SIMPLE SPINES OF HOMOTOPY 2-SPHERES ARE UNIQUE

PATRICK ORSON AND MARK POWELL

ABSTRACT. A locally flatly embedded 2-sphere in a compact 4-manifold X is called a spine
if the inclusion map is a homotopy equivalence. A spine is called simple if the complement
of the 2-sphere has abelian fundamental group. We prove that if two simple spines represent
the same generator of Ho(X) then they are ambiently isotopic. In particular, the theorem
applies to simple shake-slicing 2-spheres in knot traces.

1. INTRODUCTION

In this article, unless otherwise specified, we work in the category of topological manifolds, and
embeddings are assumed to be locally flat. Let X be a compact 4-manifold homotopy equivalent
to S%. A spine of X is an embedded, oriented sphere S C X such that [S] € Ho(X) 2 Z is a
generator. A spine is called simple if 71 (X \ S) is abelian.

It is straightforward to build many interesting compact 4-manifolds homotopy equivalent to S2.
Indeed, given a knot K C S3 and an integer n, the knot trace X,,(K), formed by attaching a
2-handle D? x D? to the boundary of the 4-ball, with attaching circle K and framing n, is an ex-
ample of a 4-manifold homotopy equivalent to S2. Together with Feller, Miller, Nagel, and Ray,
we gave algebraic criteria which hold if and only if X,,(K) admits a simple spine [FMNT21].
Our main theorem gives the corresponding uniqueness result. Moreover, our uniqueness result
holds not only for knot traces, but for arbitrary homotopy 2-spheres.

Theorem 1.1. Let X ~ S? be a compact 4-manifold. Let Sy and S; be simple spines with
[So] = [S1] € H2(X) a generator. Then Sy and Sy are ambiently isotopic via an isotopy that
restricts to the identity on 0X.

To prove Theorem 1.1 we first show, using the methods of modified surgery theory [Kre99],
that the spheres Sy and S; have homeomorphic exteriors rel. boundary. This implies there
is an orientation preserving homeomorphism of pairs (X,Sy) = (X,S;). We then deduce
ambient isotopy by applying work from [OP22] to show that this homeomorphism is isotopic
rel. boundary to the identity. In [OP22] we computed the topological mapping class group of
compact, simply connected 4-manifolds with nonempty boundary. The relevant part of that

computation for the present paper is the following.

Theorem 1.2 ([OP22, Corollary C]). Let X be a compact, simply connected 4-manifold such
that X is connected and has the rational homology of either S or S*' x S%2. Let F: X = X
be a homeomorphism that restricts to the identity on 0X and is such that F, =1d: Hy(X) —
Hy(X). Then F is topologically isotopic rel. boundary to the identity map of X.

Theorem 1.1 can be compared to other topological uniqueness results for surfaces embedded
in 4-manifolds. The earliest example is the theorem of Freedman and Quinn [FQ90, Theo-
rem 11.7A], which states that any pair of embedded 2-spheres Sy, S; C S* with m1(S*\S;) = Z
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must be isotopic. Lee-Wilczyriski [LW90, Theorem 1.2 and Corollary 1.3] and Hambleton-
Kreck [HK93, Theorems 4.5 and 4.8] extended this to give conditions implying homotopic,
simple embeddings of 2-spheres in arbitrary closed, simply connected, topological 4-manifolds
are topologically isotopic. Results of a similar nature for higher genus surfaces were proven by
Sunukjian in [Sunl4, §7].

More recently, the second named author and Conway proved uniqueness results for slice discs
in D* whose complements have fundamental group Z or Z x Z[1/2] [CP21a]. In [CP21b], this
was extended to higher genus surfaces in D* whose complements have fundamental group Z.
These previous isotopy uniqueness results for embedded surfaces in 4-manifolds with nonempty
boundary were restricted to studying the ambient 4-manifold D*. The reason is that in D* the
required isotopy to the identity can be produced by applying the Alexander trick. Theorem 1.2
is a new mechanism for producing isotopies in manifolds with boundary, making it possible
for us to follow the proof strategy above when the boundary is nonempty and the 4-manifold
is not D*. An initial example appeared in [OP22, Theorem F], where we observed that one
can apply Theorem 1.2 to extend the results of [CP21b] to give ambient isotopies, under an
additional condition.

As one might expect, Theorem 1.1 contrasts with the smooth case. An example of this follows
from the work of Hayden [Hay20]. Let Dy and D; be the exotic Z-slice discs from [Hay20],
with common boundary K C S3. Let Sy and S; be the simple spines in the knot trace
Xo(K) obtained from capping off Dy and D; respectively with the core of the added 2-handle.
By Theorem 1.1, the 2-spheres Sy and S; are topologically isotopic. However, if they were
smoothly isotopic, there would be a diffeomorphism of pairs (Xo(K), Sp) = (Xo(K), S1). The
results of surgery on Sy and S; would therefore be diffeomorphic. But these surgeries result in
D*\ vDy and D* \ vD; respectively, and the proof in [Hay20] showed that these 4-manifolds
are in fact not diffeomorphic.

Organisation. In Section 2 we recall the tools from Kreck’s modified surgery that we will need.
In Section 3 we begin to study simple 2-sphere spines of homotopy 2-spheres, by analysing the
homotopy and spin types of their exteriors. As a consequence we determine the normal 2-type
of the exterior. In Section 4 we begin the modified surgery procedure, fixing two simple spines
So and .S7 and building 3-connected maps from their exteriors to the Postnikov 2-type, that are
moreover compatible with each other on the boundary. In Section 5 we apply modified surgery
to show that Sy and S; have homeomorphic exteriors. We complete the proof of Theorem 1.1
in Section 6.
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than in the correct group L:" (Z[r]). In general these groups are not the same. However,
when Wh(wr) = 0 these groups are the same (see the sequence (4) in Section 2). Also
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when Wh(r) is torsion-free and has trivial involution, these groups are the same (see Propo-
sition 2.5). This is sufficient to show that L:" (Z[r]) = LZ(Z[r]), for the cyclic groups 7 with
which we work.

2. ELEMENTS OF MODIFIED SURGERY THEORY

Many of the arguments we make in this article will use Kreck’s modified surgery theory [Kre99].
We now collect some definitions and results from this theory, for use later on. In this section,
all manifolds are compact and oriented.

A cobordism rel. boundary (W, Gy, G1) between n-dimensional manifolds with (possibly empty)
boundary Xy and X5, with 0Xo 2 Y = 0Xj, is an (n + 1)-dimensional manifold W, with a
decomposition of the boundary into codimension 0 submanifolds

OW = 8yW U (Y x [0,1]) U - W,

together with homeomorphisms G: (X;,0X;) = (O;W,Y) for ¢ = 0,1. In case that Y = 0, a
cobordism rel. boundary is called a cobordism.

Let B be a space with the homotopy type of a CW complex. A map from a manifold X — B
is called a B-structure. Let (Y, () be a closed (n — 1)-dimensional manifold with B-structure
¢:Y — B. Given an n-manifold X, a B-structure rel. boundary (g,&) (with respect to (Y, ())
consists a homeomorphism g: 90X =Y and a map ¢: X — B such that (o g = {|sx. Given
two n-manifolds X;, with respective B-structures rel. boundary (g, &;), a B-bordism rel. bound-
ary (W,Go,G1,E) is a cobordism rel. boundary (W, Gy, G1) between Xy and X7, such that
Gilax, = gi, together with a B-structure Z: W — B such that Z; 0 G; = ¢ for i = 0,1, and
E‘Yx[o,l] =(opry.

For an n-manifold X we will write the stable topological normal bundle via its classifying map
vx: X — BSTOP (see e.g. [FNOP19, §7] for the definition). Let (B,p) consist of a space B
with the homotopy type of a CW complex and p: B — BSTOP a fibration. A map £: X — B
is called a normal B-structure on X if the diagram

/ J{p
X =¥ 4 BSTOP

commutes up to homotopy.

Let (Y, () be a closed (n — 1)-manifold Y with normal B-structure. Given an n-manifold X, a
normal B-structure rel. boundary (g,€&) (with respect to (Y, ()) is a B-structure rel. boundary
such that £ is moreover a normal B-structure, i.e. £ is a lift of the stable normal bundle up
to homotopy. Given two m-manifolds X;, with respective B-structures rel. boundary (g;,&;),
a normal B-bordism rel. boundary (W, Gy, G1,Z) is a B-bordism rel. boundary, such that =
is moreover a normal B-structure. In the case that Y = ), we call (W, Gy, G1,E) a normal
B-bordism and denote the corresponding bordism group of closed n-manifolds with normal
B-structure by Q,(B,p).

We record the following lemma for use later on; the proof is straightforward from the definitions
and we omit it.

