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TOPOLOGICAL SLICE DISCS
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ABSTRACT. We construct infinitely many smoothly slice knots having topological slice discs
that are non-approximable by smooth slice discs.

Let K be a smoothly slice knot in S® and let D be a topological slice disc for K in D*, that
is, D is a locally flat, topologically embedded disc in D* such that (D*, D) = (93, K). We say
that D is smoothly non-approzimable if there exists € > 0 such that for every topological slice
disc D that is topologically isotopic rel. boundary to D, the e-neighbourhood v.(D) of D does
not contain any smooth slice disc for K.

Theorem. There exist infinitely many smoothly slice knots K,, in S®, each of which admits a
smoothly non-approzimable topological slice disc.

This answers a refined version of mathoverflow question https://mathoverflow.net/questions/
419693, asked by M. Winter.

Tt is interesting to contrast our theorem with Venema’s results in [Ven78, Ven81], which imply
that every topological slice disc can be approximated by smoothly embedded disc if the boundary
is allowed to move. In particular Venema’s smooth approximation could have a different knot
type on the boundary, or could even lie in the interior of D*.
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FiGure 1. The knots R,, and K,,. There are 2m + 1 crossings between the
bands. On the left, the knot R,,, has unknots oy and s in its complement, each
linking one of the bands of the obvious Seifert surface for R,,. Perform a satellite
operation on s using Wh to obtain K,, := R,,(U, Wh), as shown on the right.
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Proof. For an odd integer m > 1, let Wh := Wh(T5 3) denote the positive-clasped zero-twisted
Whitehead double of the right-handed trefoil, let U denote the unknot, and let K,,, = R,,, (U, Wh),
as defined in the caption of Figure 1. Since o and ay link R, trivially, the Alexander polynomial
is unchanged by the satellites [Sei50], i.e. Ak, (t) = Ag, (t). Also Ag, () = ((m+1)t—m)(mt—
(m+1)). Thus if m # n, then Ak, (t) # Ak, (t), and hence the knots K,,, are mutually distinct.

The configuration (R,,,a1,as) is often considered as an operator R,,(—,—) that takes two
knots as input, with R,,(J1, J2) obtained by performing the satellite operation on «; with J;, for
1 =1,2. Since taking J; = U has no effect, this explains our definition in the caption to Figure 1.

For each m, the knot K, is smoothly slice, as can be seen by ‘cutting’ the right hand band in
the Seifert surface. From the embedded Morse theory perspective, this corresponds to a saddle
move, which results in a 2-component unlink, which can then be capped off by two smooth discs,
corresponding to minima, to obtain a smooth slice disc for K,,.

Let D,, be a topological slice disc for K,, obtained by cutting the left band and capping with
two parallel copies of a topological slice disc for Wh, which exists since Awy,(t) =1 [Fre84]. We
claim that D,, is smoothly non-approximable for each m.

For a contradiction, supposed that for every € > 0, there exists a topological slice disc D,,
for K that is topologically isotopic rel. boundary to D,,, such that the e-neighbourhood v.(D,,)
contains a smooth slice disc D;, . for K. Let N(D,,) be an open tubular neighbourhood of the
topologically locally flat slice disc D,,,, which exists by [FQ90, Theorem 9.3]. Then D* \ N(D,,)
is the exterior of D,,, and 9(D* \ N(D,,)) & Mg, , the 3-manifold obtained by zero-framed
surgery on K,,. Choose ¢ > 0 small enough such that v.(D,,) C N(D,,). We have inclusion
maps

Mg, % D*~ N(Dy,) 2 DY\ vo(Dy) 2 DY\ DL, ..
It follows from Alexander duality that these inclusion maps induce isomorphisms

Hy(Mg, :Z) = Hi(D* < N(D,,): Z) = H\(D*\ D!, ;7).

m,e’

Since Hy (M, ;Z) = Z we obtain consistent coeflicient systems m(X) — Z = (¢) for all X €
{Mk,,,D* \ N(Dy,), D* \ D,, .}, and can therefore consider homology with Q[t*!] coefficients.
Consider the corresponding composition

v Hy (M, Q1Y) 2% |y (DY N(Dy); QY 2225 1y (DY D, 5 QlEY).
We need to understand the kernel of this map ¢ := (i3 093 0 41)..

By our description of D,,, (i1)«(ca1) = 0 and hence {a;) C ker ¢, where we abuse notation and
use a; to also denote the corresponding curve in the complement of K,,. Since Dy, . is a slice
disc, the kernel of ¢ is a metaboliser for the Blanchfield form of Mg, (see e.g. [COT03, Theorem
4.4] or [Hill2, Theorem 2.4]). The Blanchfield form is a Hermitian, sesquilinear, nonsingular
pairing

Bl: Hi(Mk,,; QIt*™']) x Hi(Mg,,; Qit™]) — Q(t)/Q[t*"),
and we say that P C H;(My, ;Q[t*1]) is a metaboliser if P = P+. We can compute, using the

presentation matrix tV,,, — V.L', where V,,, = [7% mar 1} is a Seifert matrix for K,,, that

QEL = Q] Q] o
Hy(Mic,,; Q™) = = (1) © (et Di—m) Qe Q.
The first summand is generated by «;, and the other is generated by «s.

