rings with 1. Let A be an R-S-bimodule which is

projective over both rings and let B be any S-R-bimodule. Then there is a natural

sequence of isomorphisms
Fn: Hn(R; A % B) — Hn(S; B % A)
which vary functorially with the 4-tuple (R,A,S,B).

Corollary l.e.5. (R.K. Dennis) Let M be an R-bimodule. Then a chain homotopy

equivalence fE: C*(Mk(R); Mk(M)) -+ C*(R;M) can be given by the formula

k.ol . .2 n ~ 1 2 n
fXex @e...ex @) = ) (x,, ®% ®...8x Oy )

z a
a,b, ...,z=1 o =

where X;q and ypq are the pq entries of X' and Y.
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k
Proof: Let Rk be the set of k X 1 matrices with coefficients in R and let M

be the set of 1 X k matrices with coefficients in M. Then the 4-tuples (R,R,R,M)
and (Mk(R),Rk,R,Mk) satisfy the conditions of theorem l.e.4. Furthermore there is

a map Gt (R,R,R,M) ~» (Mk(R),Rk,R,Mk) given by
S
G(r,s,t,m) = (D(r)g (-) ,t,(mO sises 10 )
0

where
D(r) = .

Thus we get the following commuting square.

b

Hn(R; M) - > Hn(R; M)
e . V6
H (M, (R)s M_0D) P ()

It is easy to see that G2 is the identity map (and thus Gl is an isomorphism) and

that Gl is the map in Hochschild homology induced by the map g: (R,M) > (Mk(R),

Mk(H)) given by g(r,m) = (D(r),T(m)) where T(m) is the k x k matrix with an m

in the upper left corner and O0's elsewhere. Thus at the chain level Gl is given by

g Cn(R;M) -+ Cn(Mk(R); Mk(M)), gn(rl ® ... ® rnA® m) = D(rl) ®...Q® D(rn) ® T(m)

Clearly fzgn is the identity map so fi must be a chain equivalence. 0
P f of 4 L C d1 d2 i i b
roof of l.e.4: et ( pq’ Y’ ) be the bicomplex given by
Cpq = R® ... R®OAB®RS® ... 85@B
———— e e
p-1 qg-1
= C (R a® M@ B)
q-1
= Cq l(S; BO®R® ... ® R® A)
x e
p-1
where the isomorphism is given by cyelically permuting the terms. Let d;q: Cpq F*
q-1
P Vel
Cp—l i be the boundary map for the complex C*(R; A®S® ... ®S®B) and let
s p__l
p_.l 2 A ey
-1 d-:C =~=»2¢C be the boundary map for the complex C_(S; B®R® ... ® R
D7 g7 Cog ™ Cplqmt v map to onp #
® A). Then clearly dldl =0, d2d2 = 0 and dld2 + d2 H e 0 so we have a bicomplex.
2
Let X = @ c and d : X =» X be the map given by d_ = dl + d . Since
1. Pq n n n-1 n
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2
(Cp*,d ) has only one dimensional homology we have, by 1l.e.l, a functorial chain

isomorphism ( ) = (Hl(Cp*,dz),dl) given by the composition Xp +C . >

Xp+1’dp+l +1 pl

2 .
Hl(cp*’d ) where the first map is projection onto a factor and the second comes from

; 2 . 2 . .
taking Hl(cp*,d ) = coker(dpz. sz g Cpl). Also by 1l.e.l we have a functorial iso-

morphism (Hl(cp*,dz),dl) = (Cp l(R; A ® B),d ). By the symmetrical argument using
= S

~ 2.
Le.2 . . . . )
l.e we get a functorial chain 1somorph1sm (X l,d 1) = (Hl (C ,d ) d ) =

(Cq_l(s; B ? A),d,). When we compose one with the inverse of the other we get a func-

torial isomorphism H (R; A ® B) = H (S; B ? A). O
S

Ls:Ew Stabilization of Dennis's map.

The map h§+ is represented at the chain level by the following sequence of

chain maps whose composition we shall call ﬂ§+.

Formula 1.f.1. (R.K. Dennis)

1 n 5
[y 50 %00 e C_(CL, (R); )
— [xt M eI e € (GL (R); M _(R))
I ¢ k - n k > Tk
— Xo..ex"e @x ... xHT e C (@lo, ®M, (®)) (1
— e ..o e . w7 e o M (R); M (R))
n" k k
S 1 n
— . ; 2
> . -z.’z=lxab® ®xyz®yza 3 Cn(R,R) (2)
(1) This is the isomorphism of 1.d.
(2) This is the map given in 1l.e.5.

Theorem 1.f.2. (R.K. Dennis) Let n > 1. If j: Hn(GLk(R); Z)y > Hn(GL (R); Z)

h§+1+j. Consequently we have a map defin-

k+1

is the map induced by inclusion then hE+ =

ed on the limit:

+

1 s Z H :R).
h “(R): H (CL(R); Z) ~ H_(R;R)
. . k k+l . .
Corollary 1.f.3. (R.K. Dennis) If 3§t KnR + Kn R is the map induced by the in-
. k _ ,k+l .,
clusion (GLk(R),Ek(R)) < (GLk+l(R),Ek+l(R)) then hn = hn j' . Consequently we

have a map defined on the limit:
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hn(R): KnR -+ Hn(R;R) . 4

~k+l+~  ~k+
Proof of 1.f.2: From formula 1.f.1 one can easily see that (hn . j - hk )[Xl,

n
. ,Xn] =1® ...981® 1~ Cn(R;R) where ; is the inclusion map. So 1f n > 1
we have B2t _iNY o df 4+ £ d where £ [XY, ... X' =1€@...81¢
n n n n-1 n
. O
Cn+1(R,R)

Proposition 1.f.4. Let M be an R-bimodule. Then the following composition of maps

is compatible with stabilization with respect to k. (n > 0.)

~
X

. s ; : <MY .
Hn(GLk(R)’ Mk(M)) > Hn(?Z[GLk(R)],Mk(M)) — Hn(Mk(R)’ M (D)) > H(R; M)
Proof: At the chain level the map is given as follows.

i, .. XM ey e C (GL (R); M. (M)
L b L n k > k
1 n 1 n, -1
—_ X @ ...9X ® (X ...X) Y ¢ Cn(Mk(R);Mk(M))
& 1 n
e z xb®...®x ®za£C(R;M)
B, .5 2= a vz Z n
v . 1 n -lY . P
After stabilization the (k+1)-st column of () = X" ...X") is trivial.
Thus this chain map strictly commutes with stabilization for all =n > O. O
1l.g. Some splitting theorems.

Take R = Z[G] and let

th ot K Z[G] > H (Gs Z[C])

+
#h " H (CL(Z[GInZ) ~+ H (G5 Z[G])

be the maps given by composing hn and hn+ with the isomorphism of 1.d. These

maps will be called the Dennis trace maps for K-theory and homology respectively. Let

Rhi and th:'- be defined analogously.

Theorem 1.g.1. (R.K. Dennis) Let G be any group and n > 1. Then the map
Hn(G; Zy - Hn(G; Z[G]) induced by the coefficient map Z > Z[G] which sends 1 to
1 1is equal to the composition Hn(G; Z) - Hn(GL(ZZ[G]);Z.) > Hn(G; Z[G]) where the

first map is Induced by the inclusion € < Z[G] = GL, (Z[G]) © GL(Z[G]) and the
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second map is the Dennis trace map.

Proof: Examine the effect of hn and %, at the chain level:
[gl, ,gn] ®1 € Cn(G; )
‘; [gl, ,gn] ®1 € Cn(GLl(Z[G]): Z)
Elt
B 5@ ...08 © (g ... gn)_l e € (z[6]; z[e])
‘n 5 (g2 +++ g 1®1 e C (G z[G]) L

Corollary l.g.2. (R.K. Dennis) Hn(G; Z) 1is a direct summand of Hn(CLk(ZZ[G]); )

for 1< k<= and for all =n, G. O

Corollary 1.g.3. Let n > 2 and let G be a group with Hi(G; Z) =0 for 0< 1

< n. Then the composition

.th €
> Hn(G; Z[G])

*
KHEZ[G] > Hn(G; )

is a split epimorphism if e, is the map induced by the augmentation map e: Z[G]=> Z.

Proof: Since G 1is perfect we can perform the plus construction on BG and we get a

+
map BG BGL(Z[G])+. Now consider the following composition of maps.

P,h+ €

H_(G) = TrnBG++ nnBGL(Z[G])+ = k_z[6] » H_(6L(z[C])) —— H_(G; Z[C])

L G
>Hn()

The first map is the inverse of the Hurewicz isomorphism. The third map is the Hure-
wicz map. The composition 1s the identity by 1l.g.l and the naturality of the Hure-

wicz map. O

Unfortunately this corollary does not produce any interesting topologlcal exam-
ples since the only part of the Dennis trace map which is relevant to pseudoisotopy
theory is the quotient map:

H (G5 Z[G])

Iy, &lc] == H_(G; Z)

+
= Whn+1 (63 Z)

Let M‘k(G) be the group of all k X k monomial matrices with coefficients in
G. Then Mk(G) is a subgroup of GLk( Z[G]) and thus there is an induced map in ho-

mology which satisfies the following.
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Theorem 1.g.4., The following composition is trivial for all G, n and k.

06, ()3 2) > W, (6L, (ZIEDSZ) —> B, (63 ZI6)) » Y6 2.

n

Proof: Using 1.f.1 we see that the above composition does the following at the

chain level,

il n
[x, . ,X7] £ Cn(Mk(G)’ Z)
s Ik ®...0x" @y e C (Z[G]; Z[C])
ab : vz za = n ?
S Ik ®...0x 101 e C_(G; Z[G])
ab : vz n’
— 0 e C_(6szZleh/c (G5 )
_ 1 n -1 . o1 n -1 , . :
where Vog = (X7 ... X)) )za = (xab... xyz) since the matrices are monomial. [J

Let M(G) € GL(Z[G]) be the union of all the Mk(G)’S. Since Mk(G)' is

perfect for k > 5 we can construct BM(G)+.

Corcollary 1.g.5. The following composition is trivial.

+ - ,1 . + .
m_BM(G) K Z[G] > H_(G; Z[G]) ~ Wh . "(C; Z). O

2h
n

Corollary 1l.g.6. Hn(G;(Q) is a direct summand of @ ® Kh}Z[G].

Proof: Use the fact that BG and BMk(G) are raticnally equivalent. 0

Chapter 2. Homology of group extensions.

p .
Let G be a group and A a left G-module. Let A -+ E-> G be an extension
of A by G. We shall construct a sequence of natural transformations of the follow-

ing form.

b :

o B (GE Z) > B (GA)

The maps arise from the Lyndon spectral sequence of the extension A - E > G but

knowledge of this is not required.
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We shall construct bn at the chain level using a transversal t: G-+ E (a
set theoretic right inverse to p: E -+ G) and show that chain maps arising from dif-
ferent transversals are homotopic. In 2.d and 2.e we show that bn fits into
certain commutative dlagrams which will be used later. In 2.a and 2.b we review

some basic notation. The section headings are:

LA - B The mapping cone construction. 0
2.b. Factor sets. 0
2.8 Definition of bn. 0
2.d. The first diagram. 1
2.e. The secend diagram. 2
2.a. The mapping cone construction.

This is taken from [11] p. 46.

Let Cn+l(G,E; ) = Cn(E; Z)y @ Cn+1(G; Z) and deflne the boundary map by
d(a,b) = (-da,db+p,a). Then H*(G,E; Z) 1is the homology of C,(G,E; Z). The map
3 Hn+l(G,E; Zy -~ Hn(E; Z) in the long exact homology sequence of the pair (G,E) 1is

induced by the chain map given by 3(a,b) = (-1)"a.

2.bs Factor sets.

Let t: G-+ E be a transversal for p. Then every element of E can be writ-
ten as (a,g) = at(g) where ae A and g e G. Multiplication is given by
(a,g)(b,h) = (a+gb+f(g,h),gh) where f: G x G-+ A is the factor set f(g,h) =

t(g)t(h)t(gh)_l, Of course f represents a 2-cocycle in CZ(G;A) = HDmG(CZ(G)’A)'

veiCle Definition of bn.

Let e Cn+l(G,E; Z) + Cn_l(G;A) be defined on the free generators of

Cn+l(G,E; Z) as follows.

-1
Cn([(alpgl}p e ,(an:gn)],o) = -[gza LR agn]® gl al

-1 -1
c (O.0gys oo g 1) = gy -v0 b8 1] ©@ 8, T8 TE(g)>8,)
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A straightforward computation shows that this is a chain map.

Exercise 2.c. Show that e induces an isomorphism in homology 1f n = 1 and an

epimorphism if n = 2.

Suppose that t': G-+ E 1is another transversal for p. Then (a,g) = at(g) =
at(g)t‘(g)-lt'(g) = (a-a(g),g)' where a(g) = t'(g)t(g)-l. Using t' instead of

t we get

cpl (1(a;58))0 wov (2 ,g )1,0) = =[gys .vv »e 1 @8 (a) —alg;))

1 - -1 -1 '
¢y (Osleys von s D) (g --v 58 1@ 8, "8 £'(g)-8y)

+ @ - i 5
where f (gl,gz) = f(gl,gz) + gla(gz) m(glgz) + a(gl). Let e : Cn+l(G,Eg Z)y

Cn(G;A) be given by en(x,O) = 0 and en(O,[gl,... , n+1]) b [82,--- ’gn+l] ®
51

Thus C,

1
a(gl). Then a stralghtforward computation shows that ¢ '- ¢ = e

n+l n+l i+ den'

n-1

induces a functorial map b, in homology.

2.d. The first diagram.

Let 0+ A+ B g C + 0 be a short exact sequence of left G-modules and let
X € HO(G;C). Since HO(G;C) = HomG(ZL C) we may regard x as an element of C which
is fixed under the action of G. Let B8*: HO(G;C) - Hl(G;A) be the connecting homo-
morphism in cohomology. Then 8*(x) is represented by a crossed homomorphism o: G -
A given by o(g) = gy - v where y 1is a fixed element of q-l(x). This produces a

homomorphism f: G+ A X G = the semidirect product by £(g) = (a(g).g).

Theporem 2.d. The following dlagram commutes up to sign for all n. (Here B, 1is the
connecting homomorphism in homology and the isomorphism is given by the boundary map.)