Lemma 2.1. Suppose B is a space with the homotopy type of a CW complex and let p: B —
BSTOP be a fibration. Let (Y,() be a closed (n — 1)-manifold Y with normal B-structure.
For i = 0,1, suppose that X; is an n-manifold with normal B-structure rel. boundary (g;,&;).
Define a closed n-manifold with normal B-structure

(X,8) := (Xo Uy-1o0, —X1,60 U &)
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Then (X, &) ~ 0 € Qu(B,p) is null-bordant if and only if (Xo,90,%) and (X1,91,&1) are
normally B-bordant rel. boundary.

A map of spaces f: A — B is m-connected if f.: m(A) — m,(B) is an isomorphism for k < m
and is surjective for K = m. A map of spaces f: A — B is m-coconnected if f,: mp(A) — m(B)
is an isomorphism for k > m and is injective for k = m.

Definition 2.2. A normal 2-type for a manifold X is a pair (B, p), where B is a space with the
homotopy type of a CW complex, p: B — BSTOP is a 3-coconnected fibration with connected
fibre, and (B, p) is such that there exists a 3-connected normal B-structure 7y : X — B. Such
a normal B-structure (X,7x) is called a normal 2-smoothing of X. If (X, g,7x) is moreover
a normal B-structure rel. boundary, with respect to some (Y, (), we say (X, g,7x) is a normal
2-smoothing rel. boundary.

Given a manifold X, the existence of a normal 2-type follows from the theory of Moore-
Postnikov decompositions (see [Bau77]). This theory furthermore guarantees that any two
normal 2-types for a given X are fibre homotopy equivalent to one another.

Definition 2.3. An h-cobordism rel. boundary between Xy and X is a cobordism rel. bound-
ary (W, Go, G1) such that each map G;: X; — W is a homotopy equivalence. An h-cobordism
rel. boundary is moreover an s-cobordism rel. boundary if each homotopy equivalence G; has
vanishing Whitehead torsion.

In classical surgery theory [Wal99], obstructions to doing surgery to improve certain classes of
maps to simple homotopy equivalences are situated in the surgery obstruction groups. These
are abelian groups L] (Z[n]), depending on the dimension n, and fundamental group , of
the manifold. A variant of these obstruction groups, denoted L7 (Z[r]), appears in Kreck’s
modified surgery theory. Kreck [Kre, Lemma 4.5] shows there is an exact sequence

(4) 0 — L) (Z[r]) — L™ (Z[r]) — Wh(m).

Proposition 2.5. For any group m such that Wh(r) is torsion-free and has trivial involution,
the inclusion map L; (Z[r]) — L™ (Z[r]) is an isomorphism.

Proof. In [Kre, Lemma 4.5], Kreck identifies the image of the map L} (Z[r]) — Wh(x) from (4)
as the subgroup U C Wh(r), generated by the stable classes of unitary matrices A over Zm.
When the involution ~: Wh(r) — Wh(x) is trivial, the unitary condition [A] + [A] = 0
implies 2[A] = 0, so this group is generated by 2-torsion elements. But if moreover Wh(w) is
torsion-free, we deduce [A] = 0. Hence U = 0 and L;,(Z[r]) = L) (Z[n]) by (4). O

The following is the main result of modified surgery theory, for the purposes of this paper.

Theorem 2.6 ([Kre, Theorem 6.1(b)]). Suppose Xy and X; are connected 4-manifolds, each
with boundary homeomorphic to Y, fundamental group m and normal 2-type (B,p), where
B is homotopy equivalent to a CW complexr with finite 2-skeleton. Let (:' Y — B be a
normal B-structure. Then a normal B-bordism rel. boundary (Z,Go,G1,Z), between nor-

mal 2-smoothings (Xo, go,&0) and (X1, q1,&1) rel. boundary determines a surgery obstruction
0(Z,=) € Ly (Z[r]). The obstruction 6(Z, =) vanishes if and only if (Z, Gy, G1,E) is normally

=

B-bordant rel. boundary to some (Z',Gjy, G}, E"), where Z' is an s-cobordism rel. boundary.

It will be important to be able to compute the bordism groups Q4(B, p), to which we now turn.

The normal 2-types we will need later on will be of the following general type. Let P be a CW
complex with finite 2-skeleton and let

B := P x BTOPSpin.
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Write the canonical principal fibration v: BTOPSpin — BSTOP and let p := yopry: B —
BSTOP be projection followed by ~.

In this case a normal B-structure on a 4-manifold M consists of a map M — P and a spin
structure on the stable normal bundle of M. A spin structure on the stable normal bundle
determines and is determined by a spin structure on the stable tangent bundle. As a conse-
quence, we can identify the group Q4(B,p) with the usual spin bordism group QEOPSpin(P).
The latter group can be computed using an Atiyah-Hirzebruch spectral sequence:

E;S ~ HT<P, Q’STOPSpin) — QEESPSPiH(P)7

where we recall that the coefficients in the range of interest are QTOPSPin = 7.7/9 7,/2 0,7,
for s = 0,1, 2, 3,4 respectively.

The next proposition, due to Teichner, describes certain differentials in this spectral sequence
in terms of Steenrod squares.

Proposition 2.7 ([Tei93, Lemmal). In the Atiyah-Hirzebruch spectral sequence described
above, we have the following differentials.

(1) The differential dy': H,(P;Z/2) — H,_o(P;Z/2) is identified via universal coefficients
with Hom(SqQ, Z/2), where Sq? is the second Steenrod square. More precisely, the following
square commutes:

1
dy

H,.(P;Z)2) H, »(P;Z/2)

F |

Hom(H"(P; 7,)2),7,/2) — S, Hom(H™2(P;2/2),2,/2).

(2) The differential dy°: H,.(P;Z) — H,_o(P;Z/2) is reduction mod 2 followed by Hom(Sq?, Z/2).
More precisely, the following diagram commutes:

7,0
d2

Hr(PaZ) Hr72(P; Z/2)

lmb |=

H(P;Z/2) —= s Hom(H"(P;2/2),2,2) —2, Hom(H™=2(P;2/2),2,/2).

3. PROPERTIES OF SIMPLE SPINE EXTERIORS AND THE NORMAL 2-TYPES

Let X be a compact, oriented 4-manifold such that X ~ S2. Fix once and for all an orientation
of S2. Suppose S C X is the image of a locally flat embedding of S? that represents a generator
of mo(X). Write W := X \ vS. Write n € Z for the self-intersection of S in X. The closed
tubular neighbourhood 7S € X homeomorphic to D?X,,52, the D2-bundle over S? with Euler
number n. Hence OW = 0X U —L where L := 0vS is homeomorphic to the lens space L(n, 1)
(our convention is that L(0,1) = S x §?). Assume in addition that 1 (W) is abelian, i.e. that
S is simple.

The purpose of this section is to compute a normal 2-type of W.

Lemma 3.1. The manifold X has connected, nonempty boundary.

Proof. Since X is simply connected it is orientable, and so H4(X) = 0 implies the boundary
must be nonempty. Next, 0 = H3(X) = H'(X,0X) = Z"~!, where r is the number of
boundary components. So r = 1. O
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Lemma 3.2. The manifold W is a Z-homology bordism from 0X to L and 0X — W induces
a surjection on 1.

Proof. Consider the Mayer-Vietoris push-out square of singular chain complexes with Z coef-
ficients

Ci(L) —— C. (W)

| |

C.(7S) —— C.(X).

In the homotopy category of chain complexes every push-out square is also a pull-back square.
Since the square is a push-out and a pull-back, the fibre (resp. cofibre) of the top horizontal
map is chain equivalent to the fibre (resp. cofibre) of the bottom horizontal map. Since S is a
spine, the inclusion 7S < X is a homotopy equivalence, and so the lower horizontal arrow in
the diagram is a chain equivalence. Therefore the fibre and cofibre of the bottom horizontal
map are chain contractible. It follows that the same holds for the top map, so it is also a
chain equivalence. Thus L — W is an integral homology equivalence. In particular, we have
H,.(W,L;Z) = 0. By Poincaré-Lefschetz duality the cohomology is H*(W,0X;Z) = 0. By the
universal coefficient theorem the homology is H.(W,0X;Z) = 0. Consequently 0X — W is
an integral homology equivalence, and so W is indeed a Z-homology bordism.

To see that 0X < W induces a surjection on 71, consider that as m1 (W) is abelian, the map
m1(0X) — m (W) = H{ (W) factors through the surjection 71 (0X) — H;(0X), so m (0X) —
H,(0X) — H1(W) is a composition of two surjections. O

Lemma 3.3. The inclusion L — W induces a homotopy equivalence .