We claim that {a;) = ker(t). To see this, we consider Hy(Mp, ; Q[tT!]) as a Q-vector space.
Then (a;) C ker(¢) C Hy(Mg,,; Q[t*!]) implies that 1 < dimgker(¢) < 2. However ker(:) is a
metaboliser for the Blanchfield form, and the Blanchfield form is nonsingular, so we cannot have
ker: = Hy(Mg,, ; Q[t*!]). Hence dimgker(:) = 1. Since (o) C ker(¢) and their dimensions as
Q-vector spaces are equal, we deduce that («1) = ker(¢) as claimed.
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Now we apply the d-invariant from Heegaard-Floer homology, together with calculations of
Cha-Kim [CK21] and Cha [Cha21], to deduce that the smooth disc Dy, . cannot exist. For the
definition of the d-invariant we refer to Ozsvath—Szabé [OS03, Definition 4.1]. It suffices for our
purposes to know that given a rational homology 3-sphere Y and a spin® structure s on Y, the
d-invariant is a rational number d(Y,s) € Q.

Let ¥, be the r-fold cyclic cover of S® branched along K,,, which is a rational homology
3-sphere for all prime r > 2. Then a; and as lift to homology classes in Hq(%,;Z), say 1 and
x5 respectively. Since Hy(%,;Z) = Hy (Mg, ; Z[t*1])/(t" — 1), we have that

m?

Hl (Zry Z) = Z/(m+1)7‘7m7‘ ® Z/(erl)Tfm“"a

where the summands are generated by x; and x, respectively. In particular, >, has a unique
spin structure sy since it is a Z/2-homology 3-sphere.

By [CK21, Lemma 5.2] and [Cha21, p. 17, Assertion], the condition (o) = ker(¢) implies that
there exists a prime r such that the kernel of the inclusion induced map H; (2,;Z) — Hy(Vy; Z)
is generated by z1, where V. is the r-fold cyclic cover of D* branched along Dy, .. Since Dy, _is
a smooth slice disc, [GRS08, Theorem 1.1] implies that

d(S,, 55, + k1) =0

for all k € Z. Here the spin structure sy, uniquely determines a spin® structure, and z; :=
PD™1(x1) € H?(%,;Z) is the Poincaré dual of z1. Then the spin® structure sy + k77 is defined
by noting that spin® structures on X, are a torsor over H?(%,;Z).

We obtain the desired contradiction since there exists an integer k € Z such that

d(S,, 85, + ki) # 0,
by [CK21, Theorem 5.4] and [Cha21, Lemma 4.1]. This completes the proof. O

Remark. Our examples are topologically doubly slice and smoothly slice, but not smoothly doubly
slice. Infinitely many such knots were first constructed by Meier [Meil5], though the earlier d-
invariant arguments of Cochran, Harvey, and Horn [CHH13, pp. 2140-1] implicitly show the
existence of such a knot. These works do not suffice to prove our theorem, because for a doubly
slice knot K each individual slice disc has the property that for each r, the map H;(X,;Z) —
H,(V,; Z) is surjective. Moreover the kernels of these maps, for the two V;. corresponding to each
slice disc, are two complementary summands of H;(3,;Z). Then, as in [CHH13, Meil5], one can
restrict to a single prime r, and compute the invariants d(%,, s) to obtain a contradiction. In our
case, we cannot assume any ‘homology ribbon’ property, so we cannot apply the same argument.
The putative slice disc D;ms and the actual smooth slice disc for K, from the top of page 2 could
a priori share the same kernel. We apply the results of [CK21, Cha2l], which circumvent this
subtle issue by considering d-invariants of X, for arbitrarily large primes r. Similar d-invariant
arguments were applied in Kim-Livingston [KL22] to construct an infinite family of topologically
slice knots that are not smoothly concordant to their reverses.

Remark. The fact that an isotopy from D to D is permitted in the definition of smoothly non-
approximable distinguishes our examples from topological slice discs constructed by the following
argument, told to us by Robert Gompf. Start with a smooth slice disc A for a knot K. For any
6 > 0, in the d-neighbourhood of A we may construct a capped tower with one storey 7', as in
[FQI0], with attaching circle K, such that T does not contain any smooth disc with boundary K.
Such a T exists, as shown in e.g. [Gom84]. For some ¢ < 4, there is a topological slice disc D for
K and v.(D) contained within 7', with the same attaching circle [Fre82, FQ90]. There cannot be
any smooth slice disc for K within v.(D), or else there would also be such a smooth slice disc
lying within 7'. This provides an alternative answer to Winter’s original question, which did not
allow an isotopy.
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However, it can be shown that for every € > 0, D is topologically isotopic to a disc that
contains A in its e-neighbourhood, and hence D fails to be smoothly non-approximable in the
sense of our definition.
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