X

*
By m H_(65)
f*l o .
H (A X G; Z) 3
Hn(G; Z) = Hn+1(G’A o oy Y> Hn—l(G’A)

Proof: Let e: Cn_l(G; Z) - Cn_l(G;B) be given by e[gl, ...,gn_l] = [gl, ""gn-l]

® y. Then a chain map representing B8,x, 1is given as follows. Take [gl, ..-.gn] €
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Cn(G; Z)., Map this to [gl, ...,gn] ®@x ¢ Cn(G;C), pull it back to [gl. ...,gn] ® v

€ Cn(G;B) then take d([gl,... ,gn] ®y) e Cn_l(G;B). To get this into Cn_l(G;A)

subtract ed[gl, ...,gn]. Computation will show that the result is [gz,... ,gn] ®
-1 _ -1 _ -

(gy v -y =-lgy, «v. 8 1®g, Tulgy) = c ([(alg.g)s -vv 5(alg )>g1,0) =

-D% (F,lg), --. 18 1,0). O

2.e. The second diagram.

Let 0+ A-> B+ C >0 be a short exact sequence of G-modules and let

B+ E~> G be an extension of B by G. Let F = E/A.

Theorem 2.e.l1. The following diagram commutes up to sign for all n.

b
n
. - G.
Hn+l(G,F, Z) > Hn-l( ,C)\
n+l
3 (-1 / Hn—Q(G’A)
5 . Py
H (F,E; Z) 5 > H__,(F3A)
n-1
d = the boundary map for the triple (G,F,E).
§ = the connecting homomorphism corresponding to the coefficient sequence A - B » C.

p, = the map induced by the projection p: F > G.

Proof: 1In this proof group multiplication will be written additively and the letters
a, b, ¢, g with various indices will indicate elements of A, B, C, G respectively.
Let t: G-+ F, u: G- E, r: C—+ B be transversals which send 0 to O. Then each
element of F can be written uniquely in the form (c,g) = c + t(g). Let s: F~+> E
be defined by s(c,g) = r(c) + u(g). Then r = s|C and u = st. Thus the formula

for s can be written as

(*) s(c,g) = s(c) + st(g).

Every element of E can be written uniquely in the form (a,(c,g)) = a + s(c,g) =

a + s(c) + st(g). If we think of E as an extensicn of B by G then each element

It

of E has the unique form (b,g) = b + u(g) = b + st(g). But elements of B can be

written in the unique form (a,c) = a + r(c) = a + s{c) so ((a,c),g) = a + s(c) +

st(g) = (a,(c,g)). Let (a,c,g) denote either of these.
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Let ft: Gx G»C, fst: G x G- B, fS: Fx F-> A be the factor sets corres-
ponding to the indicated transversals. That is, ft(gl,gz) = t(gl) +t(gy) - t(gl+g2),
£ (8108y) = st(g)) +st(g)) - stlg) +g,) and £ ((c;,g)),(c .8,)) = s(cyrgy) +

S(Cz,gz) - S((cl,gl) + (cz.gz)). The following formulas can easily be verified.

fst(gl.gz) = (fs(t(gl),t(gz)},ft(gl,gp_))

) £ ((eps8)s(cy,8,)) = S(cl) + ng(cz) - s(cy + 8,0, + £ (858,00 + fst(gl,gz)

1

We are now ready to prove the theorem. The proof is based on the following

well-known fact.

Lemma 2.e.2, A map between two short exact sequences of chain complexes will produce
maps in homology compatible with the corresponding connecting homomerphisms. Thus a

map between long exact sequences will result. O
Take the following map of short exact sequences of chain complexes where Y
and k, are defined below.

0. B

0 —> C,(F,E; Z) ——> Y,

> C,(G,F; Z) —> 0

lp*C* lkk Cu
Y

0 — C*—Z(G;A) o C*—Z(G;B) —_ C*—Z(G;C)

> 0

Yo Cn+l(F,E; Z) @ Cn+l(G,F; Z) = Cn(E; Z) @ Cn+1(F; Z) @ Cn(F; Z) @ cn+l(c; Z)

d: Yn+l - Yn is given by d(w,x,y,2z) = (-dw,dx + w - y,-dy,dz + y) where () means
image in the appropriate group.

@ is the inclusion of the first factor.

B 1is the projection onto the second factor.

From the formula for d it should be clear that o, 8 are chain maps and that

n+l

the connecting homorphism is (-1) times the boundary map 39: Hn+1(G,F; Z) -

Hn(F,E; Z). Thus we need only define a chain map k,: Y, ~+ C**Z(G;B) which makes the

diagram commute. Let kn be defined on the generators of Yn as follows.

+1 +1

-1 —
kn_'_l([(alscl)gl)a CRU ’(an’cn’gn)]’O,O’O) = "[gz’ ¢ 9gn] @ gl al

1

-1 -1
k4105 LCeysgy)s v s (e 11,0,0) = lgqs -o 18,11 @ 8, & £ ((c1,8,):(c5,8)))

nt+1’Ent+l
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-1
kn_,_l(O,O,[(cl,gl), ,(cn,gn)],O) = ~[8y, --- ,gnl ® g S(cl)
k_..(0,0,0,[g g 1) = lgy e 1®g Ta e (2,8,)

15 A IS T | q* *Sn+l 2 1 oy o

Calculation will show (using equation 1) that k, 1is a chain map. Compatibi-

lity with p,c, and c is trivial. 0

*

Chapter 3. Hochschild cohomelogy.

We define Hochschild cohomology and review 1ts basic properties. The section

headings are:

3.a. Definition of H"(R;M). 0
3.b. Interpretation of HZ(R;M). 1
[ Interpretation of Hl(R;M) 5 1
3.d. Interpretation of HO(R;M). 2
3.e. Long exact sequences. 2
3.f. Cap product. 2
3.g. Proof that H™(Z[G]; M) 3 H"(G;M). 4

3.a. Definition of H (R;M).

If R is a ring with 1 let FR: Z-Mod - R-Mod-R be the functor given by
- ; ; Y
FR(A) R® A ® R. Then we have a natural isomorphism HDmZ (A,M) — HomR—R(FR’M)

given by Y(f)(r ® a ® s) = rf(a)s and thus FR is adjoint to the forgetful functor

R-Mod-R + Z -Med.

® (o) = FR(R®H) be the tensor product of n + 2 copies of

R if n> 0 and C (R) =0 if n< 0. Let d:C (R) »~C
= n n" “n n-

Let Cn(R) = R

l(R) be given by

n
i
-E (-1) r0® ®r1r1+1® ®rn+l .

dn(rO @ ...®r
i=0

n+l )

Let Cn(R;M) = HomR_R(Cn(R),M) = HomZ(R®n,M). Then the n-th cohomology of the co-

chain complex (C*(R;M),d*) will be denote by Hn(R;M) and will be called the n-th

Hochschild cohomology group of R with coefficients in M.
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The standard interpretations of HO, Ht and HZ are as follows. (From [11])

3.b. Interpretation of HZ(R;M).

An additive map f: R® R+ M is a 2-cocycle or linear factor set 1f it sa-

tisfles the condition that for all r, s, t € R we have
rf(s ® t) - f(rs @ t) + f{(r ® st) - f(r ® s)t = 0 .

A linear facter set f can be used to construct a ring M C% R as fellows. The ad-
ditive structure of M @E R will be the same as that of M @ R but the multiplica-

tion will be given as follows.
(m,r)(n,s) = (ms + rn + f(r ® s),rs)
The ring M @E R has the following properties.

(1) Projection onto the second factor is a ring map M ®f R + R.

(2) The kernel of this map is a square zerp ideal (M2 = () disomorphic to M as
an R-bimodule.

(3) Any ring extension E -+ R whose kernel is a square zero ideal isomorphic to M
is equivalent to an extension M ®f R for some 2-cocycle f provided that
E > R splits as a map of Z-modules,.

{(4) The extensions M @_ R and M &

3 ¢+ R are equivalent if and only if [f] = [f"]

in HZ(R;M).
(5) Every cohomology class contains a normalized 2-cocycle f satisfying the con-
dition that f(r ® s) = 0 if either r or s is 1. Thus M ®f R contains

the unit (0,1).

3.c. Interpretation of Hl(R;M).

If f=0 then M @f R 1is called the semidirect sum and denoted M @ R. Ring

homomorphisms R + M @ R which are sections of the projection map M @ R+ R corres-
pond to elements of Hl(R;M). An additive map f: R+ M is a l-cocycle or linear

crossed homomorphism if it satisfies the condition that rf(s) = f(r)s for all r, s
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in R. The cocycle is normalized if f(1) = 0. A map f satisfying these conditions
can be used to construct a ring homomorphism g: R-> M @ R given by g(r) = (f(r),r).

The map g sends 1 to 1 since f 1is normalized.

3.d= Interpretation of HO(R;M).

We have the easy isomorphism HO(R;M) 3 HDmR~R(R;M) ={xeM|rx=xr for all

r € R}.

3.e. Long exact sequences.

Let B: 0+ L > M- N-+ 0 be a short exact sequence of R-bimodules. If we
assume that R 1is projective as a Z -module or that 8 splits over Z then the

induced sequences

0 -~ C*(R;L) -+ C*(R;M) - C*(R;N) - 0

0 > C*(R;L) »~ C*(R;M) » C*(R3N) - O

will be exact sequences of chain and cochain complexes which will lead to the expected
long exact sequences in Hochschild homology and cohomology. The connecting homomor-
phisms in homology and cohomology in the long exact sequences for £ will be called

B, and B*. Since these will appear often we make the following assumption.

Assumption 3.e.l. For the rest of this paper rings represented by the letter "R" will

be assumed to be projective as Z —modules.

Remark 3.e.2. Under the above condition we have

p
N R ® R,

Hn(R,M) = Torn (R:M) and

n ~ n .

HO(R;M) = Extp o pop(R;M)

since C,(R) 1s a projective R ® R°?  resolution of R.

3.fF. Cap product.

Let s <n and let M be an R-bimodule. The cap product
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S .
: HE(RsM) @ H(RsR) ~ H___(R;M)

will be defined at the chain level as follows. Suppose that z =L ri ® ... Q r?+l
i

€ Cn(R;R) and f: CS(R) + M 1is an s-cochain. Then let f Nl z ¢ Cn—s(R;M) be de-

fined as follows.

Formula 3.£.1. f Na= (%3 ri ®...er ®f1® r‘i"s'*l ®...8 "
i
5 -8

where e = > + ns.

One can easily verify that
* s
dn—s(f Nnaz)= (dsf) Nz+ (-1)7fN dnz

and thus 3.f.1 induces a map in homology.

Let 0+ L+ M-> N-+ 0 be a short exact sequence of R-modules. Let R, and

*

B

be the connecting homomorphisms in Hochschild homology and cohomology induced by

this sequence.
Theorem 3.f.2. Let «k € HS(R;N) and x € Hn(R;R). Then
Bk 1 x) = (8*) N x.

Proof: Let =z be an n-cycle representing x and f an s-cocycle representing

~

k. Then f 1ifts to a map f which induces a map f' as indicated below. By defi-

nition of g*, f' represents B*k.

d
Cs+1 (®) S—+l_> Cs—l(R)
£ J: fi 3
L : > M > N

We now apply the diagram chase defining B* to the cycle f (1 z. This cycle

pulls back to the chain f N z which maps down to dn_s+1(f Nz) = (ds+f'f) Nz-=

~

fdS+1 Nz =3f'" Nz which 1s the Iinclusion map applied to f£' N z. 0
Together with hn the cap product induces a map on K-theory as follows.

S L]
H(R;M) @ KnR —i'—'r—]'—'h—> Hn__s (R;M).

n
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We will be particularly interested in the case n = s.

3.g. Proof that Hn(Z[El;M) = Hn(G;E)-

Theorem 3.g. Under the same conditions as 1.d we have a natural chain isomorphism

£P. CP(Z[G];M) > CP(G;ﬁ) given by
P _ -1
£ (h)(go[gl, ,gp]) = hig,;®g, ®... ® gp® (g - gp) ¥

Proof: One can easily verify that £ is a cochain map. Let A CP(G;M) -

cP(zZ[G]; M) be defined by

PmW(rg ®...9 £ g ) = ) g hlg, »...,8 lg ..-8
i 10 i tpHl i, ..,i . 00 M1 1 ha
0 p+l 0* " ?Tp+l
One can easily verify that &° is the inverse of £°, |
Chapter 4. K-theory of square zero ideals.

In this chapter we discuss the relationship between Hochschild homology and the
K-theory of square zero ideal. We define a map S KhI - Hn_l(E/I;I) analogous to
the map hn if I 1is a square zero ideal in E. The definition uses the map bn of

chapter 2. Here are the section headings.

4.,a, Definition of K.n of an ideal. 0

4.b. The Hochschild homology invariant for the K-theory of a square zero ideal. 1

4.c. Long exact sequences. 2
1

4.d. H™(R;L) © KnR > Hn_l(R;L). 4
2

4.e. H™(R;A) ® KnR_+ Hn_z(R;A). 5

4.a. Definition of Kn of an ideal.

Let E be any ring with 1 and MC E a two sided ideal. If n = O, KUM

will be as defined by Milnor in ([12], p.33.) For 1< n and 3 < k<= let KiM

be defined by



126
k + +
KM = (BGL (E/M)",BGL, (E))

where BGLR(E)+ maps to BGLk(E/M)+ in the obvious way. We shall use the notation
k
Kn(M;E) when E needs to be specified. When k = > it will be deleted from the

notation.
By the long exact homotopy sequence of a pair we have a leng exact sequence of

the following form for n > 1,
k k k k
el > Kn+l(E/M) > KnM > KnE > Kn(E/M) >

Using [12], lemma 4.1 this sequence can be extended to KO in the case k = =,

4.Db. The Hochschild homology invariant for the K-theory of a square zero ideal.

Suppose now that M2 =0 and 3 < k < », Then the natural homomorphism GLk(E)

-+ GLk(E/M) is surjective and its kernel is isomorphic to the additive group Mk(M).

k
Let gn(M) or simply gE be defined as the following composition.

k

_ + 4+, Hurewicz
KM = (BGL (E/M)",BGL, (E)") — "

> H (GLk(E/M) »GL, (E); Z)

b
n

v

H__) (GL, (E/M); M, (D)

v

H L (Z[6L (BAD]; M, (D)

v

H__y (M CEAD 5M, (D)
—=— H__ (E/M;M)

After the Hurewicz map this composition will be called g§+: Hn+l(GLk(E/M),GLk(E); Z)
e Hn_l(E/M;M). By 1.f.4 these maps are compatible with stabilization and thus they

induce maps iIn the limit

g : Kn(M;E) _ Hn_l(E/M;M) and

+
g Hn+1(GL(E/M),GL(E); Z) ~+ Hn_l(E/M,M)

n

k
The map gn+ is given at the chain level as follows.

Formula 4.b. Let t: E/M > E be a transversal. Then very element of GLk(E) can be

represented unlquely as a pair (4,X) € Mk(M) x GLk(E/M) by (A,X) = (I + M)t (X).
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With this notation the map gE+ is given on Cn+l(GLk(E/M),GLk(E)) as follows.