Proof. The proof is via Whitehead’s Theorem, so we must show the inclusion induced maps
are isomorphisms on all homotopy groups. Since (W) is abelian, the Hurewicz theorem and
Lemma 3.2 immediately imply the inclusion induces 71 (L) 2 71 (W). Now write p: W — W
and p: L — L for the universal covers. Given the isomorphism on 71, and the relative Hurewicz

~

Theorem, it is now sufficient to show that inclusion induces isomorphisms H;(L) = H;(W) for
all i > 2 [Whi78, Theorem IV.7.2]. As L is either $3 (in the case n # 0) or S x $2 (in the
case n = 0), we have H;(L) = 0 for i > 4. Similarly, as W is a 4-manifold with nonempty
boundary, we have Hz(W) = 0 for ¢ > 4. Thus we focus our attention now on proving homology
isomorphism for ¢ = 2, 3.

Since, for each component of OW, the inclusion into W induces a surjection on 71, this implies
that OW = p~1(OW) has exactly two connected components. There is thus an exact sequence

o Hi (WS Z) = Hy(W,0W;Z) — Ho(OW;Z) — Ho(W;Z) — Ho(W,0W;Z) — 0.
=0 ~ 72 ~7
The surjection Ho(aﬁ//;Z) — HO(W;Z) splits, so we deduce that Hl(W,aw;Z) = Z and
Ho(W,0W;Z) = 0.
The case n # 0: In this case Hy(L) = 0 and Hs(L) 2 Z so we will be done if we show HQ(W) =

0 and the inclusion induced map Hz(L) — H3(W) is an isomorphism. As n # 0, we have that
W is compact so, by Poincaré-Lefschetz duality and the universal coefficient theorem, we have

Hs(W;Z) = HY(W,0W;Z) = Hy(W,0W;Z) = Z.
Using Lemma 3.2 we compute that x(W) = 0, and as Euler characteristic is multiplicative
under finite covers, we have as well that x(W) = 0. Setting b; = dimg(H;(W;Q)) we calculate
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that
0=by—by+by—b3=1—0+by—1=bs
so that HQ(W; 7)is Z-torsion. By the Universal Coefficient Theorem, the Z-torsion of Hy (W, Z)
would appear in H3(W;Z) = Hy(W,0W;Z) = Z. Thus Hy(W;Z) = 0 as required.
Now the long exact sequence of the pair gives an exact sequence
Hy(W3Z) = Hy(W,0W;Z) — H3(0X:Z) @ Hs(L; Z) — Hs(W;Z) — Hs(W,0W;Z)
which is isomorphic to the sequence

0=22Z—-20Z—7Z—0,

in which the second map is the diagonal 1 — (1,1). We may conclude from this that the
map Hs(L;Z) — H3(W;Z) is an isomorphism as required (this is also true for Hs(0X;Z) —
H3(W;Z), but we do not need this).
The case n = 0: In this case, the Universal Coefficient Spectral Sequence for cohomology has
E» page -
Ey* = Ext}y (H,(W,0W; Z), Z[Z))

and converges to E7 = H"™$(W,0W;Z|Z]). The r = 0 column vanishes on the Fy page as
HO(W,(?W;Z) = 0. For the r = 1 column, recall that Hl(W,afV\[?;Z) =~ Z. The standard
cellular chain complex for the universal cover of S! ~ BZ gives a free Z[Z]-module resolution
of Z, and hence we compute that Exty 7 (Z; Z[Z]) = H*(S"; Z[Z]) = H,—(S"; Z[Z]). So Ey® =
Z for s = 1, and vanishes for s # 1. Thus the only nonvanishing terms on the r+s = 2 line are at
E21 L and ES ’O, and as the bidegree of the dy differential is (—1, 2), the spectral sequence collapses
here to yield a short exact sequence 0 — Z = Ey' — E2 = H2(W,0W;Z[Z]) — E2° — 0.
Here E3° = Homgz) (Ho(W,0W; Z[Z)), Z[Z]) is a free module by [BF'14, Lemma 2.1]. Therefore
the short exact sequence splits and we have H2(W,0W;Z[Z]) = ES VA
We now claim that H?(W,0W;Z[Z)]) is Z|Z]-torsion. To see this, first consider H;(W;Q(t)) =
H;(W; Z[Z]) ®zz) Q(t), as localisation is flat. We have already seen that EyY = EY' =0, so
we compute that H*(W,0W;Z[Z]) = 0. Thus H3(W;Z[Z]) = 0 by Poincaré-Lefschetz duality.
We also have Hy(W;Q(t)) = Hy(W;Z) ®zyz) Q(t) = 0 since m (W) = Z, and Ho(W;Q(t)) =
HO(W;Z) ®z1z1 Qt) = Z ®z1z) Q(t) = 0. This means we know H;(W;Q(t)) = 0 for i # 2.
But as Euler characteristic can be computed with any field coefficients, this implies (W) =
dimg) (H2(W;Q(t))). By Lemma 3.2 and the fact that L is a closed, orientable 3-manifold,
this number is 0, which proves the claim.
Combining the fact that H2(W,0W;Z[Z]) = Ey' @ E3° is Z|Z]-torsion with the fact that
E° = Bxtlyy (Ho(W,0W;Z), Z|Z)) = Homyp)(Ha(W,0W; Z), Z[Z)) is free Z[Z]-module, we
conclude that E2° = 0. Thus H2(W,0W;Z[Z]) = Ey" = Z. From this we see

T2 (W) 2 mo(W) 2 Ho(W; Z) =2 HX(W,0W; Z|Z]) = 7
as claimed. Note that ma(L) 2 (St x §%) 2 Z as well.
Write i: L — W for the inclusion. Consider the diagram

mo(L) —=9 s (W)

J{Hur J{Hur

Hy(L; Z) 225y (W z)

where the downwards maps are the Hurewicz maps. By the Hurewicz Theorem, these down-
wards maps are both surjective, and are thus both surjections from the infinite cyclic group to
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itself. Hence they are both isomorphisms. By the naturality of the Hurewicz map, the square
commutes and so m2(7) is an isomorphism as claimed.

In other words, Hy(L:Z) — Hy(W;Z) is an isomorphism as required.

Along the way we have shown Hs(W:Z) = H3(W;Z[Z]) = 0, and as L = S' x S we
have Hs(L;Z) = 0. Hence the proof is complete. ]

We now have enough information to calculate a normal 2-type of W.

Definition 3.4. For n € Z, define

B(n) = B(Z/n) x BTOPSpin if n # 0,
T (ST x CP*) x BTOPSpin  if n =0,
and define a fibration o
pn: B(n) =222 BSTOP,
where pry is projection to the second factor and «: BTOPSpin — BSTOP is the canonical
map.

Proposition 3.5. Let n # 0 be an integer. If M is a compact, oriented, spin 4-manifold with
m (M) 2 Z/n and mo(M) = 0 then M has normal 2-type (B(n),py,)-

Proof. First, m,(B(Z/n)) = 0 for k > 2 and v: BTOPSpin — BSTOP is 2-coconnected . Thus
Pp, is 2-coconnected, and is therefore 3-coconnected as required.

Let ¢: M — B(Z/n) denote the classifying map for the universal cover of M and let s: M —
BTOPSpin denote a choice of spin structure. We claim ¢ x s is a normal 2-smoothing. Cer-
tainly p,o(cxs) = yos = vpy. As BTOPSpin is 3-connected, the maps m, (M) — 7, (B(Z/n) x
BTOPSpin) are clearly isomorphisms for k = 1,2. We note as well that 75(B(Z/n) x BTOPSpin) =
0, and it follows that ¢ x § is 3-connected as required. O

Proposition 3.6. If X is a compact, oriented, spin 4-manifold with m (M) = 7 and wo(M) =
Z, then X has normal 2-type (B(0),po).

Proof. First, mp (St x CP>) = 0 for k > 3 and v: BTOPSpin — BSTOP is 3-coconnected.
Thus pg is 3-coconnected as required.

Since H3(S';7Z) = 0, the k-invariant of M is trivial and therefore the Postnikov 2-type is a
product K(Z,1) x K(Z,2) ~ S x CP*>®. Let c: M — S' x CP> denote the 3-connected
map associated to the Postnikov 2-type of M and let s: M — BTOPSpin denote the choice of
spin structure. We claim ¢ x s is a normal 2-smoothing. Certainly pgo (¢ X §) = vos = vy.
As BTOPSpin is 3-connected, the maps 7, (M) — 7 ((S* x CP>) x BTOPSpin) are clearly
isomorphisms for £ = 1,2. We note as well that m3((S* x CP>) x BTOPSpin) = 0, and it
follows that ¢ x s is 3-connected. O

We have obtained the normal 2-type of W.

Proposition 3.7. Let X be a compact, oriented 4-manifold, and suppose that X ~ S%. Suppose
S C X is the image of a locally flat embedding of S? that represents a generator of ma(X).
Write W := X \ vS, and write n € Z for the normal Euler number of S in X. Assume that S
is simple, i.e. that w1 (W) is abelian. Then (B(n),p,) from Definition 3./ is a normal 2-type
of W.

Proof. By Lemma 3.3, W is homotopy equivalent to L(n,1). As lens spaces are spin, and
Steifel-Whitney classes of stable tangent bundles are homotopy invariants, we obtain that W
is spin. When n # 0, Lemma 3.3 shows that W satisfies the hypotheses of Proposition 3.5,
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and so the result follows. When n = 0, Lemma 3.3 shows that W satisfies the hypotheses of
Proposition 3.6, and so the result follows. ]

4. BOUNDARY-COMPATIBLE MAPS TO THE POSTNIKOV 2-TYPE

As before, let X be a compact, oriented 4-manifold with X ~ S$2. Fix an orientation on S2.
Suppose for i = 0,1 that S; C X are simple spines, which are the images of maps representing
the same generator of mo(X). Write W; := X \ vS; and L; := 0vS;. Write n for the algebraic
self-intersection of Sy (and therefore also Sp) in X.

In this section, we begin the modified surgery programme for showing that Sy and S are
ambiently isotopic. Write P(n) for the Postnikov 2-type of W;; that is, the space such
that B(n) = P(n) x BTOPSpin.

We will prove that, given some map 0X U L(n,1) — P(n), it is possible to extend it to a
3-connected map W; — P(n). This is the first step to producing a full normal 2-smoothing
rel. boundary for W;, which we will need later. It follows from Proposition 3.7 that the
Postnikov 2-type of X is given by P(n) = B(Z/n) when n # 0 and P(0) = BZ x CP*, so
when n # 0 a 3-connected map is the same as a mj-isomorphism, and for n = 0 it is the same
as an isomorphism on 7; and on mp. To precisely phrase our main result of the section, we
need a definition.

Definition 4.1. Let g;: L; =N L(n, 1) be orientation preserving homeomorphisms. For i = 0, 1
we define

W(go,91) :== Wo U =W, glued via Idgx L (gl_l 0go): 0X U Lg = 0X U L.

Using this definition, the following lemma will achieve the aim described above.

Recall L; = dvS;. It will be important in later sections of the paper that the parametrisations
gi: OvS; = L(n,1) extend to orientation preserving homeomorphisms G;: vS; = D?x,,S2.
Hence we also build this into the lemma.

Lemma 4.2. Letn € Z. Fori = 0,1, there are choices of orientation preserving homeomor-
phisms G: US; = D?x,,82, that preserve the 0-section, such that for the boundary parameter-
isations g;: L; = L(n, 1) obtained by restricting G;, there exists a map £: W(go, 1) — B(Z/n)
with the property that £ restricted to W; induces an isomorphism on m for i =0,1.

In the case that n = 0, the disc bundle structures, and hence the go, g1, may be furthermore

chosen such that there exists a map n: W(go, g1) — CP> with the property that n restricted to
Wi induces an isomorphism on mwo for i =0, 1.

Remark 4.3. Note that for n = 1 we have L(£1,1) = S3  and this lemma holds trivially.
Nevertheless the proof goes through in this case without modification, so we shall not separate
this case. In the case n = 0 recall that L(0,1) = S x S2.

To prove Lemma 4.2, we will use the following technical result.

~

Lemma 4.4. Fori = 0,1 let g;: L; = L(n,1) be any two choices of orientation preserving
boundary parametrisation. Consider the diagram

fg

Hi(0X) —% s By (W) «— " Hy (L) — 9 Hy(L(n, 1))
,91)

o

(5) ml gy@o

Hy(0X) — 2y iy (W) () —Y s Hy(L(n, 1))

fary
~

R
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where ¥(go, g1) is defined to make the diagram commute. Then the map ¥ (go, g1) is multipli-
cation by +1.

We defer the proof of this lemma until the very end of this section. To take care of the sign
ambiguity in 1(go, g1) we will use the following self-homeomorphism of L(n, 1).

Definition 4.6. Writing D? x D? C C?, we may write D?x,52, the 2-disc bundle over 52
with Euler number n, as Uy UUs where U; 22 D? x D? and we glue together along D? x S* C U;
using ¢(u,v) = (uv™,v). Note this restricts on the boundary of the total space of the disc
bundle to a description of the lens space L(n,1). Writing S* x D? C C2, the lens space L(n, 1)
is the identification space Vi U V5 where V; = S' x D? and we glue with the same formula
along St x S CV;

Define a homeomorphism 7: D?x, 52 — D?X,,52 by the formula 7(u,v) = (
U;. Note that 7 that restricts to a homeomorphism 7: L(n,1) — L(n,1
formula for (u,v) € V.

u,v) when (u,v) €
), using the same

Lemma 4.7. For all n, the self-homeomorphism T of D?x,5?% is orientation preserving. Fur-
ther, it induces multiplication by —1 on Ha(D?*x,S8%) = Z and induces multiplication by —1
on Hi(L(n,1)) 2 Z/n.

Proof. The map 7 is clearly orientation preserving as it comes from the composition of two
complex conjugations.

A generator of Ho(D?x%,,5%) 2 7 is given by the identification space S? =Y, UY, C Uy U U,
where Y; := {0} x D? C U;. Under 7, each hemisphere of this 2-sphere is reflected by the
complex conjugation (0,v) — (0,7). Thus 7 is orientation reversing on this 2-sphere and the
automorphism on Hy(D?x,,5?) is multiplication by —1.

A generator of Hi(L(n,1)) is given by the oriented submanifold S! x {0} C V;. Under T,
this circle is sent to itself by complex conjugation in the first factor, and so the orientation is
switched. Thus the automorphism on H;(L(n, 1)) is multiplication by —1. O

Proof of Lemma /.2 assuming Lemma /.4. We choose orientation preserving homeomorphisms
G,: 7S; = D?%,S? that preserve the O-section, with corresponding boundary parameterisa-
tions g;: L; = L(n,1). By Lemma 4.4, the map in Diagram (5) is ¥(go,91) = £1d. By
Lemma 4.7 the self-homeomorphism 7 of D?X,,52 is such that the restriction to the boundary
L(n, 1) induces multiplication by —1 on Hy(L(n,1)). By postcomposing gg with 7, if necessary,
we can and will assume that in fact ¥ (go, g1) = Id.

In the case n = 0, we make an additional observation. Note that L(0,1) = S* x S2. Consider
the version of Diagram (5) in second homology

Hy(0X) — 92 fy(Wy) 2 Hy(Lo) — 0 Hy (ST x S?)

(8) Idi %lw’(go,gl)

Hy(0X) — 20 s (W)« (L) — 2 Hy (ST x S2)

o

o~

where 1/(go, g1) is defined to make the diagram commute. As Ho(S' x S?) = Z, the map
©¥’'(go, g1) must be multiplication by +1. We claim that as 1(go,g1) is the identity, so is
¥ (go,g1)- To see this, let z € Hy (S x §%) and y € Ha(S* x S?) be generators that intersect
algebraically +1 in S' x S2. As the g; are orientation preserving, (g;); ‘2 and (g;); 'y intersect
algebraically +1 in L;, for i = 0,1. As W} is a homology bordism (Lemma 3.2), by naturality of
cup products the corresponding (jo)z o (ko)«o(g0)s tz € H1(0X) and (jo); Lo (ko)«o(g0)s y €
Hy(0X) intersect algebraically +1 in dX. Since W; is a homology bordism, their images
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under (g1)« o (k1)71 o (j1)« o Id, in Hy(S! x S?) and Ho(S* x S?) respectively, also intersect
algebraically +1. By commutativity of diagrams (5) and (8), these images are the classes
Y =z and ¢’y = +y respectively. Thus 1)’y = y, and the claim is proven.

Choose a map a: L(n,1) — B(Z/n) inducing an isomorphism 7 (L(n,1)) = Z/n. For i =0, 1,
choose a map f;: 0X — B(Z/n) inducing the map

;o )1 .
m(0X) Y25 (W) B (L) s 1 (L(n, 1)) 25 Z)/n.

For each of i = 0,1, we may now extend 5; U (o g;): 0X UL; - B(Z/n) to a map ¢;: W; —

B(Z/n) inducing the isomorphism a, o (g;)« o (k;);! on 7.