® aeh, L@ L0 e C_(GL, (B); 2)

2 n I e
—5 ~[X%, ... ,X 1@ (X)) A e C__,(GL (E/M); M (M)

2 n 1 n,-1,1 .
— X ®...eX e (X ... X)) A C__,(ZIGL (E/M)]; M, 0D)

2 n 1 n,-1,1

> XT®...@X ® (X ...X) A e C_j (M _(E/M) M (1))
— lf 2 9. o5 ® C_ . (E/M;M)
- , Tap T vt T Ry ¥ Ve B n—l( z

a, ..,z=1
(2) 0, (x5, ... ,x"y e ¢, (L (E/M); Z)

3 n+l 1.2.-1_.1 2 )
= X7, ... ,X 1@ (XX "fX,x0) e C__,(GL, (EM);M, (M)
— Ceo..exe . N e, xh) e ¢ (EM)M D)

n-1"k k
3 n+l .

_ T b ®...® xyz ® Z,. € Cn_l(E/M),M)
where (v,) = (. ¥l g = ot @l ) and 6D -

t*(Xl)t*(Xz)t*(XlXZ)_l

4.c. Long exact sequences.

Let MS E be a square zero ideal. Then M is an E/M-bimodule and any sub-

module L of M is an ideal in E. Let N = M/L. Then N 1is a square zerp ideal
+ + +

in E/L and the long exact sequence for the triple (BGLk(E/M) ,BGLk(E/L) ,BGLk(E) )

produces the following.

Theorem 4.c.l. There is a long exact sequence of the following form.

a b
* *
s E KkL > KkM KkN i Kk L ...~ KkN
n n n n 1

b, are induced by the ring maps a: (E,L) -~ (E,M) and b: (E,M) -+

whére a,, b,

(E/L,M/L) and d 1is the following composition

e
* 3 k
> Kn_lL

k k
KnN > Kh(E/L)

where c, 1is part of the long exact K-theory sequence for (E/L,N) and 3 is the

boundary map for the long exact sequence for (E,L).
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When k = = this sequence extends to KO but this is not important here.

Theorem 4.c.2. Let R = E/M be projective as a Z -module. Then we have a map of
long exact sequences of the following form which commutes up to sign. (The left two

squares commute and the right hand square commutes up to the sign (—l)n‘l-)

a b
>KkL —*> KkM 2 KkN d Kk L— ...
n n n n~-1
n-1
Eal, 2, 0D L B, M| D) |faet

coe = H o J(RSL) > H L (R3M) > o RsN) > H o (R5L) > ...

where fn is the following composition.
k
N
K L ————> H (B/L;L) ~ H__; (R;L)

Here the second map is defined since M/L = N = ker(E/L - R) acts trivially on L.

Proof: The left two squares commute by naturality of B, To see the skew-commuta-
tivity of the right hand square embed it in the following diagram in which every face

commutes except the pentagon which commutes up to sign by 2.e.l.

d
KnN Kn_.lL
x /
) Kn(E/L) )
m_BGL e/t
¥ /
T (BGL(R)T,BGL(E/L) ) r (BGL(E/L) T, BaL(E) )
n+l n
Hurewicz Hurewicz
Y
Hn+l(GL (R),GL(E/L); Z) . > Hn(GL(E/L),GL(E); Z)
bn‘ (_1)n+1 \ bn-l
H 1 (GLR)M(N) H 5 (GL(E/L);M(1))
X A/P*
H_,(GL(R);M(L))
n-~2
A Y
Hn_l(R;N) H o (E/L;L)
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1. .
bode HO(R3L) @ R R+ H L (R5L).

Let B: O+ L~ M —E N + 0 be a short exact sequence of R-bimodules and let
X € HO(R;N) = HomR_R(R,N). We can regard x as an element of N such that rx = xr
for all r £ R. Then 8*(x) is represented by a crossed homomorphism a: R+ L given
be oa(r) = ry - yr where y 1is a fixed element of p-l (x). This produces a ring ho-

momorphism f: R+ L @R by f(r) = (a(r),r).

Theorem 4.d. The following diagram commutes up to sign for all n.

k hy
K R Hn(R;R)
If. =
k n
K (L@R) (-1) H (RsN)
b Js.
k
KnL X Hn~1(R’L)
gn
Here vy = aﬂlq;
k KE(L ®R) 3 x
v: K (L @ R) % - KnL
o KR
n
Proof: By naturality of the Hurewicz map the following diagram commutes if all the
horizontal arrows are Hurewicz maps.
KSR H_(GL, (R); Z)
n n kK ¥
f*
k.,
@ .
Kn(L @ R) > Hn(GLk(L R); Z)
: |
kv
Kn(L @ R) Hn(GLk(L @ R); Z)
Er Hn(GLk(R) s Z)
hol
2 3 =13
KL —— > W (GL_(R),GL (L ® R); Z)
n n+l  k >k 2

To complete the proof it suffices to show that the following diagram commutes

up to sign for all k < =,
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H (6L, (R); Z) > Hn(GLk(R) ;Mk(R)) — H_(RsR)

lf* = x, () x,
Hn(GLk(L @ R); Z) ¥ N
R | 3 =
=|3 (3 5, (4) By
@ M {
H ., (CL (R),6L, (L @ R); Z) T> H_p (CL (R):M (L)) —— H . (R;L)
@B In this triangle X, is the map induced by the linear coefficient map X: Z

- Mk(N) given by ¥X(1) = D(x) = xI. The triangle commutes because it is in-
duced from a commuting triangle of coefficilents.

(2) The horizontal maps are natural.

(3 This part commutes up to the sign (-1)" as a special case of 2.d since
GLk(L @R) = Mk(L) X GLk(R).

(4 The commutativity of this square follows from 2.e.2 and the proof of 1.f.4.]

Note that B,x,: Hn(R;R) - Hn‘l(R;L) is the same as the cap product [a]

by 3.f.2.

2
hee.  HO(R;A) @ KR~ H__,(R3A).

Let 0+A->B~->M 3 N - 0 be an exact sequence of R-bimcdules and let L =
ker p = coker(A » B). Take x ¢ HO(R;N) and BI(x) € Hl(R;L) as in 4.d. Now take
z = B;BI(X) £ HZ(R;A) where 8; is the connecting homomorphism for the coefficient
sequence 0> A+ B 3 L~> 0., Then z 1s represented by a linear factor set y: R @ R
+ A given as follows. Let @: R+ B be an additive lifting of the crossed homomor-

phism o: R+ L. Thus qa-= a. Then let ¢{r ® s) = ra(s) - a(rs) + Ekr)s. Let A

be A considered as an ideal in the twisted extension A @% R=A9 R.

]

Theorem 4.e, The following diagram commutes up to sign for all n.

"

KR n H (R;R)

n hol

al (T lwl n

K A H . (R;A)

n-1 k n-2" "
gn—-l

Proof: Let f: R> L @R be as in 5.d. Then A @w R 1is the pull-back along f
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of B®R, A formula for the induced ring map £ K'Q@ R+ B@®R is given by -f(a,r)
= (a + a(r),r). Now consider the following diagram.

F, g, (L)
... . e W _m T .
KR > K (L ®R) > K L Hn_l(R,L)

Le Jra T J:S
_ / d

K A———> K A———=H (L® R:A) —— H (R;A)
n-1 £ n~-1 gn—l(A) n-2 n-2

*

gn—l (A)
The square commutes by naturality of 3. The triangle commutes by the definition of
d. The quadrilateral with (—l)n"l commutes up to that sign by 4.c.2. The bottom

rectangle commutes by naturality of 81" Now apply 4.d to the top row of arrows

and use 3.f,2 to show that [¢y] 1= 82*81*x*' 0

Chapter 5, Products in K-theory and Hochschild homology.

In this chapter we review the basic notions of exterior product in algebraic

K-theory and homology. The section headings are:

5.a. Definition of w: KR® K § > K (R®S) for n, m> 1. 0
n m n+m -

5.b. The shuffle product. 1

5.c. The shuffle product in Hochschild homology. 2

5.d. Definition of w: KOR ® KhS > Kn(R ® 8). 3

5.e. The product formula for h_. 3

5.f. The second form of the product formula for h . 4

5.a. Definition of w: KR® K S » K (R®S) fer n, m> 1.
n m n+m

We review the definition of the multiplication in K-theory as given by Loday
in [10].

Let R, S be rings with 1, p, ¢ > 3 and ¢: RP @ s = R ® S)pq an iso-

morphism of R ® S -modules. Let f;q’ i=0, 1, 2 be the group homomorphisms
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£ : GL (R) x GL (S) > GL(R @ S
" p() q() ( )

0 1 2 ;
given by qu(A,B) = AQ® B, qu(A,B) =AQ® Iq, qu(A,B) = Ip ® B. The homomorphisms

i i
f induce maps f in homology.
Pq P pg* &y

i
qu*. Hn(GLp(R) GLq(S) s Z) -+ Hn(GL(R ® S); Z)

+
They also induce maps f;q of plus constructions.

24 oL (7 x oL ()T - BaLr @ 9
pq p q

Using the fact that BGL(R ® S)+ is an infinite loop space we may construct the map

¥ - fO+ ~ f1+ _ f2+.
Pq Pq P4 Pq

+ + +
: BGL (R) x BGL (S BGL(R @ S)
Toq p( ) q( ) (

Theorem 5.a.l. (Loday [10]) qu is null homotopic on BGLp(R)+ N BGLq(S)+ and

thus induces a map on the smash product,
— + + +
: BGL (R A BGL (S -+ BGL(R @ S
Mol p( ) q( ) ( )

Furthermore ?pq is compatible with stabilization of p and q. O

Definition 5.a.2. Let u: KnR ® KmS - Kn+m(R ® S) be the map in homotopy induced

by v, = lim ;Pq'

See [10] for the proof that u is bilinear.

b Shuffle product.

By naturality of the Hurewicz homomorphism the following diagram commutes.

kKPR @ klg —HULEWICZ . » (op (R); Z) ® H (GL (S); Z)
n m n m' q

I 2

Hurewicz =
@ -
K (R®S) Hn (GL(R S): Z)

The map s is the composition Hn(GLp(R);ZZ) ® Hm(GLq(S); Z) » Hnﬁn(GLp(R) x GLq(S);

Z) - Hn_Pm(GL(R ® S); Z) where the first map is the exterior product in homology and
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0
the second map is f - f - f 3
P pg* pq* pa*
- 32. However s1 = 52 = 0 when n, m > 1l so s = so.

Thus s is the sum of three maps s =s - s

The exterior product is given at the chain level by the shuffle product. (See

[11] p, 243.) Thus s 1is given at the chain level by a map
S: Cn(GLp(R); )y ® Cm(GLq(S); Z) ~ Cn-Pm(GL(R ® S):; Z)

given by

1

st .. ek, L) = e LN XE® Tl @Y, ... ,Ip@Ym]

* other shuffles.

5.c. The shuffle product in Hochschild homelogy.

Let s: Cn(R;A) ® Cm(S;B) + Cn+m(R ® S;A @ B) be given by

E((r1®... ®r ®a) @ (s ®...8s @b))
= (@@ @...8(r 61 @ (18s)®...0 (1®s5) @ (a®h)

* other shuffles.

Exercise 5.c.l. Show that this is a chain map.

Exercise 5.c.2. Using formula 1.f.1 show that hn+ commutes with shuffle product.

Corollary 5.c.3. The map hn commutes with products. This means that the following

diagram commutes for n, m > 1.

hn(R) @ hm(S)

K R ®K S Hn(R;R) ® Hm(S;S)
h  (R®S)
n+m .

Kn (R®S) ,Hn (R ® S;R @ 8)

Exercise 5.c.4., Let M < R be a square zero ideal, Define the unlabled map below

and show that the diagram commutes.

g, () ® h_(5)

KnM ® KmS Hn_l(R/M;M) @ Hm(S;S)
l b
Btm R®S . .

Kn"h:n(M ® S) M® S)

-1 @ 5
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5.d. Definition of up: K,R®X S+ K (R® 9).
0 n n

If n=0 then wu: KOR ® KOS > KO(R ® S) is given by u([P] @ [Q]) = [P @ Q]
where P, Q are projective modules over R, S.
Let n>1 and let P be a finitely generated projective left R-module. We

shall define multiplication by P, wu_: KhS -+ Kn(R ® S). Let Q be an R-module such

P
= k
that P@Q = R" for some m. Let Y;: GLk(S) > GLmk(R ® S) be given by YP(X) =

k . : P
(lP X))@ (1. Ik)' Then Yp 1is a homomorphism which takes Ek(S) to Emk(R ® S).

Q

; %k g k .
Thus we have an induced map Yp? KnS - Kn(R ® 8). Since Yp commutes up to conjuga-
tion with stabilization, ;% strictly commutes with stabllization. The map u([P] ®
X) = ;}(X) is clearly bilinear.

5.e. The product formula for hn.

Let 7: KR Kn+1R[t,t"1] be left multiplication by {t} ¢ KlZ[t,t"l]. Let

R be R considered as a bimopdule over itself. Then there is a surjective ring map

p: R[t,t—ll > R@R given by p(Zritl) S Z(iri,ri),

Theorem 5.e. The following diagram commutes up to sign for all n > 0. Here y is

as in 4.d.

ER—7I & § R[tt—l]—p—*’>K R®R) —L—— K R
n n+1 ? n+1 n+l
n _
Lhnm -1 0 ®|
H_(R3R) - H_(R;R)

Remark: This proves that Dennis's trace map hn is the higher dimensional analogue

of the Hattori-Stallings trace map ho,

Proof: (We give the proof only in the case n > 1.) First apply the Hurewicz map to
the top row. The result is the following: HnGL(R) -+ HlGL( Zﬂt,t-l]) @ HnGL(R) -

-1 —_ . £ s 3
Hn+lGL(R[t’t 1 - Hn+1GL(R.® R) - Hn+2(GL(R),GL(R @ R)). Thus it suffices to show
that the following square commutes up to sign. (There is no rcom on this page. Take
the diagram (*) on the next page and let k = ®,) By the stabilization results of 1.f

this is equivalent to showing that the unstable version of (*) commutes up to sign.
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HnGLk(R) = > Hn+2(GLk(R) ,GLk(R @ R))
) h? lg]ﬁil
H (R3;R) H (R3R)

n = n

Here ¢ is given at the chain level as follows.

1 n
(X, ov ,X ] € C_GL (R)
¥ ¥
£ ® X, ... X" e C,6L (Z[t 1) @ ¢ 6L (®)
g : 1 ’ n k
¢
n ; 2 ; ¥
Y ~nixten, ... xte L1, ® e, x M e, .. e 1] +
1:O & n+1G]"k(R[t £ ]
Y -t e, ... 0t ® 1,1, e1,xM e, ... ,x"e1)
1=0
v
2 i 1 i 141 n
1 CDT0,X), e, (0,X), (T, L) (0,X ), ol (0,X) ] +
1:O € €6l (R @ R)
141 1 i i+
1 0T 0,EY, L 0,xY, 00,10, 0,57, L, 00,XM)] 5
i=0 .
n+l =
(-1) (same, Q) € Cn+2(GLk(R)’GLk(R @ R))
Now apply Cotl toc the last item. We get
1 N n .
DX, ... XT € T e (6L (R):M, (R)) O

5.F. The second form of the product formula for hn.

The image of {t} ¢ Klz[t,t_ll in Hl(zz[t,t“l],m[t,t"l]) is the homology

1 il

class of £t ®1 ¢ Hl(ZZ[t,t_l], zZ[t,t "1). Let txi H_(R;R) » Hnﬂ(R[t,t"l];R[t,t" 1D
be left multiplication by [t ® 1]. Then as a special case of 5.c.3 we have the

following commutative diagram for n > 1. (The diagram also commutes if =n = 0.)

h (R)
K R L > H_(R3R)
n n
(5.f.1) T 41 t x
__l hn(R[t’t ]) __l ___1
K +1R[t,t ] — Hn+l(R[t,t IsR[t,t 1)

Let T denote the free multiplicative group generated by t. Thus R[T] =

R[t,t‘l]. Then Hl(T; Z)

e

Z is generated by the cohomology class of the 1l-cocycle
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Z e ClCR Z) given by z[tn] = n. The push-out of the sequence Cl(T) - CO(T) - X
-+ 0 along the map =z: Cl(T) + Z is a sequence B: Z > Z @ Z » Z of T-modules
where T acts on Z @ #Z by t(a,b) = (a + b,b). One can easily verify that [z]
= B*(l) where 1 € HO(T; Z) is the unit of the cohomology ring H*(T:Z). (1 is
the cohomology class of the augmentation map Z[T] - Z.)

Consider B as a sequence of Z[T]-bimodules by making the right action of T

trivial. Apply @ R[T] to B and we get a sequence of R[T]-bimodules
B: 0 > R[T] - R[T] @ R[T] -+ R[T] » O

where the right action of T is the standard one and the left action of T on

R[T] @ R[T] is given by t(a,b) = (ta + tb,tb). Computation shows that the connec-
ting homomorphism g*: HO(R[T];R[T]) > Hl(R[T];R[T]) sends the unit 1 to the coho-
mology class [o] of the linear crossed homomorphism ot R[T] - R[T] given by
a():riti) = Ziriti. By 3.f.2 this means that the homology connecting homomorphism

E*: Hn+1(R[T];R[T]) > Hn(R[T];R[T]) given by the sequence B 1is cap product with [a].

We shall now compute the composition

Hn(R;R) T Hn+l(R[T];R[T]) > Hn+l(R[T];R[T])

[ax] n

at the chain level. Let £y @ ... ® r ® r be a generator of Hn(R;R). Then by the

shuffle product formula we get

tx(r1®...®rn®r) (t®l)><(rl®...®rn®r)

n 5
1
—_E -D'r@...er @ter,

@...@rn®r .
i=0

+1

i H d
if 51 @ ®s . ®s 1is a generator of Cn+1(R[T],R[T]) then the cap product
formula 3.f.1 gives us

_ n+l
[a] 0 (sl®...®sn+ ®s) = (-1) sl®...®sn®a(sn+ )s .

1 1

Since R € R[T] 1is the kernel of o we get

(5.£.2) ] N (tx (r;®... 81 ®1)) =-r, ®... 8r ®tr

Combining 5.f.1 and 5.f.2 we get:
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Theorem 5.f.3. The following diagram anticommutes for all n > 0 where t_ 1is in-

*
duced by the R-bimodule morphism t: R » R[T] given by t(r) = tr.
hn+l
Kn+lR[T] > Hn+l(R[T];R[T])
TT (-1) L[a] n
KnR ————E;————9 Hn(R;R) ~%—> Hn+l(R[T];R[T]) 0

%

Remark 5.f.4. The augmentation map e: R[T] -~ R 1is a left inverse for t and thus

t, 1s a split monomorphism.

Exercise 5.f.5. Derive 5.e from 5.f.3, 4.d and 5.f.4.

Chapter 6. Computations using the Steinberg group.

In this chapter we do computations in low dimensions (< 3) using the Stein-

berg group and Gersten's theorem that K.E = HSSt(E). The section titles are:

3
6.a. Definition of St(E). 0
6.b. Milnor's map KZE/M - KlM' 1
6.c. KM E Ho(E/M;M) 2
6.d. Integral group rings. 3
6.e. A formula for Xyt HZ(G;M) ® KZZ[G] -+ HO(G;M[G]). 4
6.f. The group P(G). 6
6.g. A formula for the map 23 n h3+: H3(G;M) ® HSGL(E[G]) - HO(G;M[G])- 7
6.h. A formula for X4t HB(G;M) @ KBZ[G] - HO(G;M[G]). 8
6.1. The product formula. 9

6.a. Definition of St(E).

If E 1is a ring let St(E) be the group given by generators and relations as
follows. St(E) 1is generated by symbols xij(r) where 1 # j are distinct positive

integers and r ¢ E. The relations among the symbols xij(r) are given as follows.

0) xij(r)xij(s) = xij(r + s)
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1 if i#2 and j # k

]

(1 [xij(r),xki(S)]
(2) [xij(r),xjk(s)] = %, (rs)
Let ¢: St(E) » GL(E) be the homomorphism given by ¢(xij(r)) = eij(r).

In the long exact sequence of the pair (BGL(E)+,BGL(E)) we can make the fol-

lowing identifications functorially. (This follows easily from [2].)

o
¥

™, (BEL(E)™) = m, (BGL(E)*,BGL(E)) » m_ (BOL(E)) » 1 (BGL(E)") » 0

T S

0 K2E St(E) ————= GL(E) KlE > 0
Also K3E = H3St(E) and the isomorphism is given by
K.E = 7, BGL(E)T —=— 7.BSt(E)T —=—— H_ St (E)
3 3 -1 3 Hurewicz 3
D%
In the special case E = Z[G] we shall take the following presentation of St(E).

Generators: xij(u) where i # j are natural numbers and u € G.

Relations: (1) [xij(U)’ka(v)] =1 if i # 2 and J # k.

-1
(I1) [xij(u),xjk(V)]xik(UV) =1

Notation: We usually write xij(—u) for xij(u)_l.

These generators and their inverses will be called elementary operations.

6.b. Milnor's map KZE/M > KlM.

If X 1is a connected space let X(n) represent the n-coskeleton of X, that
is, X~ X(n) is terminal among (n + l)-connected maps. Then we have a fibration:

BSt(E) » BGL(E) - BGL(E)+ . If McC E 1is a square zero ideal we have the following

(2)
square of fibrations.
F2 ——— BM(M) Fl
(1) BSt (E) ——— > BGL(E) ————> BGL(E)+(2)

BSt(E/M) —— > BGL(E/M) ——— BGL(E/M)(Z)
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Here Fl and F2 are the inducated homotopy fibers. Note that F2 is connected

since p,: St(E) » St(E/M) 1is onto. Thus M(M) » ﬂlFl a KlM is onto and the kernel

is the image of the kernel of p,. The long exact homotopy sequence for the herizon-~

tal fibrations look like this:

1
ker p, > M(M) LI KlM 1
L ¢ ]
(2) 1 > K, E > St(E) > GL(E) > K.E 1

2

| ) ’ }

11— KZE/M —> St(E/M) —> GL(E/M) —> KlE/M s ]

}

1

-

Milnor's definition of 3: KZE/M - KlM comes from chasing this diagram as in the snake
lemma. ([12], p.54.) It is easy for any topologist to see that this map is exactly

the negative of the map given by the long exact sequence of the fibration F1 -

+
BGL(E) - BGL(E/M)+ Thus Milnor's map is the negative of the one we are using.

(2) (2)°

6.c. KlM = HO(E/M;M).

Theorem 6.c.1l. Let M < E be a square zero ideal. Then gl(M): KlM - HO(E/M;M) is

an isomorphism.

Corollary 6.c.2, The map gz(M): KM ~ Hl(R;M) is an epimorphism if E=M @R and

2

R 1is projective as a Z -module.

Proof: Let P be a projective R-bimodule which maps onto M and let L be the
kernel of the epimorphism P - M. Considering L as an ideal in P @ R we have a

map of long exact sequences as in 4.c.

is% > K2M KlL KP———mm ...
8, (M)l (-1) lz l:
e > Hl(R;M) _ HO(R;L)  — HO(R;P) ——% G

Here HO(R;L) = HO(M @ R3;L) since M acts trivially oen L. The commutativivy of

this diagram up to sign proves the corollary. 0
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Proof of 6.c.l: Tt is an easy exercise to show that K

lM is isomorphic to HO(E/M;M)
and that t in 6.b.2 is given by the trace. What is not immediate is why gl(M)
gives this isomorphism. So take A ¢ M(M)., Then A ¢ Mk(M) for some finite %k > 3.

We shall use formula 4.b.1.

[a] e C (M 0D; 2Z)
— = ([(a,1,)1,0) e € (GL (B); Z)
4.b.1 -tr A ¢ Cy(E/M3M)
Thus according to ocur sign conventions gl(M)t(A) = —tr A. O

6.d. Integral group rings.

We shall now restrict to the case R = Z[G]. If M is a left G-module then
M[G] = M ® Z [G] 1is given the structure of a Z [G]-bimodule by g(a ® b)h = ga ® gbh,
A natural homomorphism 27: HT(G;M) - H'(Z [G]; M[G]) can be defined as follows.

An element «k ¢ Hr(G;M) is represented by an r-fold extension of left

G-modules:

(*) O+M-3-Er+...—>El+Z+0

Tensoring this with Z[G] we get an r-fold exteénsion of Z[G]-bimodules:

(**) 0+ M[G] ~ Er[G] > oL El[G] + Z[G] » 0

r

~ T
z(c]- zpe] ¢ ZICTMICT) = #7(ZICT;M[GD).

which represents an element .Qr(.c) = k[G] & Ext

Theorem 6.d.1. The map 2t is a homomorphism given at the cochain level by linearly

extending the following formula. (Compare this with 3.g.)
r
() (gy ® ... ®g ) = gpfleys oo g 1@ g8y 08 4y
Proof: TIf f: Cr(G) + M is an r-cochain then Qr(f) is the following composition.
c_zie) —— c_©) o zfc] & nie)

where the chain isomorphism is given by
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8y @« @y T gyleys o8 1 @ gpgy a8y

If f 1is a cocycle representing k then there is a map of chain complexes from the
augmented complex ... > CO(G) + Z to (¥*) above which is f on Cr(G) and 1 on
Z . Tensoring everything with Z[G] and compesing with the chain isomorphism given

above we get a map of chain complexes:

oo C(ZIGY) > .ov > Co(ZIGD) » Z[6] » O

o T
v

0 — M[G] > ... > E[G] — Z[G] » 0

This shows that lr(f) represents k[G]. 0

We shall sometimes dencte the cochaln ,Qr(f) by fQ.

Definition 6.d.2. Let x; be defined by the following composition and let x = X .

"o (G:M) ® K Z[6G] —— HY(zZ[G];M[G]) ® H (Z[6]; Z[6])

Fen
n

> Hy_ (ZICTMIG])

> H___(G3M[G])

where G acts on M[G] by conjugation.

6.e. A formula for Xyt HZ(G;M) @ KZZ[G] - HO(G;M[G]).

An element of HZ(G;M) is represented by a factor set f: G x G » M. We shall
assume that f is normalized which is equivalent to saying that it comes from a trans-
versal which preserves 1. This implies that f(l,g) = f(g,1) = 0 for all g € G.

By 6.d.1 the linearized version f!L: Z[G] & Z[G] » M[G] 1is given by f}l(gl ® gz)

= £(g;,8,) @ g,8,-

Formula 6.e.1. Let x € KZZZ[G] be represented by a product of elementary operations

xl : ... X" € ker ¢ < St(Z[G]). Then

X

k k
x([f]@x)=v2f(r ® u Js,
2 K.p L pik k 3y P



k
where x = x, .
i

(u
kK

Proof: The factor
4.e xz([f] @ x) =
the extension E.

gXMIC])  the sign
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k)’ w € *G and (r:q) = ¢(xl... xk—l) = (ssp)&l-

set f2 determines an extension E = M[G] ®f Z[G]. By theorem
2

ugE(M[G])ax where 3 1s the boundary map KZIZ[G] > KlM[G] for
k
If we use Milnor's formula for 9 and use trace instead of gl(M[G])

will change twice and thus we get

.

XZ([f] @ x) = -tr aMilnorx

Te compute tr 3, . x we chase x around the diagram 6.b.2 as follows.
Milnor
= C
K= By g (ul) & . £ KZZ[G] St (Z [G])
11
+ x. ., (O,uy) .. e St(E)
1,34 1
- e. . (O,u)) ... e GL(E)
1194 1
+ same e M(M[G]) + I
> tr(e1 i (O,ul) cee ey g (O’Un) = I)EiHO(G;M[G])
1°1 nn
where I 1is the identity matrix. To compute this last term we need to following.

Formula 6.e.2. Let

k
x =X (O,u,) €
ikjk k

pg-entry of the mat

n .
X, «.. X be a sequence of elementary cperations of the form

St(E). Let 1y: St(E) -~ GL( Z[G]) be the obvious map. Then the

rix ¢(x1 ...xn) € GL(E) is given by

n
(*) t = () fi(rki ® uk)sg ,rn+l)
O R 2 3,47 pa
where (rE*) = w(xl .. xk-l)
k k+1
(8,4) = ¥(x )
1 1 _ 1
Proof: By Induction on n. Let =n = 1. Then ¢(x) = (0,9(x7)) and tpq = (O,rpq)
for all p, q since fl(l ® ul) = 0.
Now suppose that the formula holds for n. Let xn+l = xab(O,v). Then the
pgq-entry of ¢z(xl ...xn+1) is given by
t if #b
i = Pq 1
e t if q=b

ob + tpa(O,v)
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Using (*) for tpa we see that

+1 n+l

P Kk k
(**) tpa(O,v) = ( kzl fl(rpik & uk)sj v + f (rp ®v),r - v)

Now look at the right hand side of (*). When n increases to n + 1 we acquire one

extra summand (f (r ol ® v)§n+l, 0) where g:Il is the identity matrix. The second
coordinate changes from rgzl to
n+1 P
042 roq if q#b
Pq
rn+1 + rn+1v if q=05
i pb pa
Each s, changes to
qu
k
s, if q#b
?;'C q’ i
k SF + s% v if qgq=0>
SULEE (A
This agrees with the three things in (**) so the formula is proved. |

Formula 6.e.2 can now be used to compute tr(e:.L i (O,ul) cee By j (O,un) - D
1°1 nn
and we get formula 6.e.l. u

- 3 - ; _ .
If a i uk, u € +G, then note that xij(a) TT’xij(uk) is a well-defined

element of St(Z[G]) .