By commutativity of Diagram (5), and the fact that 1 (go, g1) is the identity, the restrictions
olow, and £1|aw, agree under the glueing map Idgx U(g; " o go), but only up to homotopy.
Modify ¢y by a homotopy in a boundary collar of 0Wj, to arrange that £o|aw, and ¢1|sw, agree
under the glueing map. Now, together, ¢y and ¢; define a map ¢: W(go,91) — B(Z/n) with
the desired properties. When n # 0, this completes the proof of the lemma.

Now assume n = 0 and consider the part of the lemma that remains to be shown. We must
produce a map n: W(go, g1) = CP* = K(Z,2) so that its restriction to W; is an isomorphism
on my, for i = 0, 1. But the method is entirely analogous to that in the previous two paragraphs,
noting only that we have already shown the map v’ (go, g1) of diagram (8) is the identity map.
We omit further details. O

Remark 4.9. Later, in Lemma 5.3, we will modify the map 7 just constructed. For now, it is
merely important to know that one possible map 7 exists.

The remainder of this section is devoted to the proof of Lemma 4.4. We begin by considering
how different choices of boundary parameterisations go and g; affect the map + in Diagram (5).

~

Suppose g;: L; = L(n,1) and ¢;: L; = L(n,1) are choices of homeomorphism, for i = 0, 1.
Then g/ = (gig; ') 0 gi- In other words, g; and g/ differ by a self-homeomorphism of L(n,1).
So to prove Lemma 4.4, it will be important for us to understand the possible automorphisms
of Hi(L(n,1)) induced by self-homeomorphisms of L(n,1). Bonahon [Bon83] computed the
mapping class groups of lens spaces (see also [TR85]). We use this to determine the possible
automorphisms of Hy(L(n,1)) induced by self-homeomorphisms of L(n,1).

Proposition 4.10. The map g.: Hi(L(n,1)) — Hy(L(n,1)) induced by a homeomorphism
g: L(n,1) = L(n,1) is multiplication by 1 or —1 on Z/n (under our fized identification
Hy(L(n,1)) 2 Z/n).

Proof. As g. is an automorphism of Z/n, it is given by multiplication by some unit p € (Z/n)*.
When n = 0 the only units are 4 = £1, when n = 1 the only unit is u = 1(= 0), and when
n = 2 the only unit is p = 1, so in these cases the statement is clear. For n > 2, the mapping
class group of L(n, 1) is generated by 7 [Bon83, Théoréme 3(c)] so g is isotopic to either 7 or
the identity map, and thus by Lemma 4.7 the only possibilities are yu = +1. O

Corollary 4.11. Up to a sign, the homomorphism ¥ (go,91): Z/n — Z/n from Diagram (5)
is independent of the choices of gy and g;.

To prove Lemma 4.4, we will show that there exists some choice of parameterisations gg, g1
such that ¥(go, g1) = £1. Then Corollary 4.11 shows any choice will return ¢ = +1.

Remark 4.12. We note that the map v (go, g1) must be multiplication by a unit in Z/n, thus
for any n where (Z/n)* = {1, -1}, the objective just outlined is trivially achieved. These are
the cases |n| =0,1,2,3,4,6. However, the proof below is the same in all cases, so we proceed
in generality.
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sy iy sy BE

FIGURE 1. A Kirby diagram for the D?-bundle over S? with Euler number n,
and with k self-plumbings.

We build up some technology. Recall that we fixed an orientation of S2. Let f: S%2 & X
be a generic immersion that is also a homotopy equivalence. In a standard abuse of notation,
henceforth we will conflate f with the immersed submanifold given by its image f(S?). A closed
regular neighbourhood 7(f) is homeomorphic to the effect of performing some number of self-
plumbings, k say, of the Euler number n disc bundle over S?. A standard Kirby diagram for
this plumbed disc bundle is given in Figure 1 (see e.g. [GS99, p. 202] or [Fre82, Diagram 2.2]),
where the clasps C; are one of the two possibilities depicted (it will not be relevant for us which
ones). We identify the tubular neighbourhood with this standard description.

A loop 7 in X is called a meridian to f if it is isotopic in X \ f to a meridian to the 2-handle
curve in the Kirby diagram. Note that as both X and S? are oriented, there is a preferred
orientation on a meridian to f. Namely, pick an embedded disc bounded by the meridian
and intersecting the 2-handle geometrically once. Orient the disc so that this is a positive
intersection and then restrict this orientation on the disc its boundary.

Lemma 4.13. Assume that f has k double points. Then

/ r =0,

%k 77::(1)’ ZF e Z/n r=1,

H@(N=] 7 ,_o H,(00(f) = { 7* r=2,
e o e

The summand ZF of both Hy(v(f)) and Hy(0V(f)) is generated by a collection of meridians
to the dotted circles in Figure 1. The summand Z/n C Hy(0U(f)) is generated by a meridian

of f.

Proof. From Figure 1 we can read off the claimed homology groups for 7(f); it is homotopy
equivalent to S2 V \/k S1. One can deduce the homology groups of 97(f) from the long exact
sequence of the pair (7(f), 0U(f)), together with the fact that Hy(¥(f)) — H2(v(f), 0U(f)) can
be identified with Z = Z by viewing it as the adjoint to the intersection pairing. Alternatively,
by switching the dots to 0’s in Figure 1, we obtain a link surgery diagram for 07(f), from which
we can read off the claimed homology groups for this boundary manifold. The claims about
generators are clear from the picture. O

Remark 4.14. To each double point of f, we can assign a double point loop on the image f(S?).
This is a loop on the surface that leaves the double point on one sheet of the immersion and
returns on the other, missing all other double points. The meridians to the dotted circles in
Figure 1 are isotopic in 7(f) to double point loops on the surface.

Proposition 4.15. We have that that Hy (X \ f) & Z/n, generated by a meridian of f, and
moreover the inclusion induced map j.: Hi(0X) — Hy (X \ f) is an isomorphism.
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Proof. For the first claim, we observe that since X is simply connected, there is an exact
sequence

0 —— Hy(0X) —— Hao(X) —2— Ho(X,0X) —— Hy(0X) — 0.

Using Poincaré-Lefschetz duality and the universal coefficient theorem, we identify Ho (X, 0X) &
Hy(X)*. Under this identification ¢, becomes the adjoint of Ay, and hence the sequence is
isomorphic to

0 — H,(0X) A Hy(0X) —— 0.

From this, we deduce that H1(0X) = Z/n (and Hy(0X) = 0, although we will not need this).

We now move on to computing that Hy (X \ f) =2 Z/n. Write W := X\ 7(f) and Y := 9v(f).
Using the groups computed in Lemma 4.13, the Mayer-Vietoris sequence for X = WUD( f) now
shows that the inclusion -induced maps H3(Y') — H3(W), Ho(Y) — Ho(W) are isomorphisms,
and that the inclusion-induced map is an isomorphism

(16) Hi(Y) —— Hi(#(f) @Hi(W).
N—— N——
>7FBZL/n 7k

From the classification of finitely generated abelian groups, we deduce that H;(W) = Z/n.
The Z/n summand of H;(Y') is generated by a meridian of f, by Lemma 4.13. The order of
this meridian element is preserved under the map (16), as this is an isomorphism, in particular
implying it maps to a generator of the torsion summand H; (WW). Moreover, taking these three
facts above, combined with the long exact sequence of the pair (W,Y’), we may compute that
Hs(W,Y) =0 and Hy(W,Y) = ker(H,(Y) — H(W)) = ZF.

For the final claim, consider that part of the long exact sequence for the pair (W,0X) is

H(0X) —2 H{(W) —— Hy(W,0X).
—— ——
~7/n ~7/n
Using Poincaré-Lefschetz duality and the universal coefficient theorem, we identify H1 (W, 0X) &
Ext} (Hy(W,Y),Z) ® Hs(W,Y)*. But this group is 0 by the computation above. This shows
J« s a surjective map Z/n — Z/n, implying it is an isomorphism as required. O

We have shown that j,.: H;(0X) = H (X \ f) is an isomorphism, but we wish to be more
careful about keeping track of which isomorphism it is. Fix a generator v € H1(0X) = Z/n.
Let k: 0v(f) — X \ v(f) be the inclusion map.

Definition 4.17. A meridional marking for f is a homology class 6 € H1(07(f)) that contains
a representative given by a meridian to f with the preferred orientation. The meridionally
marked immersion (f,d) is said to be consistent (with respect to ) if j.(v) = k. (6) € H (X \
v(f)) = Z/n.

We consider the behaviour of consistency under finger moves on the immersion.

Proposition 4.18. Suppose that f': S? & X is obtained from f by a self finger move. Let
8 € H1(0v(f")) be a meridional marking for f' obtained by taking a representative meridian
for ¢ disjoint from a neighbourhood of the finger move arc. Then (f’,8") is consistent if and
only if (f,0) is consistent.