Theorem 6.e.3. Formula 6.e,1 is valid even if the condition u, € *G 1is replaced

k
by the condition u € Z[G] .

Proof: 1If xk = xij(a + b) we shall show that the formula is unchanged when xk is
replaced by xij(a)xij(b). Only one term changes: - E fg(r::i ® (a + b))s?p will

k ’ k k
change to - E fﬂ(rpi @ a)s - z f (r ® b)s where (r**) = (r**)eij(a) and
—k k —-k k -k k
(S**) = Eij(—a)(s**). Thus rpi = rpi and Sjp = Sjp‘ The term has not changed. [

6.f. The group P(G).

Let G be a group. If 2Z is any set let Z[G]<Z> be the free left G-module
generated by the elements of 2Z enclosed in square brackets. If G 1is given by ge-
nerators and relations by G = <X|Y> then an exact sequence of the following kind can

be constructed,



144

Z[G]<Y> > Z[GI<X> 3 > 0

> Z[G] T> Z
2 1

where € 1is the augmentation map, dl is given by dl[x] =x -1 and d2 is given

= : . -1
by dz[xl... xn] = [xl] + xl[xz] + ... +x [xn] with the convention that [x 7]

= —x_l[x]. This is the beginning of a Z[G]-free resplution of Z. The bar constuc-

s I Y5 |

tion is an example of such a resclution where X = G and the elements [xl,xz] of

G2 correspond to the relations (xl)(xz)(xlx2 1. 1.

Proposition 6.f. Let P(G) = ker d and let M be any G-module, Then the follow-

2

ing sequences are exact,

d

(1) 0~ H6 > H (GR(C)) 2 H, (G; Z[G]<Y>)

(2) HomG(Z[G]<Y>;M) —:—> [-Ian(P(G) ;M) - H3(G;M) -~ 0
d
2

Elements of HomG(P(G);M) will be called presentation cocycles. Elements of

P(G) can be represented pictorially [9] but this is not important here.

6.g. A formula for the map 23 N h3+: HB(G;M) ® HBGL(IZ[G]) > HO(G;M[G]).

An element of H3(G;M) can be represented by a normalized 3-cocycle f: G x

G x G- M. This means that f(gl,gz,gS) = 0 if one of the g 's is 1. Let

f£,: Z[G] ® Z[G] ® Z[G] ~ M[G] be the linearization of f given by f (g, ® g, ® g)
.. 4

= f(gl,gz,g3) ® 8188 - Combining formula 1.f.1 for h, and 3.f.1 for the cap

product, the formula for £3 n h3+ at the chain level is as follows.

f® [gl,gz,g3l € C3(G;M) ® cy(or ( Z[G]);Z)
v 0 h]§+ 1 2 3 3
> £, @ Y oy @ T, @y @5, © CT(ZIGMIGD ® C,(Z[6]; 2[6])
a,b,c,d
— (%) Toof ¢l el ®1l)s e C.(Z[G];M[G]) = M[G]
£ ab be cd’ da 0 2
a,b,c,d
1 , . i , 12 3.-1
where r,, are the entries of the matrix g, s,, are the entries of (gg g)

and (-1)° = (-1)F = 1.
The formula (*) can be used to define a map F: C3(GL(Z[G])) -~ M[G] by
F(go[gl,gz,g3]) = (*), 1i.e. ignore go. Since fl N h3+ is a chain map up to sign

the following composition is trivial.
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d
¢, (GL(E)) LY C4(GL(E)) B 4 mrg —= H, (GsM[C))
Consequently we get an induced map FP: P(GL(E)) —+ HO(G;M[G]) where P(GL(E)) 1is the
kernel of dzz CZ(GL(E)) > Cl(GL(E)) and E = Z[G].

Proposition 6.g. FP is the restriction of the additive map FC:

HO(G;M[G]) given on the additive generators of CZ(GL(Z[G]) as follows.

CZ(GL(Z[G])) >

1,2 3.0 _ T 1 . 2 3
(**) Fc(g [g,e 1) =- f (rab ® L ® rcd)s
a,b,c,d

12 3.-1

where 1, are the entries of (g gg’)

. i
% Aare the entries of g~ and s

*k

Proof: Just compute:

0,123 0.1 2

dy(g7lgg e’ = -If (rm ®r  @r

3

d
1.2 3

+Zf£(r ®r rcd®rde oa

1 & r2 r3 )s

be cd de’ " ea

1 2 3

0
st fﬂ (rab @ rbc ® rcd)rdesea

0
- fﬂ(rab dr

= (r cz:d ® rie)sea since f'Q is a cocycle

be

- 1, 2 3 0

= (e & g @ B8 P
1

,Q.
= relet, e e’ 0

6.h. A formula for x.: HO(G;M) @ Ky Z[G] > Hy(GsMIG).

3

Let K3m[G] be identified with H3St (Z[G6]) 1in such a way that the Hurewicz
map KBZZ[G] - HBGL(Z[G]) corresponds to the map in homology induced by ¢. Let f
and fl be as above. We shall derive a formula for the cohomology class Xg =
x4 (L£1,-) & B (St(ZIG]); Hy(GMIG])).

If x ¢ HBSt(Z[G]) then )(3([f],x) = fﬂ n h3+¢*(x) where ¢ is the map on

*
H3 induced by ¢. Thus we will derive a formula for ¢ and then apply the formulas
in 6.f above. We first choose a map of partial resolutions as follows. (Next page)

Here cpo is the ring map induced by ¢, ¢l[x] = [$(x)] if x e XSt’ ¢2[[a,b].] =

[¢(a),4 ()] - [¢(b),4(a)] and ¢2[[a.b]cH1] = [¢(a),6 ()] - [$(c)$(B)] = [¢(bc),d(a)].
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d d
Z[st]<y, > =i z[sr]<x8t> **L*%'Z[St]”~4¢ Z—> 0

- N L

Z[GL]<GL x GL> - Z[GL]<GL> > Z[GL] — Z ——> 0
2 1

One can easily check that this diagram commutes. Let ¢3: P(St) - P(GL) be the map
induced by ¢2 on the kernel of the dz's. The cohomology class Xg is represented
by the presentation cocycle )(1; = FP¢3 which is the restriction to P(St(Z[G])) of
the additive map X:’ = FC¢2: ZZ[St]<YSt> > HO(G;M[G]) given on the additive generators

of ZL[St]<YSt> as follows.

Formula 6.h. (1) xS(tlyD) =0 if y = [y, (W) 3, (V)]

(2) xg(t[[xij(u),xjk(v)]xik(-uv)]) - —-Ef (ry ®u® Vs,

where (r,,) = ¢(t) = (S**)ul.

Proof: (1)  xg(tllxy1]) = F () (600,61 = $(O)[6(x) 4 (0] =

1 2 3 1 3 2
- - = 0
LU (g @y @ r sy, = £y (ry @ rp @r )8y}
since each summand is zero, (Both terms between the braces are zero unless b =c¢ =d

in which case they are still zero since fSl is normalized.)

(2) Xg(t[[xij(U),Xjk(v)]xik(uuv)])
= Folo(t) ey (u),ey (T - ¢(e)ley (uv) e (V)T - ¢ () [eg (Ve (uv) e, (WD)

= 1
= ZfQ(rpi®u®v)skp+O+O

P
where (r**) = ¢(t) and (s;*) = ejk(—v)eij (—u)q‘:(t)_l. But Sl‘cp = Skp where (s**)
= ¢(t)-l since k # i, g

6.1, The product formula.

Let B: 0> Z > Z @ %Z > Z +~ 0 be the short exact sequence of Z[T]-modules

given in 5.f, Let B, be the same sequence considered as a sequence of G x T -

0

modules, G acting trivially. Then take B, = BO[G x T] = 80 @ Z[G x T]. By 5.f.3

0

we have the following anticommuting diagram.
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Kzzz[c] ) > HZ(ZZ[G];R[GI) -

(a) lT <
KBZ{[G x T] h > HB(Z:[G x T]; Z[G x T]) —> HZ(Zé[G x T]; Z[G x TJ])

3 B

0*

2 ;
Suppose that «k € H (GyM). Then « 1is represented by a two-fold extension of
G-modules as follows.

O+M+E2+El+2+0

If N is the kernel of El -+ Z then this breaks up into two short exact sequences:

82.' O+M+E2+N+O

Bi: 0+ N~ E1 +~ Z -+ 0

and we have that « = Bé*Bi*(l). Let Bl, 82 be the same sequences considered as

G x T -modules, the action of T being trivial, This produces the following commu-

tative diagram where g, = B,[G x T] and B8' = B![G].
i i i i
8341
H,(Z[G]; Z[G]) > Hy (Z[G]5M[G])
(b) F* o l?*
B

HZ(ZZ[G < T]3 Z[G x T]) ———— H,(Z[G x TIsM[G x T])

Combine the two diagrams (a) and (b) and we get a larger diagram which produces

the following equation for any x ¢ KZSE[G].

(c) tyB3uB]ahp () = -B,,B B0 bt (x)

This can be rewritten as follows.

Formula 6.1i. E;XZ(K;X) = -X3([Z] X k,T(x))

n,n

where [z] 4is the generator of Hl(T; Z) given in 5.f and " is the exterior

product in group cohomology.

Proof: By definition of X, we have f*)(z(lc,x) = T:.*(QZ(K) n hz(x)) =
?;(zz(sé*si*(l)) 0 hy (1)) = £83"BI% (1 N hy(x)) = B3 BI*, (%) = =B, B, By hat(X) =
BBy aBox (L N BT (0) = 27 (8,%6, %8 * (1) N byt () = ~x,(B,*6,*8 % (1),h,7(x)). Thus

we need only show that 82*81*60*(1) =k x [z]. But B *s ¥ ig cup product with

271
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k x 1 and 80*(1) =1x [z]. |

Chapter 7. The algebraic counterexample.

Any nonzero element of Whl+(G;A) = HO(G;A[G])/HO(G;A) which is in the image
of HS(G;A) ® K3Z[G] under the map x3+ = PX, where p 1is the projection of
HO(G;A[G]) onto Whl+(G;A) is a counterexample to the original statement of Hatcher
and Wagoner. In 7.a we give an example due to R.K. Dennis of a nontrivial element
in the image of x2+ and in 7.b we use the product formula for hIl to get an ex-

ample for X3+-

7.a. The example in KZZ[G].

Let p be an odd integer > 3. Let G = Zp X Zp = <X,y xp,yp,[x,y]>. Let
A= I\ZG = zzp considered as a left G-module with the trivial action. Let f: G x G
+ A be the factor set given by f(a,b) =a A b. Then f represents a cohomology
class k = [f] € HZ(G;A). Let a=x(y-1) e Z[G] and b=1+y + y2 + ...+ Yp—l
e Z[G]. Then ab = 0 and so [elz(a),eZl(b)] =1 in GL(Z[G]) . Consequently
[xlz(a),x21(b)] e ker ¢ = K2 Z[G].
+ A
Theorem 7.a. Xy ([f],[xlz(a),XZl(b)]) # 0, In fact it is equal to Ziilg ® xy
where g = x Ay 1s the generator of I\ZG.

Proof: We use theorem 6.e.3 to compute xz([f],xlz(a)x21(b)x12(-a)x21(~b)). The

formula gives this as the sum of the following four terms.

1 1
(1) - I fl(rql @ a.)szq =0
q
2) -3 F (rl @b)s? = -f (@®b) = ~F ((xy - 1) ®(L+y+ ... +y°P 1)) =
. L q2 1q L '3
P i ; P P 3 . .
+ + + i+l
P, ey T - Gy ey)] = I AY D @y - (xAY) @xy ]
i=1 iel
= I (xAy) ®xy T
i=1 =
(3 -rf (2 ®a)sd = -f(bea) = ~f,(a®b) = I (xAy) ®xy
q L ql 2q L 2 i=1
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4 b _
(4) - i fR(rqz ® (--b))s1q =0
3 i+l : ¥+
Thus XZ([f]’[le(a)’XZI(b)]) =2 % (xNy)®xy # 0 in Whl (G3A). O

i=1

The element [le(a)’XZl(b)] is also denoted by <a,b>.

7.b. An example in K3[G x TJ.

+

Let E; be the map induced by E; as indicated in the following diagram.

Hy (G;A) ————> H(G;A[6]) —— Wh1+(G;A) -0

. - -+
5 by Ty,
v

Hy(G x T;A) —> Hy(6 x T3A[G x T]) —> Whl+(G x T3A) » 0

Then by formula 6.1 we have

+ -+ +
1) Xy ([2] X k1 (X)) = =t %,y (K,%)
This formula together with 7.a gives the following.
(2) X3+([Z] x [£],{t}<a,b>) =2 £ (xAy) @xyt

i=1

Another version of this example is as follows. Let G =7Z x Z X Zp and let

1% P
E3 £ H3(G; ZP) be the third exterior power of the generator E ¢ Hl(EP; le ). If

>

P .

p 1is odd and > 3 then X3+(g3,<a,b>.{z}) «2 % xyze z, [e]/ z 1] = Wh1+(G;Zp).
i=1

By applying symmetries the image of X3+(53,') is seen to be very large.

Chapter 8.,  Application to pseudoisotopies.

8.a. Introduction.

Let M be a compact smooth (Cm) manifold of dimension > 6. Let G = wlM and

A= sz and let x = kl(M) € HB(G;A) be the first Postnikov invariant of M, Let

CM) = Diff M x T rel Mx 0U 3M x 0) be the pseudoisotopy space of M. What Hatcher

and Wagoner actually proved in [3] is the following.
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Theorem 8.a.1l. (Hatcher-Wagoner) There is a natural exact sequence as follows.

J, + 3
Whl+(G;A) ® Wh1+(G; z,) sk T2 m ,C (M) 2, Wh, (G) + O

Furthermore if the first Postnikov invariant of M is trivial and a section o: M

€Y

of the fibration BZA - M = BG 1is chosen then a retraction

@ 7 M
is obtained. Here Wh,(6) = KZZZ[G]/TTZBM(G)-'—.

- M(Z)

+ .
Oyt ﬂOC(M) - Whl (G;A) of Jl

In this chapter we shall examine Hatcher's construction of O (as explained
in [5] and in perscnal communications to the author.) We shall see exactly where the
assumption that kl(M) = 0 1is used. Furthermore we shall see shat happens when

K = kl(M) is nonzero. This is the purpose of the entire paper. We shall prove:

Theorem 8.a.2. There is a natural exact sequence as follows.

+
Xqo (k5=) + X
K, Z[G] 3 & Whl+(G;A) @ wnl*(c;; Z.,) = I ™ oC ) oy Wh, (G) + O

where K3 Z[G] - Wh1+(G; 22) is the Grassmann invariant.

XG‘-
Strictly speaking the Grassmann invariant [9] comes first in logical order since
it depends only on G = wlM. However the reader should have no trouble following the

arguments here without knowledge of the Grassmann invariant.

We shall also investigate to what extent the map o, depends on the choice of

o: M(l) - M(Z) and we shall prove:

Theorem 8.a.3. Suppose that 01,02: M(l) > M(Z) are two sections of the map M(Z) -
2

M(l) and suppose that cl and 02 differ by the difference class v e H (G;A). Then

the retractions 01*: WOC(M) > Whl+(G;A) differ by the function XZWh(U,X(')) where
Wh 2 + + .
Xy H (G3A) ®© th(c) - Whl (G;A) 1is the map induced by Xo using 1l.g.5.

Here is the outline of the rest of this chapter:

8.b. Review of Cerf theory. 1
5 2 2

8 The section o: BG™ » X,

8.d. Choices needed to define ouy: m C(M) » Whl+(G;A). 3

8.e. Definition of c*(ft,vt,c). 5

8..£. 0*(ft,vt,c) is independent of the choice of c. 8
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8.g. Invariance of U*(ft,vt) under lens-shaped homotopies of (ft,vt). 10
8.h. The difference obstruction. 11
8.1i. Proof of the main theorem. 15
8.1, 04 mCOD > Wh T(G3A)  is well-defined. 16

8.b. Review of Cerf theory.

In this section we review briefly the function theory approach to pseudoisoto-
pies. This is often called "Cerf theory" after its originator [l] although many good
ideas were added in [3].

If M is a compact smooth manifold and I = [0,1], 1let F(M) denote the space
of all smooth maps M x T » I which agree with the projection map in a neighborhood
of 3(M x I). Let E(M) denote the subspace of F(M) consisting of functions with-
out critical points. When these spaces are equipped with the weak topology [7] F(M)
is contractible and EM) = C(M). Thus wOC(M) = nl(F(M),E(M)). Consequently an ele-
ment of WOC(M) is represented by a one-parameter family of functions ft: MxTI-»T1,
t € I. And [ft] =0 in nOC(M) if there is an admissible deformation of ft which
eliminates all the singularities.

Using jet transversality one sees the following. Transversality of the first
derivative to 0 implies that the singular set is a smooth 1l-manifold. Transversa-
lity of the second derivative to the stratification of the set of n x n matrices
according to rank says that the singular points are all nondegenerate except for a
finite number of cancellation (birth-death) points.

It is shown in [4] that ft can be deformed do that all critical points lie in

the two middle indices i and i +1 where 1 = [m/2] if m = dim M > 6. To study

ft further we must choose a gradient-like vector field v for ft. This means that
Vi = —grad ft with respect to some metric on M x I which varies with t. We shall
assume that —vt(x) is the standard unit vector (0,1) in the I direction if =x

is near 3(M x I).

If the trajectory of v, goes from a Morse critical point of index a down to

a Morse point of index b we shall call this trajectory an a/b intersection. Cerf

showed that trajectories leading up and down from birth-death points can be made dis-
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joint from all other critical points. Transversality shows that there are no 1i/i+l
intersections, there are only a finite number of i+l/i+l intersections (these are

called handle additions) and for a fixed t there are only a finite number of i+1/1

intersections called incidence points. There are alsc 1/i handle additions but these

can be eliminated by sliding them up to i+l/i+l handle additions.

If x e Mx I is a Morse point of ft then the stable sphere of x 1is the
collection of all trajectories of ¥ leading away from x. The stable sphere of x
can be equipped with a topology and a smooth structure in an obvicus way so that it
forms a sphere of dimension one less than the index of x. Similarly the unstable
sphere of s 1is the collection of all trajectories of Ve leading into x.

Suppose now that (ft,vt) has no handle additions. Then an element of Whl+
Whl+(G;A‘@ Z%)) can be associated to (ft,vt) in the following way. The condition
of no handle additions implies that each critical point set component § of ft has
exactly two degenerate critical points, one birth and one death point. Also S is

null homotopic in X =M x T x I, The incidence points between the upper and lower

index Morse point arcs in S form a framed l-manifold J (the framing is explained

S
in [9] and is not important in this paper) and a choice of null homotopies of §
S1 sl Sl
in X produces a map Jg > X which sends J, to X, = the component of X
1 1
f S S
containing the trivial loop. Summing over all S we get an element of er(X X5 )

= Whl+(G;A @ Zz). Ignoring the framing of J_, we get an element of Whl+(G;A). It

S
is easy to see that this is an invariant of (ft,vt) independent of the choice of
null homotopies of S in X, It is also easy to see that any element of Wh1+(G;A @
22 ) 1is the invariant of scme family (ft’vt) without handle additions. Alsc any
two such families with the same Whl+(G;A @ 22) invariant represent the same element
of wOC(M). This is the definition of the map jl + j2 in 8.a.1. Given o: BG2 - X
we shall show how the Wh1+(G;A) summand of this invariant can be extended to more

general families thus resulting in a map o WOC(M) - Whl+(G;A).

*:

8.c. The section o: BG2 + X.

Take X =M x I x I as before and consider the cannonical map p: X ~ X(l) &

BG of X into its 1l-coskeleton. Let BG be the standard CW-complex corresponding


ollis
Sticky Note
what is X^(S^1)?
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to the normalized bar construction for G. Then there exists a homotopy right inverse

o BGZ + X of p over the 2-skeleton BG2 of BG. If ¢ 1is extendable to BG3

then the composition BG2 »> X > X is uniquely extendable to BG <{up to homotopy.)

(2)

And conversely any map BG -+ X which induces the identity on is homotopic to

(2) 1

2
a map derived in this way. The specification of the map o: BG -+ X 1is equivalent to

making the following choices.

(L Choose a base point % ¢ X.

(2) For each u € G choose a loop ol(u): (Al,a) + (X,%) representing u e nlx.
Take 01(1) to be the trivial loop.

(3) For every pair u, v € G choose a map Uz(u,v): AZ + X whose faces are dO =
ol(u), d1 = ol(uv) and dz = ol(v). Let oz(u,l) = ol(u)sO and 02(1,v) =
ol(v)sl where sj: Az -+ Al is the j-th degeneracy map.

Now consider a generic one-parameter family of functions ft: MxI-1I, telI,
together with a gradient-like vector field Ve We shall assume that (ft,vt) is a

lens-shaped family which means that it satisfies the following three conditioms.

(a) ft has critical points dnly in the middle two indices i, i + 1, i = [dim M/2].

(b) (ft,vt) has only i+l/i+1 handle additions, i.e., it has no 1i/i handle ad-
ditions.

{c) The third condition will be explained later.

Given any triple (o,ft,vt) where c: BG2 -~ X 1is extendable to BG3 and (ft,vt)

is a lens-shaped family we shall associate an element of Wh1+(G;A). Since every ele-
ment of WOC(M) is represented by a lens-shaped family we will get a map o,: WOC(M)
> Whl+(G;A). The argument will be to make more choices which we will call "c¢" and
then to define 0*(ft,vt,c) and show that it is independent of the choice of «c.

8.d. Cholices needed to define Oyt wOC(M) - Whl+(G;A).

To define U*(ft,vt) we must make the following choices.

(1) Choose a path from each birth peint to the base point * e X.
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(2) Number the birth points 1, 2, ... , k.
2
(3) Choose an orientation for the negative eigenspace of D (ft)x at each Morse
point (x,t) € (M x I) x I. These orientations should vary continucusly along

a path of Morse points.

With these choices we may define an incidence matrix r(t) = (rpq(t)) € GLk(Z[G])
GLk(Z[G]) for all but a finite number of critical t's in I. For each critical t
we may assoclate an elementary operation x(t) = qu(u), u ¢ ¥G, which has the pro-
perty that r{(t +¢) = r(t - e)epq(u) for small € > 0. We may perform the choices
in (3) so that r(0) is the identity matrix. We will also assume that r(l) is

the identity matrix. This is the third condition for (ft,vt) to be lens-shaped.

Let B <ty <.l < tn represent the critical t's. Then the condition r(l) = Ik
implies that the product x(tl) ...x(tn) considered as an element of St(Z[G]) 1is
in the kernel of the map ¢: St(Z [G]) >~ GL(Z [G]) and thus represents an element of
K, Z[G]. The image of this element in Why(G) 1s -1 ([£]).  The lens-shaped

assumption also implies that we can make the following choice.

(4) Choose a path +vy(z) from each critical point 2z to the base point of X so
that vy(z) varies continuously with z and agrees with choice (1) when =z

is a birth point.

Let t be a critical parameter value with x(tj) = qu(su), e =1, ue G.

|
This means that a trajectory gj of the vector field Ve goes from zq down to zp
|
where z is the s-th upper index Morse point. It also implies that

u = [Y(zp)EjY(zq)'l].

(3 Choose a homotopy from Y(zp)gjy(zq) 1 to ol(u), or equivalently choose a

-1 -1 -1
homot from y(z o t -4 .
opy fro EJY( q) 1(U) o v( p)

Let c¢ represent the choices (1) - (5) above. We shall define O*(ft,vt,c)
€ Whl+(G;A) and we shall show that it does not depend on the choice of ¢ assuming
that o 1s extendable to BG3. Under the same assumption we show that U*(ft,vt) is
invariant under homotopies of ft and L Our detailed proof will also show what

i 3
happens when o is not extendable to BG™.
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8.e. Definition of 0*(ft,vt,c).

We may assume that all birth points occur at the same t-coordinate, say a,
and that all death points occur at the t-coordinate b. Let yp denote the p-th
lower index Morse point of ft’ t £ (a,b). The unstable sphere of yp will be called

the p-th unstable sphere. Taking the union over all t e I' = [a + 8, b - §] where

§ > 0 1is infinitesmal we get a 1-parameter family of spheres which we call the p-th

unstable cylinder. This cylinder will be identified with s’;"l x I' =8 1" x p
8™t x 1" x {1,2, ... ,k}.
Let Jpq < ngl x I' be the closure of the set of all trajectories going from

zq down to yp. These are the pg-incidence points. By transversality Jpq is a
compact l-manifold with boundary, the boundary being a finite set of points with

= where t, =a + 6§, ¢t =b -8

t-coordinates equal to one of t 17 "**° b

o’ t 0

and the other tj's are as before. Let Jpq be the set of all points in Jpq with

t-coordinate equal to tD’ cee tn+1. By transversality we may assume that Jpq is
a finite set.
For x e Jpq - 6Jpq let u(x) € G be the homotopy class u(x) = [y(yp)a(x)

-1
Y(Zq) ]. If x is not a critical point of the projection map Jpq + I'" then there

is a sign e(x) = *1 such that x contributes the monomial e(x)u(x) to the pg-
entry of the incidence matrix r(x) = r(t(x)) where t(x) is the I'-coordinate of
x. If we interpret e(x) as an orientation for Jpq - 6Jpq by associating the tan-
gent vector e(x)dt to x we get an orientation which varies continuously on all of
J - 8J .

Pq Pq

Let up(x) ¢ Z[G] be the qp-entry of the matrix s(x) = r(x)nl. If we G
let up{x,w) be the coefficient of w in u(x)u(x), 1i.e.,
u{x)u(x) = T ou(x,ww.
we G

Also let QWX be the w-component of NX. Define a continuocus function Y. g =

Pqd
GJpq -+ QWX for each w € G by the following equation.

) = ¥y ey (2) o (0) oy () = Yo, ()

Now consider Jpq - GJpq as a disjoint union of open intervals and compactify
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it to get a disjoint union of closed intervals (attach a point at each end.) Call

this compactification Jpq' If xe¢ GJpq there are at most two points in Jpq cor-

responding to x. These will be called X s Xp where X is the limit in qu of

points in J x from the left t-values) and

pq
X is the right limit.

- 6Jpq converging to (i.e., smaller

; \'4 : ;
Note that the functions g, ¥ extend uniquely to continuous

function on all of Jpq and thus induce continuous functions on J Also the local-

extend uniquely to locally constant functions on qu.
1

~ iz +
Since A[G] = HI(QX) maps onto HO(G;A[G]) = Hl(XS ) which maps onto Whl (G;A)

ly constant functicns r, s, p

we may define U*(ft,vt,c) as the image in Whl+(G;A) of the homology class in
1
Hl(XS ) given by

(*) D5, E”

where the summation runs over all w in G, all components of qu and all p, q.

The maps ¥ are derived from y¥ as follows.

be the mapping cylinder of the inclusion map 3J - J . Thus T
Pq Pq Pd P4

The map ¥V¥. 3
Pq

The extension will be defined

Let J

is equal to qu with an interval adjoined to each boundary point.

-+ 0 X,
P4 w

by choosing a homotopy H{x,w) from Ww(x) to cl(w) for each x ¢ 33p

> wa will be an extension of the map W g

&

We divide the elements of GJpq into three classes. First there are the points

X € GJpq which lie in the interior of Jp To each of these points is associated the
left and right limits X Xy £ aipq' These interior points have t-coordinate equal
to one of the critical values tj for 1<} < n. The second class of points in GJpq
are those that occur at t = t, and = tn+l‘ These will be called end points. The
remaining points of ¢&J lie in the third class. These will be called the T-points.
Let x € 6Jpq be an interior point and take w ¢ G. Then the homotopy H{x,w)

= H(XL,W) = H(XR,W)

(1
(2)

¥ (x)

Suppose that x

q # a then Hx) = wlxy)

occurs at the critical

and thus the choice in

is chosen as follows.

Choose a null homotopy of the loop Wl(x) = Y(yp)E(x)y(zq)'lol(u(x))ml.
For each w ¢ G multiply this homotopy by vl(w). This gives a homotopy from

to ol(w). Let this be H(x,w).

t-value tj and x(tj) = xab(sv). If

above does not affect the

(€8]
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homology class of (*). If q =a then x ¢ GJpa < Sg_l x I' 1is equal to a T-point
v € Gpr. The points x and y are related by the equation E(y) = E(x)gt as in-
|
dicated in the following drawings.
b
gm-1
P X=y
J ’» J
pa pa
& {
J
b
| P
M, I'
J
z
b
v(z)
v,

(4) E(y) = E(E

J

Let H(y,w) be the composition of the following homotopies.

(5) ¥ (y)

YOy )T () o, () o, (o)

i)

Y(YP)E (x) EyY (z, )—lol(u(x)v)_lcl(w)

QR

YOy IEGOE 1 (2) oy (9 oy (w(x))oy ()

Y(YP)E(X)Y(Za)Alcl(u(X))“lcl(w)

™R

[t

cl(w) (by H(x,w))

where o 1s the inverse of the homotopy Uz(u(x),v) and B is the homotopy given in
8.d.5. These two homotopies do not depend on the choice of H. Since u(y) = u(x)v
and u(xL) = u(xR) + evu(y) we have u(xL,w) = u(xR,w) + eu(y,w) for all w e G.
This implies that the sum (%) is independent of the choice of H(x,w). (The sign

€ 1is taken care of by the orientation of J_ .)