Proof. Suppose (f,d) is consistent. Then there exists a surface ¥ C X \ v(f) witnessing that
j«(7) and k. (9) are homologous. We may assume this surface is disjoint from a neighbourhood
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of the finger move arc. Write the inclusion &': 9v(f') — X \ v(f’). Then ¥ witnesses that
J«(y) and K, (6") are homologous in X \ v(f’), so (f’,¢’) is consistent.

Conversely, let ¥ be a surface in X \ v(f’) witnessing that j.(v) and k. (§") are homologous.
Choose a Whitney disc V reversing the finger move. We can assume that meridians in the
markings § and ¢’ are disjoint from the Whitney arcs. It may be that V intersects X. If this is
the case, perform finger moves on X, guided by arcs in V', to push intersections between V' and
Y off V; see Figure 2, parts (a) and (b). This is the procedure called pushing down [FQ90, §2.5].
Each application of pushing down creates a pair of intersection points between > and f. For

N V. ,
Z\\ _._/
f

A

f
(a) A Whitney disc V pair- (b) The surface X after be- (¢) Tubing X to itself, guided
ing self-intersections of f, to- ing pushed down. Also pic- by the arc A C f.
gether with a point of intersec- tured, a choice of arc A on f
tion between X and V (possi- between the new intersection
ble self-intersections of V' not points, and missing the Whit-
pictured). ney arcs on f.

FIGURE 2. Pushing intersections between V and ¥ down, then tubing ¥ to
itself.

each such pair, choose an arc on f joining the intersections, which is disjoint from the Whitney
arcs on f; see Figure 2(b). Using the normal directions to f, thicken the arc to a 3-dimensional
1-handle, and then use the boundary of this 1-handle to tube X to itself; see Figure 2(c¢). This
gives a new X, disjoint from the Whitney disc, disjoint from v(f), and witnessing a homology
between j.(v) and k.(0) in X \ v(f). Therefore (f,0) is consistent. O

We can finally prove that the map v: Z/n — Z/n from Diagram (5) is always £1.

Proof of Lemma J./. Write fo: S? <+ X and f;: S? < X for locally flat embeddings with
images Sy and S; respectively. As both fy and f; are embedded, homotopic, and have the
same normal Euler number, they are regularly homotopic; see e.g. [KPRT22, Theorem 2.27].
A regular homotopy consists of a finite sequence of finger and Whitney moves. Choose a
meridional marking g for fo, represented by an oriented meridian pg C 97(fg) that is disjoint
from neighbourhoods of all finger move arcs and Whitney discs in the finite sequence. The
meridian g thus survives the regular homotopy and becomes a meridian p; of f;. We denote
by ¢&; the corresponding meridional marking for f;. Choose a generator v € H; (0X) to arrange
that (fo,d0) is consistent. By Proposition 4.18, (f1,d1) is also consistent.

Choose a fixed identification Hy(L(n,1)) = Z/n, so that 1 € Z/n is represented by an S*-
fibre. For r = 0,1, write L, := 0v(f.). By definition of a meridian, p, is the image of
an Sl-fibre of L(n,1) under some homeomorphisms g,: L, = L(n,1), for r = 0,1. Under
(gr)s: H1(Ly) — Hi(L(n,1)), we have (g,).«(0,) = %1, where 1 € H;(L(n,1)) refers to our
fixed identification H;(L(n,1)) = Z/n. The sign ambiguity comes from whether or not the
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homeomorphisms go and g; agree with the orientation on the meridians determined by the
orientation on S? and the ambient manifold X. Consider Diagram (5). As both (fy,d0)
and (f1,01) are consistent, we have (jo)«(y) = (ko)«(do) and (j1)«(v) = (k1)«(61). By the
commutativity of (5), this implies (g1);! o % o (go)«(dg) = d1. But as (g,)«(d,) = +1 for
r = 0,1, this implies ¥(1) = +1.

Since there exists a choice of gg, g1 such that 1(go,g1) = £1, Corollary 4.11 now shows that
for any choice, we must have 1 = £1. ]

5. HOMEOMORPHISMS BETWEEN 2-SPHERE EXTERIORS

Recall W; := X \ vS; and L; := 9vS;. We now prove that there is a homeomorphism between
the 2-sphere exteriors Wy and W7i.

Proposition 5.1. Let X be a compact, oriented 4-manifold and suppose that X ~ S2. Suppose
fori=0,1 that S; C X are images of locally flat embeddings of S? that both represent a given
generator of mo(X). Write W; := X \ vS; and assume 71 (W;) is abelian. Then there is a
homeomorphism F: Wy = W1 that restricts to the identity map on 0X and on 0vS; = L(n, 1),
the latter for some choices of boundary parameterisations.

We will build up to the proof of Proposition 5.1 with some lemmas. Recall, given choices of

boundary parametrisations g;: L; = L(n,1), we defined W (g, g1) = Wo U —W7, glued using
the g; on the L; boundary components and by the identity on 0.X; see Definition 4.1.

Lemma 5.2. Under the hypotheses of Proposition 5.1, and for any two choices of 2-disc
bundle structure on the tubular neighbourhoods G;: 7S; = D?x,,52, that restrict to boundary
parameterisations g;: L; = L(n, 1), there is a spin structure on W(go, g1).

Proof. When n is odd, we compute H'(W;;7Z/2) = 0, so that W; has a unique spin structure s;.
Similarly, X and L; have unique spin structures because W; is a Z-homology cobordism.
Thus the restrictions of sg and s; to 0X agree, and so do the restrictions of 55 and s; to
L;. This implies the chosen spin structures are compatible with the boundary glueing maps
defining W (go, g1).

When n is even, recall that X ~ S2 is spin and has a unique spin structure. For ¢ = 0, 1, endow
W; with the spin structure s; restricted from the spin structure on X. On L;, the restricted
spin structure Js; is one of two possible spin structures on L;. But exactly one of the spin
structures on L(n, 1) extends to D?x,S%. As the boundary parametrisation L; = L(n,1)
extends to 7S; = D?x,,52, we see that for both ¢ = 0,1, the spin structure ds; o g;l is this
bounding spin structure on L(n,1). Thus the spin structures dsg and Js; agree on Ly and L;
under the glueing map defining W (go, g1)- O

Lemma 5.3. Suppose the hypotheses of Proposition 5.1, and assume furthermore that n = 0.
Choose boundary parameterisations g;: L; = S* x S?. Then 0(W(go, 1)) = 0. Moreover, there
exists a map n: W{(go, g1) — CP™ so that the restriction h; := n|w, is an isomorphism on o,
and such that n.((W (g0, 91)]) € Hs(CP*>; Z) vanishes.

Proof. Fix choices of boundary parametrisation g;: L; =2 S* x S2 for i = 0,1. In this proof,
write W := W (go, g1), for brevity.

We compute the signature of W. As n = 0, the original manifold X has vanishing intersection
form and thus signature 0. Similarly 7S; has signature 0. Since X = W; UTS;, Novikov
additivity now shows W; has signature 0. A further application of Novikov additivity implies W
has signature 0.
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Now let n: W(go, g1) — CP* be a map as produced by Lemma 4.2. We wish to describe how
to modify 1 so that 0. ([W]) € H4(CP>;Z) vanishes, but first we recast the condition in a more
geometric way. As H,(CP°°;Z) is free, we have 7. ([W]) = 0 if and only if f(n.([W])) = 0 for
all homomorphisms f: Hy(CP*;Z) — Z. By the universal coefficient theorem the evaluation
map H*(CP*;Z) = Homy(H,(CP*>;Z),Z) is an isomorphism. So furthermore n.([W]) = 0
if and only (v, H,([W])) = 0 for all ¢» € H*(CP*;Z). As there is an isomorphism of graded
rings H*(CP>; Z) = Z[x] where |z| = 2, this latter condition is equivalent to checking for the
generator x that 0 = (xUz,n.((W])) = (n*(z) Un*(z), [W]). So finally, n.([W]) € Hy(CP>;Z)

vanishes if and only if the Poincaré dual to n*(z) has vanishing self-intersection.

Now we describe the Poincaré dual to n*(x) and then show our choice of n can be modified
to a new map with the same properties but moreover so that this Poincaré dual has vanishing
self-intersection.

We wish to obtain specific generators for Ho(W). For this, consider the long exact sequence

Hy(0X) @ Ha(S" x §%) ——s Hy(Wo) @ Ha(W1) -
>~7 ~7 >~7 ~7
Hy(W) —— 2 H{(8X)® H(S' x §2) —2— H,(Wp) @ Hy (W)
~7 ~7 7 ~7

where o and § are both (11). Write L = coker(a) and J = ker(d), which we note are both
free of rank 1. There is then an exact sequence

(4) 0—>LL>H2(W)L>J*>O.

From this we deduce that Ho(W) = Z & Z. Now L is generated by the class of a generator of
Hs(Wp), which is the image of a generator of Ha(S* x S?), say.

Choose a loop A C 90X generating H1(0X;Z). For each of i = 0,1 there exists a properly
embedded annulus 4; C W; with A = 4, N X and 9;1(51 x {pt}) = A; N L;. Fix choices of
A;. Glueing these annuli together, we obtain an embedded torus T C W such that v([T]) is
a generator for J in sequence (4). Write S C W for the 2-sphere {pt} x S? C S! x §2 C W.
Then the intersection form for W is

73z sz = (281D (3 1)),

where a € 27 is some unknown integer (which is necessarily even because W is spin).

Consider for i = 0,1 the commutative diagram

[W,CP®] —=— H2(W;Z) —— Homg(Hy(W;Z),Z)

| | |

[W;, CP>®] —— H2(W;;Z) —— Homy(Hy(W;; Z), Z)

The Poincaré dual to [S] € Hy(W;Z) is some class y € H?(W;Z), and as an element of
Homy(H2(W;Z);Z) is given by the left column of the intersection form Ax z. In particular,
this map evaluates to 0 on [S]. As [S] € Ho(W;;Z) generates, and the diagram commutes, we
see that y maps to 0 under the vertical morphism. Write u[S] + v[T] for the Poincaré dual
class to n*(x). Let b := a/2 and let G: W — CP* be such that G*(z) = n*(z) — (u + bv)y.
Because y maps vertically to 0, the restrictions of G and 7 to W; are homotopic, for each
1 =0,1. In particular, G restricted to W; is a ma-isomorphism. The Poincaré dual to G*(z) is
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u[S] 4+ v[T] — (u+ bv)[S] = —bv[S] + v[T], which has self-intersection:

(—bv v) ((1) (11> <_£U) = —b? — %+ av®=0.

Thus G is the replacement for n we seek. (|

Now we complete the proof of Proposition 5.1. The proofs in the cases that n % 0 and n =0
are structurally similar, but differ in the details. We will thus split the proof into these two
cases for ease of digestion.

Proof of Proposition 5.1, assuming n # 0. By Proposition 3.7, the normal 2-type of W; is
B(n) = BTOPSpin xB(Z/n) — BSTOP. A normal 2-smoothing for W; consists of a choice
of spin structure s;: W; — BTOPSpin, together with a choice of map ¢;: W; — B(Z/n) that
induces an isomorphism on 7. By Lemma 4.2 and Lemma 5.2 there exist choices of boundary
parametrisation g;: L; = L(n, 1) and normal 2-smoothings Ty, = s; X ¢; such that the normal
2-smoothing

Tw, UTw, : Wo U =W, — B(n) = BTOPSpin xB(Z/n)

descends to a normal B(n)-structure on the closed 4-manifold W (go, 1), which we will denote
Uw, UTw,. For the remainder of the proof, we abbreviate to W := W (go, g1).

We wish to show that the normal B(n)-structure (W,Tw, U Tw,) vanishes in the group
Q4(B(n),pn). To prove this claim, we first compute the bordism group. Because B(n) is
a product, we have Qu(B(n), p,) = Q; O75P(B(Z/n)). We claim that

QIOPSpin(B(Z/n)) o QZOPSpin ~ 7

The second isomorphism is well known, and given by the signature of the 4-manifold divided
by 8, so we focus on the first. We use the Atiyah-Hirzebruch spectral sequence, which has
Ey® = H,.(B(Z/n); QIOPSrin) - Recall that QTOPSPIn =~ 7.7/9 7,/2 0,7 for s = 0,1,2,3,4
(s-manifolds for s < 3 admit unique smooth structures, so here we may use the smooth spin
bordism groups, and for s = 4, the reader is referred to [Sie71, §13]). A cellular chain complex
for B(Z/n) is given by

and from this we can fill in some relevant terms of the E? page, focussing on when r+s = 4, 5.
First note that Eg’4 = QIOPSpin = 7. For n odd, this is the only nonvanishing upper right
quadrant entry on the diagonal line r + s = 4. All the differentials d,,, for m > 2, with
codomain Eg ’4, have finite groups in their domains. Thus this terms survives to the E., page
and so Q0 OP5P(B(Z/n)) =2 Q1 °PSP™ =~ 7 for n odd. For n even, we can fill in relevant entries
in the Fs page as follows.
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E}*® = H,(B(Z/n); QTOPSpin)

2 z/2 | )2
1 z)2 | Z)2
0 0 |Z/n

0 1 2 3 4 5 p

The differentials do: Ey° — E3" and dy: Ey'' — E3* are given by Proposition 2.7. Moreover,
the former is known to be the surjective map Z/n — Z/2, and the latter is known to be an
isomorphism Z/2 — Z/2 [KPT21, §6.2.1]. So on the F5 page, the only nonzero term when
r+s=4Iis Eg ’4, which is isomorphic to Z since Eg 3= 0. Moreover, all the differentials d,,,
for m > 3, with codomain E%*, have finite groups in their domains, and therefore inductively
we see that they map trivially to E2# = Z. Thus this term survives to the E., page, and we
have Q] OFSP(B(Z/n)) = QTOFPSP™ = 7, for n even as well.

To compute the signature of W consider the section of Mayer-Vietoris sequence
0 0 7/ 7/
= = =7Z/n =7Z/n

implies that Ho(W) is Z-torsion. Hence (W) = 0 and so (W, Ty, UTw, ) vanishes in the group
Q4(B(n),pn). By Lemma 2.1, this implies that (Wy, Ty, ) is cobordant to (W7, Ty, ) rel. bound-
ary. By Theorem 2.6, such a bordism determines a surgery obstruction in L;" (Z[Z/n]), which
vanishes only if (Wy, Ty, ) is s-cobordant to (W1, Ty, ) rel. boundary.

We claim that L:7(Z[Z/n]) = 0. For this, by [Bak76, Theorem 7] the simple Wall group
is trivial LZ(Z[Z/n]) = 0. Hence it is sufficient to show L;7(Z[Z/n]) = Li(Z[Z/n]), which
will follow if the hypotheses of Proposition 2.5 are satisfied. These hypotheses hold: firstly,
Oliver [Oli88, Theorem 5.6] showed that Wh(Z/n) is torsion-free; secondly, the involution
on Wh() is trivial [Bas74, Proposition 4.2] (see also [Bak77]) for any finite abelian group, so
in particular for 7 2 Z/n. This completes the proof of the claim.

As the value group for the surgery obstruction vanishes L:7(Z[Z/n]) = 0, the desired s-
cobordism exists. As Z/n is a good group, the Freedman-Quinn s-cobordism theorem [FQ90,
Theorem 7.1A] implies there exists a homeomorphism F': Wy & W restricting to the identity
on 0X and to 91_1 0go: Lo — L1 on this boundary component. O

Proof of Proposition 5.1, assuming n = 0. By Proposition 3.7, the normal 2-type of W; is
B(0) = BTOPSpin xS! x CP* — BSTOP. A normal 2-smoothing for W; consists of a
choice of spin structure s;: W; — BTOPSpin, together with a choice of map ¢;: W; — S*
that induces an isomorphism on 1, and a choice of map h;: W; — CP* that induces an
isomorphism on 7. By Lemmas 4.2 and 5.2, there exist choices of boundary parametrisation
gi: L; 2 S x S? and normal 2-smoothings 7y, = s; x £; X h; such that the normal 2-smoothing

Ty, U, : Wy U —W; — BTOPSpin xS*' x CP>
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descends to a normal B(0)-structure on the closed 4-manifold W (go, g1), denoted
s x A xn: W(go,g1) — BTOPSpin xS* x CP>.

For the remainder of the proof, we abbreviate to W := W (go, g1). By Lemma 5.3, we may
choose the h; to be such that n.([W]) =0 € Hy(CP*;Z).

We wish to show that the normal B(0)-structure (W, s x Axn) vanishes in the group £24(B(0), po).
To prove this claim, we first compute the bordism group. Because B(0) is a product, we have
Qu(B(0), po) = QF OF5PIn (51 5 CP*). We claim that

QOTSPIN (St x CP®) = Z & Z.
where the first summand is given by the signature of W divided by 8 and the second is given

by n.([W]) € Hy(CP>;Z) = Z divided by 2. We fill in relevant entries in the E5 page of the
Atiyah-Hirzebruch spectral sequence as follows.

q

Ey*® = H,(S' x CP>; QTOPSpin)

2 7)2 | Z)2

1 | z/2\z/2|2/2|2/2)|2/2

0 1 2 3 4 5 p

The dy differentials are given by Proposition 2.7, and we compute them now. For R = Z/2 or
R = Z, the Kiinneth theorem gives
H*(S' x CP*; R) = H*(S*; R) ® H*(CP™; R) = (R[t]/t*) ® R[]
where t € H'(S'; R) and z € H?(CP*; R) are generators. We compute that Sq?(t ® 1) = 0,
Sq*(1® z) = 1 ® z2, and by the Cartan formula
Sa*(t ® x) = Sq*(t) ® = + Sq' (t) ® Sq' (z) + t ® S’ ()
=0Rz+000+t®a® =t®a’.