Pd

All T-points are derived in the above manner and all end points are irrelevant
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as we shall now show. If x € Squ is an end point we must have p = q, u(x) =1,
r(x) = L. s(x) = L and p(x) = 1. Thus p(x,w) =0 forall w# 1 in G. 1In
the homology class (*) these points and their components in Jpq are irrelevant

since they lie in the kernel of the map HO(G;A[G]) > Whl+(G;A). This completes the

definition of o*(ft,vt,c).

8.f. 0*(ft,vt,c) is independent of the choice of c.

Lemma 8.f.1, U*(ft,vt,c) is independent of the choice made in 8.d.5.

I

Proof: Let j be fixed and suppose that x(tj) xab(sv). Suppose that the homotopy
in B8.d.5> is altered by the element o € A = 7,X. Then the cnly thing that changes
in the definition of U*(ft’vt’c) is the homotopy R in 8.e.5. This changes by
u(x)*a € A. This means that the homology class 8.e(*) changes by (-l)ise(x)u(y,w)

u(x)*ac ® w for each x ¢ J*a at t =t, and each w ¢ G. The total change can be

computed as follows where the summation i1s over all x e J*a and all w e G.

DT ey, Wu - © w
KW

= {-15* ) e Oy, W)V Lo @ uly) Lwu(x)v (conjugation by u(y) = u(x)v)
KW

= -1 T evla @ [e@uty,wuy) ulx) v
X, W

= (-l)lsv—l'a @[ I e(x)u{yIu(x)]lv (by definition of wu(y,w))

p xeld

pa

— — i "l. ‘. - =
= (-1) ev “r0 @ [Esbprpajv (since u{y) = pr and rpa T e(x)u(x))

p xelJ

pa

= 0 (since s = 1--l and a # b) 4d

Lemma 8.f.2, U*(ft,vt,c) is independent of the choices made in 8.d.1 and 8.d.4

provided that o¢ 1is extendable to BG3.

Proof: Note first that in 8.e we did not use vy(z) for =z in a neighborhood of
the birth-death points. So suppose y' 1is another choice of paths homotopic te v

on the set of Morse points of ft' This homotopy composed with the homotopy 8.d.5

gives a homotopy from Y’(zp)EjY'(zq)-l to cl(u). Using this choice of 8.d.5 the
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homology class 8.e(*) is the same as before.
Now suppose that +vy' differs from <y on the p-th component by up e G. By
the comments in the previous paragraph we may assume that Y’(zq) = Ol(uq)y(zq) and

' ) = o, {u) ). Thus for every x we have
Y (yp Ay Y(YP y

-1
' =
rpq(x) uprpq(x)uq

_ _ =L _ -1
u(x) = sqp(x) uqsqp(x)up uqu(x)up
u(x)' = upu(x)uq

u(x)'u(x)' = upu(X)UCX)up_l = iu(X.W)uPWUP-

u(x,w)' = u(x,uPleuP)
W, . -1 -1 -1.-1
(3 Yo(x)' = cl(up)Y(yp)a(X)Y(Zq) ol(uq) 61(UPU(x)uq ) cl(w)

We shall show that if u(x,w)'[?ﬁi(x)'] (with x wvarying in some component of jéq)
is one term in the new homology class then it is equal to the term in the original
class given by u(x,g)up[Ef!(x)]up_l where w = up_lwup. Thus the invariant will be
unchanged in Whl+(G;A).

The homology class up[?ﬁl(x)]up-l is represented by the loop cl(up)w1£(x)

ol(up)-l. This loop contains the path
@ oY 00 ()™ = o) )V EGY(E) o (wl) oy @y @)

together with homotopies of this path (when x ¢ aqu) to the path cl(up)gl(ﬂ)gl(up)'l.
To find these homotopies first choose a null homotopy of Wl(x) = Y(yp)g(x)y(zq)-l
Ul(u(x))—l for each x ¢ ijq as in 8.e.l. This gives rise to the following null

1
homotopy of ¥ (x)' for the same boundary point x.

- o) e i
Ul(up)y(yp)a(x)Y(zq) ol(uq) Ul(upu(x)uq )
(5 = o (u )Yy DEY(E ) o () e (w7t
1°p P q 1 1p
= Ul(up)ﬁl(up)—l (by the null homotopy of Wl(x))

= 0

1,-1

where the homotopy ¢{5) is given by the homotopy ol(uq)_lol(upu(x)uq- )]
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-1 -1 . .
Ol(u(x)) ol(up) given uniquely up to homotopy by Oge

In this paragraph we shall prove that u(x,w)'[¥" (x)'] = U(X.ﬂ)uP[ETE(X)]up“l
in the case in which both boundary peints are interior in Jpq' For this we choose

any homotopy from olﬁi) =g
=i

l(up‘lwup) to Ul(up)—ldl(w)ol(up). This gives a homotopy

of o,(u Yo, (o, (u) to o,(w). Using this homotopy we may deform the loop
| R A !
Ul(up)ﬁji(x)cl(up)_l in XS to the following new loop. The path (4) 1is changed
to the path cl(up)Y(Yp)g(x)Y(zq)_lol(u(x))-lol(up)_lol(w). The boundary points have
& -1
the homotopies to Ul(w) given by first contracting Wl(x) = Y(YP)E(X)Y(Zq) 1cl(u(x))

and then cancelling Gl(up)ol(up) . This new loop is homotopic to the loop Eﬂi(x)'

in the following way. Along the path Ww(x)' perform the homotopy used in (5) above.

oy (u )y (v DECOY(z ) oy ) ™ho (w utmu, TH o, (o)

= oy (u)Y)EY () o () ho () he ).

This extends to the boundary points in an obvious way thus concluding our proof for
interior points.

We now consider the T-points. Given the choices 8.d.5 for y we can nmake

-1 -1
. . ) ' o
the following choices of homotopies for v Ul(ua)y(za)gjy(zb) ol(ub)
-1 =1 ; ; 5

Ul(ua)ﬁl(u)dl(ub) = Ol(uauub ). The last homotopy is given uniquely up to homotopy

by o, because of the existence of o Examining the two loops @Wﬂ(y)' and

2 3°
(51(upﬁ'ﬂ(y)ol(up)"l we see that o, gives a homotopy between them:

1 = = =1l.=
() = oy ()T EEY () oy () oy (u ulyu T ey (o)
w -1 1 5 -1 -1
vl(uP)V~(y)vl(uP) = vl(uP)Y(yp)E(y)Y(zb) cl(u(y)) ol(up wup)dl(uP) O
Lemma 8.f.6. 0*(ft,vt,c) is independent of the choices made in 8.d.2 and 8.d.3.

Proof: A change in the numbering (8.d.2) or the orientations (8.d.3) has no affect
on the geometric choices (the paths and the homotopies.) The only things that change
are the matrices which change by conjugation. This has no affect on the homology

class 8.e(*). 0
We have proved the following.

Theorem 8.f.7. If o 1is extendable to BG3 then 0*(ft,vt,c) is independent of c¢.[J
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8.g. The difference obstruction.

In this section we shall consider ft and vt to be fixed and consider how

U*(ft,vt) varies with the choice of o. Thus let o, o': BG3 + X be two map which

induce the identity map on w_,. Since o and o¢' are homotopic when restricted to

1

BGl we may assume that they are actually equal on BGl. Thus the choices in 8.c.1l

and 8.c.2 are uniquely chosen and two choices oy and ¢,' are given for the map

2

o, of B8.c.3. Using the standard construction of the difference cochain, the maps o

2 2

and 02' produce a map Uz' = Gy ™ T(u,v): S2 + X for every pair u, v in G such
that the heomotopy class h{u,v) = [t(u,v)] € A = WZX gives a normalized factor set
h: Gx G+ A, Let h : Z[G] ® Z[G] » A[G] represent the corresponding linear fac-

2

tor set.
Theorem 8 G, (f ,v.) -~ o, (f ,v ) = Wh([h] A(E ,v. )
‘___—'g_' %* t’ t o, t’ t xz b t’ t

Proof: Let c¢ represent the choices 8.d.1 -~ 5 for o. Then c¢ 1is also a suitable

set of choices for o' since o,' = o.. The only difference between c*(ft,vt,c)

1 1

and o, '(f _,v_,c) lies in the homotopy 8.e.5. which changes by h(u(x),v). There-
* t

t
fore the change in the homology class 8.e(*) 1is given as follows where the summation

is over all x ¢ Jag? all we 6 and j =1, 2, ... , n. {Note that a, b, e, v

depend on j since x(tj) = xab(sv).)

DT eeouly,whulx), v

X,W,

- GDT T b E@u @ evuly,wv o
X,W, ]

= -nt E_hg’(e(x)u(x) ® ev)sbp
X,

- i

= -1 ‘2 By (x, @ evdsy
JsP

= Oy, co e D

= xS ™mIaLED.

We used formula 6.e.l and the fact that x(tl)..- x(tn) = (-l)i+ll[ft]A U

This completes the proof of 8.a.3 modulo the invariance of c*(ft,vt).
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8.h. Invariance of U*(ft,vt) under lens-shaped homotopies of (ft,vt).

A lens-shaped homotopy of (ft,vt) will mean a two parameter family of func-

tions and gradient-like vector fields (f oV ) satisfying the following conditions.

t ts

(0) There is a finite set S < int I such that if S is a fixed element of I - §
then (f aV ) 1is a lens shaped family.
ts ts
0 0
If SO is a critical value of s

four things happens at s

, 1i.e., an element of § then one of the following

( < <= ¢ )

0

(&N A component of the critical set of ftS is either cancelled or created as s
goes from 8g ~ € to S + €.

(2) A pair of consecutive handle additions of the form xab(v) and xab(—v) is
either cancelled or created as the value of s passes sy

(3) Two commuting handle additions pass each other.

(4) Two noncommuting handle additions of the form xab(u) and xbc(v) pass each

cther and a third handle addition xac(uv) is either created or destroyed de-

pending on which of the two original handle additions started on the left.

Theorem 8.h.5. If o: BG2 + X is fixed and extendable to BG3 and if (f_ ,v

ts ts) =

a lens-shaped homotopy then o*(fto,vto) = 0*(ft1’vtl)'

Proof: The proof is by case by case analysis. It is not difficult to see that

U*(f ,vts) does not change as s varles between two consecutive elements of S. We

ts

will show that U*(fts’vts) does not change at any of the four types of critical va-

lues of s.

In case (1) the value of c*(fts,v ) does not change because a lens-shaped

ts
critical point set component on the verge of being cancelled will have only incidence
points x with u(x) = 1,

In case (2) it can be seen that the Wh1+(G;A) invariant does not change if
the choices 8.d.5 for the two consecutive handle additions xab(v) and xab(—v)

are chosen compatibly. The interesting part of the verification of this case is 1l1-

lustrated in 8.h.6. The line segment AD 1is broken at the two points X and X,
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~1

Figure 8.h.6. These are subsets of the unstable cylinder Sz x I' before and after

the deformations of cases 2, 3, 4. The Greek letters indicate values of e(x)u(x,w).

Before (s < so) After (s > so)
A
J ! | 2 ]') J J f‘ P J
pa ' o a+B o | pa pa ! a I pa
Case 2:
B R
| |
pr I B 1 pr
: ¢ Top B g
A X x D
J ! 1 z O J
pa | a a+B a+B-y T “pa pa
Case 3:
B Y
Jpc
pr B C
A
J | xl J]E xl P
pa | I aHB-y | pa
Case 4:
o
J
pc pr pr
A D
! l
All cases (s = sO):
B C

W

The function ¥" 1is continuous on AD but ¥ is given by taking paths from Ww(xl)

and Ww(xz) to Ul(w). The paths are identical for the right and left limits at both
points so the o contribution to the invariant 8.e{*) is not changed by the defor-

mation. The function ¥" is not continuous on the path Bx,x,C but the compatible

152
choice of 8.d.5 implies that the composition of the three loops qu(component of B),

xlxz), ng(component of C) is homotopic to the loop awq(component of B and

C) 1in the "after" picture. Thus the B contribution does not change.

B¢
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In case (3) the Wh1+(G;A) invariant does not change if the choices 8.d.5
for the two commuting homotopies are chosen in such a way that they vary continuously
with the deformation parameter s. The verification is trivial except when the two
handle additions are of the form xab(u) and xac(v). This case is illustrated in
8.h.6.3 above. The o contribution to 8.e(*) is unchanged by the deformation for
the same reason as in case (2). The B and vy contributions are unchanged by the
continuous choice of 8.d.5,

Case (4) 1is the final and most important case. This is the only part of the
proof which requires the assumption that o be extendable to BG3. Suppose that the

two handle additions are (u) on the left and xbc(v) on the right (i.e., the

*ab
latter has a larger t-value.) When they cross the handle addition xac(uv) is cre-
ated. Let the homotopies in 8.d.5 for the handle additions xab(u) and xbc(v) be
chosen continuously with respect to s and let them be dencted by Hl and Hz. Then
all the contributions to the sum 8.e(*) are unchanged by the deformation except for
those involving the new handle addition xac(uv). This situation is illustrated in
8.h.6.4,

One choice of 8.d.5 for the new handle addition can be given as follows. Let
El’ Ez and 53 = Elgz be the trajectories corresponding to the handle additions
xabCU), be(V). xac(uv) respectively, Take a homotopy from y(za)E3Y(zc)"l to

ol(uv) as follows. (See also figure 8.h.7.)

¥z ey ) = g e )T
* y(z)E v(z) o (0 (by H,)
= o0 (o (V) (by H)
* oy (uv) (by o,(u,v))

Look now at figure 8.h.6.4. The o contribution to 8.e(*) is unchanged for
the reason given in case (2). The vy contribution is unchanged by continuity of the

choice of Hl. Thus the B contribution is the only thing that might change, In the

"before" picture of B8.h.6.4 the R contribution is BXZXID‘ In the "after" picture

it is Bx3xlD. We will use the notation Yy Va0 Yg to indicate X1 Xys Xg consi~

dered as limit points of J J 5 J respectively. By continuity we then have the

pb’ “pe’ Tpe

. o . _ - - - d
following equalities at s Spf Xy T Xgs Xy = ¥i5 ¥y = Vg E(yl) E(xl)El an
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Figure 8.h.7. * YEZC)
cl(V) (H,) Ez‘r
Y(Zb)
Gl(uV)r (Uz(u,V)) < . £
‘f
Ul(u) (Hl) £y
Y(Za)

E(Yz) = E(Xl)53 = E(xl)ﬁliz = E(Yl)iz-

We now examine the 'before" picture. Let x = u(xl) and choose a homotopy H
from Y(yp)g(xl)y(za)_l to Gl(x). We also use HO to indicate the corresponding
null homotopy of ?]'(xl) = Y(yp)E(xl)y(za)nlcl(x)-l. This gives a homotopy
from ng(xl) =¥ (xl)ol(w) to cl(w) for any w € G, thus connecting EWJ(;IE)
to Ul(w) in the prescribed way.