Thus dg’l =0, dg’l is an isomorphism, and both dg’o, dg’o are surjective with kernel 2Z. From
this we compute E§’2 = Eg"l =0, and E§’O 2 27.. There is potentially a nontrivial differential
d3°: By =27 — Ey® = 7/2, and E%0 = ker d3°.

A choice of map pt — S x CP* induces Qj O75P" — QTOPSPIR(G1 » CP>), which splits
the map Q) 7P (51 x CP®) — QF 9P induced by the unique map S! x CP® — pt.
It follows that 2} °7P™ is a direct summand of 2} O75P (1 x CP™), and therefore every
differential with image in E%* vanishes. In particular the differential d3 o = 0, and therefore

E%4 Eg’4 = QIOPSpm = Z. We deduce that

Q OFsPin (gl CP®) = E%t @ ker(dy?: By — Ey?) 2 Z @ ker(ds®: 27 — 7)2).
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The obstruction in E§’O =7 = Q}OPSpin determined by W is given by the signature of W
(divided by 8), which vanishes by Lemma 5.3. The obstruction in E40 C QT ©P8Pin (g1 CP>)
determined by W is given by 7.([W]) € Hy(CP*®;Z). Using Lemma 5.3, we assumed that the
map 7 is such that this obstruction vanishes. In addition, during the proof of Lemma 5.3 we
showed that one can arrange for 7. ([W]) to take any even value. It follows that E4° C Ey° =~ 7
is the subgroup 27, and so in fact we must have dg’o = 0 and ker d§’0 = E§’O = 27. We conclude
that Q] °PSPI(§1 % CP™) 2 Z @ 2Z, and that (W, s x A X 1) is the trivial element of this group.

Hence (W,s x A x n) vanishes in the group 4(B(n),p,). By Lemma 2.1, this implies that
(Wo,Uw,) is cobordant to (W1, 7w, ) rel. boundary. Choose such a bordism (Z, =Z). By The-
orem 2.6 this determines a surgery obstruction 6(Z,Z) € L:"(Z[Z]), and if this obstruction
vanishes then (W, Ty, ) is s-cobordant to (Wi, Dy, ) rel. boundary. As Wh(Z) = 0, the exact
sequence (4) shows that the obstruction in fact lies in the subgroup LZ(Z[Z]) C L:" (Z[Z]).
This obstruction group is well-known to be L$(Z[Z]) = L} (Z) = 8Z, given by the signature of
a closed codimension 1 submanifold that meets an embedded loop v C Z algebraically once,
where v C Z is a loop such that Z(y) generates 71 (B(0)) = Z. This signature may be nonzero.
To kill the signature, we take the internal S'-sum between Z and copies of S* x Eg, or S* x —FEjg
as appropriate, identifying copies of v C Z in the former with representatives of the S! fac-
tors in the latter. After modifying Z in this way, the obstruction in LZ(Z[Z]) vanishes and so
the desired s-cobordism exists by Theorem 2.6. As Z is a good group, the Freedman-Quinn s-
cobordism theorem [FQ90, Theorem 7.1A] implies there exists a homeomorphism F': Wy = W,
restricting to the identity on 0X and to ¢; Y6 go: Lo — L1 on this boundary component. [

6. PROOF OF THEOREM 1.1

We now record two short lemmas before moving on to the proof of Theorem 1.1.

Lemma 6.1. Let X ~ S? be a compact J-manifold with intersection form (n), where n € Z.
Suppose F: X — X is an orientation preserving homeomorphism, restricting to the identity on
0X, and such that the map Fy: Hy(X) — Ha(X) is multiplication by —1. Thenn € {£1, £2}.

Proof. By the universal coefficient theorem we have F*: H?(X) — H?(X) is also multiplication
by —1. Consider the commuting square with downwards maps given by F'* and horizontal maps
induced by inclusion

H2(X) —— H2(0X)

l—l ll
H2(X) —— H2(9X).

It is straightforward to identify the horizontal maps with the quotient map Z — Z/n. The
commutativity of the square implies 1 = —1 mod n, which holds if and only if n € {41, £2}.
O

Lemma 6.2. Let X ~ S? be a compact 4-manifold. Let S C X be a spine with self-
intersection n, where n € {£1,+2}. Then there is an orientation preserving homeomorphism
F: X — X, fiting 0X pointwise, and such that F|s: S — S is an orientation reversing
homeomorphism.

Proof. Write (D?x,,S2, L(n, 1)) for the Euler number n disc bundle over S?. Choose an orien-
tation preserving homeomorphism G: 7(S) =2 D?x,,S8? that preserves the O-section. Apply the
orientation preserving map 7 from Definition 4.6 to the disc bundle D?x,,5%. When n = +1,
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we have L(n,1) = S3 and so any orientation preserving self-homeomorphism of L(n, 1) is iso-
topic to the identity. When n = £2, we have L(n,1) = RP? so by [Bon83, Théoreme 3(e)]
every orientation preserving self-homeomorphism of L(n, 1) is isotopic to the identity. Hence in
either case, in a boundary collar of L(n,1), we may insert an isotopy to obtain an orientation
preserving self-homeomorphism 7 of D?x,, 52, that fixes the boundary pointwise, that fixes the
base S? setwise, and is orientation reversing on the base S? (Lemma 4.7). Extend the map
G~ 'oT oG from 7S to X by the identity, to obtain the desired F. O

Now we have all the ingredients we need to complete the proof of Theorem 1.1, whose statement
we recall for the convenience of the reader.

Theorem 6.3. Let X ~ S? be a compact 4-manifold. Let Sy and Sy be simple spines. If
[So] = [S1] € Ha(X) then Sy and Sy are ambiently isotopic via an isotopy that restricts to the
identity on 0X.

Proof. By Proposition 5.1 there is a homeomorphism X \ Sy — X \ vS; restricting to the
identity on 0.X and to a homeomorphism 0v.Sy; — 0vS; that is identified, for suitable boundary
parameterisations, with a self-homeomorphism of S*x,, 5% = L(n, 1) that extends to an orien-
tation preserving bundle isomorphism of the disc bundle D?x,,S2. Choose such an extension
to extend the homeomorphism 0vSy — OS] to an orientation preserving homeomorphism
7Sy — Sy that preserves the 0-sections, i.e. that maps Sy to S; via a homeomorphism. We
obtain an orientation preserving homeomorphism F': X — X, fixing X pointwise and sending
Sp to S7 via a homeomorphism (which is potentially orientation reversing).

Suppose [Sp] = [S1] € H2(X). The map F, on Hz(X) is an isomorphism, so it is multiplication
by +1. By Lemma 6.1, when n ¢ {41,+2} we must have that F, is the identity map on
Hy(X), so that Fi([So]) = [So] = [S1], and so F': Sy — S is orientation preserving. When
n € {+1,+2}, it is possible that F is multiplication by —1 on Hs. If this is the case, modify
F by postcomposing with the map from Lemma 6.2, so that F, becomes the identity on Hs
and hence Fy([So]) = [So] = [S1], and so F': Sy — S; is orientation preserving. Now as Fi
is the identity on H(X), by Theorem 1.2 [OP22, Corollary C], F is topologically isotopic
rel. boundary to the identity on X. The resulting isotopy is a rel. boundary ambient isotopy
between S7 and Sg. This completes the proof of the theorem. O

Remark 6.4. Suppose X ~ S? is a compact 4-manifold with simple spines Sy and S; such that
[So] = —[S1] € H2(X). Then it is impossible that the spines are related by an ambient isotopy,
because ambient isotopy preserves spine orientation. By Lemma 6.1, when n ¢ {41, £2},
it cannot even be the case that there is a homeomorphism of pairs F': (X,Sy) — (X, S1),
fixing 0X pointwise, that is both orientation preserving from X to X, and from Sy to S;. The
anonymous referee asked whether such a homeomorphism does exist in the cases n € {£1, +2}.
We can answer this question affirmatively. To see this, follow the proof of Theorem 1.1 to the
end of the first paragraph. The map F' thus constructed is either orientation preserving from Sy
to Sy or not. If it is not, then postcompose F' with the map from Lemma 6.2, to produce the
desired map.
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