The prescribed method (8.e.5) of connecting Ww(yl) to Ul(w) is given by

taking the following null homotopy of Wl(yl). (See figure 8.h.8.)

Yy = v e Y () e G

- Ytyp)z<xl)sly<zb)‘lolcxu)‘1

= Y(YP)E(Xl)ElY(Zb)—ldl(u)—lﬁl(x)_l (by o,(x,u))
= YR o 07 by H))
o * (by HO)

This will be taken as the null homotopy of Wl(xz) = Tl(yl)-

The prescribed method of connecting Ww(yz) to Ol(w) is given by taking the
null homotopy of Wl(yz) = Y(yp)E(xl)Elng(zc)—lol(XUV)‘l given by HO, Hl, HZ and
Uz(x,u), Oz(xu,v) which represent the back faces of the tetrahedron in 8.h.8. 1In
the "after" picture the null homotopy of Wl(y3) = Wl(yz) is given by HD, Hl, H2
and UZ(U,V), Oz(x,uv) which represent the two front faces of the tetrahedron in
8.h.B. Assuming that o is extendable to BG3 these two homotopies are homotopic

thus completing the proof of 8.h.5. 4
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v(z )
Figure 8.h.38. c
(Hz)
cl(V) ,52
jfzb)
Ul(uv) -
(Hl)
Ul(XUV)V Dl(U) El
Ul(xu) Y(Za)
cl(XJ (HO) E(xl)
Y(Yp)

8.1. Proof of the main theorem.

Suppose now that o: BG2 + X 1is not extendable to BG3. Then to each triple
(x,u,v) € G3 we get a mapping 8A3 -+ X given by c, omn the 1l-simplices and c, on
the 2-simplices as indicated by the tetrahedron in 8.h.8. Taking the upper left
corner as the base point this gives an element of A = nZX which we denote by
h(x,u,v). By the standard argument h 1is a normalized 3-cocycle representing the
first Postnikov invariant of X: [h] = kl(X) € H3(G;A). (With the appropriate sign
and orientation conventions.)

Consider the proof of 8.h.5. The B contribution in 8.h.6.4 changes from
the back null homotopy of 8.h.8 to the front null homotopy. This means that the B8
contribution changes by h(x,u,v) ® w. Since this counts (ul)ie(yz)u(yz,w) times in
the sum 8,e(*) the change in this sum is given by

SVEID) ey, u(y, s (ulx)),u,v) & w
PyW,x, £J 2 1

1 pa
= (DT ] elyphlulx),u,v) @ uly,)uly,)
PsX
1
= (DY elx
Prxl

l)h(u(xl),u,v) ® u(xl)uvscp

_ i
= (=17 ) By (e(xu(x) @ u @ v)scp
p)xl

i
= (L )h(r ®udvs
P pa cp
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where hg = h[G] 1is the linearization of h defined in 6.d.

& g
Proof of 8.a.2: Take an element (x,y) in the kernel of jl + iyt Whl (G:A) @
Whl+kG; ZY) -+ ﬂOC(M). Then this element is represented by a lens shaped family
(ft,vt) with no handle additions. Since [ft] is trivial in ﬂOC(M) there is a two

parameter family (fts’vts) which is a null hemotoepy of (ft,vt). By [8] we may as-

sume that (fts’vts) is a lens-shaped null homotopy. The handle addition pattern of

(f, ,v. ) represents an element P of K3IE[G] in a way described in {7]. The com-

ts® ts

putation above together with formula 6.h shows that x = (—l)ix3+fkl(M),P). The
result of [9] is that v = (~1)ixG(P).

Conversely, given any element P of K3IE[G] one can construct a lens-shaped
homotopy (fts’vts) which has a handle addition pattern corresponding to P and thus

i
represents a lens shaped null homotopy of a family (ft,vt) representing (-1) times

(X3 (K OD,P),x(B)) in Wh '(634) @ Wh "(G; Z,). 0

8.73. [of

& WDC(M) - Whl+(G;A) is well-defined.

In this section we complete the proof of 8.a.l (and thus of 8.a.3) by show-

ing that U*(ft,vt) depends only on the homotopy class of ft and thus o, 1is a

well-defined retraction of jl. The argument 1& more of less the same as the one given
; 3
in [5] with the additional assumption that o, 1is extendable to BG.

Suppose that (fto,vto) and (ftl,vtl) are two lens-shaped families for M x I
representing the same element of wOC(H). Then we may assume that there is a homotopy

(£ _,v

- ) to

)y, s eI, from (fto,vt ) and a finite critical set SC T

0 EeVer

such that for a fixed s ¢ S the family (fts’vts) is generic and satisfies the fol-

ts

lowing two conditions. First ft has critical points only in the middle indices 1,

i+ 1, Second (fts,vts) has only i+1/i+1 handle additions. The justificaticen for

this assumption will be explained later.

Let s, &€ S. Then at s = s one of the following things happens.

@ = 0
(1)-(4) Same as 8.h(1)-(4).
(5) A death and birth point are cancelled. (> < = =7 )
(6) Two Morse points are cancelled at t creating a death peint at t, - ¢ and

0
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a birth point at tO + €. (this is the reverse of deformation 5.)

In order for deformations 8.h(l)-(4) to make complete sense here one must
make the choices 8.d.1 - 3. These choices may be taken to vary continuocusly through
the first four deformations but they are obviously discontinuous for deformations 5,6.

,v, ) for every

defi
) we must define 0*(f -

To show that U*(fto,vto) = U*( -

E Ve

s mnot in the critical set S and show that it is the same for all s. To define

0*(fts,vts) one must make the choices 8.d.1 - 5 for the family (fts,vts) with the

modification that +vy(z) need not be continuous at birth-death points. The definition

of o, (f__,v ,cs) works as before except for the proof of 8.f.2 which must be mo-

ts” ts
dified to allow the +v(y)'s and v(2z)'s to vary independently. This can be accom-

" n

plished by taking the same proof and changing the notation: wherever the symbol uq
appears replace it by "vq".
The proof of 8.h.5 works here to show that U*(fts’vts) does not change at

deformations of type 1 - 4. For deformation 6 take one choice of ¢ for s < B
and extend it through SO in a continuous manner except for the numbering (8.d.2).
The invariant 6*(fts’vts) is obvicusly unchanged. By symmetry deformation 5 does
not change the invariant.

We now give a brief explanation for the assumptions made about the deformation

(f
(

ts’vts)' It was shown in [8] that if two lens-shaped families (ftO’vtO) and

ftl’vtl) were homotopic and had the same KZZZ[G] invariant then suitable "suspen-

sions" of both of them were homotopic by a lens-shaped homotopy. If the Kzninvariants
are not the same the difference between the two Kz—invariants must be an element, say

f
X, of er(BG) since ftO and ft have the same th(G) invariant. However, ele-

1

fr
ments of Qz (BG) are very easy to describe and given any such element, say Y, one

can easily construct a deformation of (fto,vto) to a lens-shaped family (ft%g’vt.%)
whose Kz—invariant differs from that of (fto,vto) by Y. Take Y = X and we have
(after suspension) that (ft%,\q;%) is lens-shaped homotopic to (ftl’vtl)'

Chapter 9. A topological version of the counterexample.
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Theorem 8.a.2 together with the algebraic counterexample in 7.b produces a
counterexample to the original statement of Hatcher and Wagoner. However the proofs
involved the functor K3 and its relationship to two parameter families of functions.

For the sake of finding a counterexample this is not necessary. We construct in this

chapter a counterexample which uses only K the elementary example in 7.a and 8.g.

2’

9.a. Construction of the manifold M,

In 7.a we gave an example of a group G, a G-module A on which G acts
trivially and elements «x € HZ(G;A) and s € Kziz[G] such that x2+(x,s) # 0 in
Wh1+(G;A). In our example G and A also satisfy the condition that BG and BZA =
K(A,2) are 2-equivalent to finite 3-complexes. Given any G, A, x, s satisfying
M=Gx Z,

these conditions we shall construct a compact manifold M with M =

1 2
A, kl(M) = ¢ x £ (E being the generator of Hl(Zh 7)) and show using 8.g that
the image of X2+(K,S) in Whl+(G x Z3 A) represents zero in WOC(M)-

Let h: BG x BZA -+ BG x BZA, be the map given by h(x,y) = (x,u(;kx),y)) where
K: BG + B2A is the classifying map for « and u is the H-space multiplication map
for BZA ~ QK(A,3). Let X be a finite 3-complex which is 2-equivalent to BG x BZA.
Then there is a cellular map H: X + X corresponding to h.

Let Y be the quotient of X x I by the identification (x,1) ~ (H(x),0). By
embedding Y 1in a finite Euclidean space and taking a closed regular neighborhood we
will get a compact manifold M which looks 1ike a product near X x 1/2. More pre-
cisely M contains a codimension one submanifecld N such that beoth N and M - N

are homotopy equivalent toc N and N has a tubular neighborhood which we identify

with N x [~1,2]. Let * be the base point of N.

9.b. Construction of a null homotopy of x2+(z,s) in WOC(M).

If f: Mx I+~ I is a smooth map the support of f will mean the closure of
the set of all x € M such that f(x,y) # v for some y & I. Note that if W is a
codimension~0 submanifold of M then every element f of F(W) extends uniquely to

an element f of F(M) with support in W. If (ft,vt) is a family of functions
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with vector fields on M % I the support of (ft,vt) will mean the closure of the
set of all points x € M such that for some y e I and t ¢ I we have either
ft(x,y) #y or vt(x,y) # (0,-1).

Let (ft,vi,cl) be a lens-shaped family on N x [-1,0] x I together with a

choice cl for 8.d.1 - 5 such that the handle additions of (ft,vt,cl) are X,

2 2)

Koy =oe 5% with product equal to s 1n St{(Z[G]) . Let (fi,vt,c be a lens-shaped

family en N % [1,2] x I together with a choice c2 for 8.d.1 - 5 such that the

2,c2) are x _1, e ,xl_l with product I St(Z[G]).

handle additions on (fz,v
t ot n

We shall assume that the critical points of fi occur at t < 1/2 and that those of
fi occur at t > 1/2.
1 2 . . 3 : :
Let o : BG - N =N x 0 be any map which is extendable to BG  and which in~-

duces the identity on 7m_,. Then we have

1
1 292 1 .2 2 + Y 2 32
Lemma 9.b.1. o *(ft’vt) =y *(ft’vt) + Xy («,s) where (ft,vt) and (ft,vt) are
the extensions of (fi,vi) to M- Nx (0,1) and N x [-1,2] respectively.

2
Proof: Let (f:,v

) be the extension of (fi,vi) to all of M. Let o :

T Mo

2
BG x S1
+~ M be a map which extends ol and which induces the identity on o Then we have

o

]

1 ;2.2 2.0 =
o *(ft,vt = U *(ft’vt’Y)
1 ,:2~2 2 2 2~
o *(ft’vt) = g *(ft,vt,y)

if the paths y are chosen to lie in N x [-1,2] x T x I and the paths y are cho-

sen to lie in the complement of N x (0,1) x I x I. (Since cz is not extendable to

2 . ;
BG3 X Sl, o, depends on the choice of <y but not on the other choices in ¢ as

we showed in 8.f.)
. . 2,.1 :
Now take the base point of M and move it around 01(8 ). The affect is to
conjugate all terms by the generator of Z . Since this commutes with everything the
— ~ 2 - .
terms are unchanged. However vy changes to vy and o changes to its conjugate o

2
which differs from ¢ by the difference opbstruction x % 1 e HZ(G x Z3 A, Thus by

8.g we have

~ 2 ,.2 2~ +
YD = o (ELvY) 2 X, (x,s) -
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Theorem 9.b.2. There exist two lens-shaped families without handle additions on

. +
M x I which are homotopic to each other but have different Whl (G x Z ;A) invariants.

3
Proof: Let (f ,vt) be the lens~-shaped family on M x I given by

T oW

(v,(0,~-1)) if x ¢ N x ([-1,01U [1,2])
(fl (x,y) vl (x,v)) if N x [-1,0], t < 1/2
2t? ED X 2t 4 1 X € N . <
3 3 _ 1 1
(ft(X,Y),Vt(X,y)) = (fl(x,y),vl(x,y)) if xe Nx [-1,0], t>1/2
(y,€0,~-1)) if x e Nx [1,2], t < 1/2

x

(1,21, t>1/2

| v

2 2
(£ 1Y)V 1 (6y))  if x e N

We make the assumption that (fi(x,y),vi(x,y)) is independent of t for t suffi-
ciently close to 1 and that (fi(x,y),vi(x,y)) = (y,(0,-1)) for t sufficiently
close to 0. The two families of the theorem will both be homotopilc to (fg,vi).

Let (fi,vi) be the restriction of (fi,vz) to N x [-1,2]. We shall deform

(fi,vi) to a lens~shaped family without handle additions. Let pl, Ppsr +es 5Py be
the death points of (f:,vi) with t < 1/2 where the numbering is given by cl. Let

2
Qys =os 5 be the birth points of (fi,vi) with t > 1/2 numbered according to c
Let all the critical points be oriented (8.d.3) according to cl and c2. Now per-
form the deformation which for each a =1, 2, ... ,k cancels the birth point q,

with the death point p, along a path homotopic to Yz(qa)~lYl(P ) making sure the

»V

o
o

orientations agree. The resulting family which we shall call (f ,cs) will have

gr e o> X xn_l, s xl_l which can be cancelled in pairs.

This gives a family (fi,vg) without handle additions with Whl+(G;A) invariant equal

handle additions xl, X

1,6 6, 1,5 5 1,11 )
to o© *(ft’vt} B *(ft’vt) (by 8.h.5 case 1.) =g *(ft’vt) + o (FLvp).
Similarly let (EZ,VZ) be the restriction of (fi,vi) to M - N x (0,1). For
each a=1, 2, ..., k cancel d, with P, along a path homotopic to yz(qa)_lg_l

Yl(pa) making sure the orientations agree, where £ 1is a loop representing the posi-

8 8 8 -
tive generator of* Z. The resulting family which we call (ft,vt,c ) will have han-
dle additions X Xpy eee s X > xn_l, s Gy xl~1 since Z commutes with G in

2
G x Z . Of course c8 is the extension of cl but not of ¢ . Cancel the handle



additions as before and we get a family (f
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t @O

,vz) without handle additions with

e s W 1,9 9, _ 1.8 8 -~
Whl (G;A) invariant equal to o© *(ft’vt) __i.EEft’vt) (by 8.h.5 case 1) =
1 1 1 I .22 ~2 1 1. 1 2 2 +
153 *(ft’vt) + 0 *(ft’vt) = g *(ft’vt) + 0 *(ft’vt) + Xy (kys) (by the lemma.) ]
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