
THE FOUR GENUS OF A LINK, LEVINE-TRISTRAM

SIGNATURES AND SATELLITES

MARK POWELL

Abstract. We give a new proof that the Levine-Tristram signatures of a link
give lower bounds for the minimal sum of the genera of a collection of oriented,
locally flat, disjointly embedded surfaces that the link can bound in the 4-ball.
We call this minimal sum the 4-genus of the link.

We also extend a theorem of Cochran, Friedl and Teichner to show that the
4-genus of a link does not increase under infection by a string link, which is
a generalised satellite construction, provided that certain homotopy triviality
conditions hold on the axis curves, and that enough Milnor’s µ-invariants of the
infection string link vanish.

We construct knots for which the combination of the two results determines
the 4-genus.

1. Introduction

All links, surfaces and manifolds are oriented, all embeddings are topologically
locally flat. Let L = L1 ⊔ · · · ⊔ Lm be an oriented, ordered, m-component link in
S3. The 4-genus of L is

g4(L) = min
{ m∑

i=1

gi

∣∣∣ gi = g(Σi), Σ1 ⊔ · · · ⊔ Σm →֒ D4, ∂Σi = Li

}
.

The minimum is taken over topological locally flat embeddings of a disjoint collec-
tion of oriented surfaces into the 4-ball D4, with oriented boundary L. We have
g4(L) = 0 if and only if L is slice, and we write g4(L) = ∞ for the minimum of the
empty set.

In Theorem 1.4 we prove that the Levine-Tristram signatures give a lower bound
for the 4-genus of a link, and we show in Theorem 1.7 that certain infection opera-
tors do not increase the 4-genus. The two techniques yield upper and lower bounds
for the 4-genus. We combine the results to give new examples of knots for which
our techniques are able to determine the 4-genus.

1.1. Levine-Tristram signatures and four genus. Let F be a connected Seifert
surface for L in S3, and let V : H1(F ;Z) ×H1(F ;Z) → Z be the Seifert form; let
us also use V to denote a matrix representative for the form in terms of a basis for
H1(F ;Z). The matrix

B(t) := (1− t)V + (1− t−1)V T
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determines a sesquilinear, hermitian form over Q(t), the field of fractions of the
Laurent polynomial ring Z[Z] = Z[t, t−1] (here we consider Z[t, t−1] and Q(t) to
be rings with involution by extending t = t−1). For any complex number z ∈ S1,
B(z) is a hermitian matrix over C, with respect to the usual complex conjugation
involution. We may consider its signature σ(B(z)).

Definition 1.1. The Levine-Tristram signature of L at z = eiθ ∈ S1 is defined to
be the average of the one-sided limits:

σL(z) :=
1

2

(
lim

ω→θ+
σ(B(eiω)) + lim

ω→θ−
σ(B(eiω))

)
.

The Levine-Tristram signature at z turns out to be independent of the choice
of Seifert surface F and matrix representative V [Tri69]. Note that the matrix
B(z) can have some zero eigenvalues, for example when z = 1 and also whenever
∆L(z) = 0. Here ∆L(t) := det(tV −V T ) is the Alexander polynomial of L (but see
the official definition below). However the signature is still defined at these values.
Taking the average of the one-sided limits as in Definition 1.1 arranges that σL(z)
depends only on the concordance class of L. In fact, for any z ∈ S1 that is a root
of some polynomial p(t) ∈ Z[t, t−1] with p(t) = p(t−1) and |p(1)| = 1, there exists
a slice knot J with Alexander polynomial ∆J(t) = p(t) whose signature function,
without averaging, is nonzero at z [CL04].

The Levine-Tristram signatures define a homomorphism C → Z∞, where C is the
knot concordance group [Lev69b], [Lev69a]. For links, we remark that changing all
the orientations of the components fixes the Levine-Tristram signatures. However
changing the orientation on a proper subset of the components can change the
signatures in a much less predictable way.

To state the theorem relating Levine-Tristram signatures to the 4-genus we need
a couple more definitions. For an oriented, ordered m-component link L ⊂ S3, let
XL := S3rνL be the link exterior. Define a homomorphism π1(XL) → Zm → Z by
the abelianisation composed with the map sending (x1, . . . , xm) 7→

∑m
i=1 xi. The

resulting twisted homology H1(XL;Z[Z]) is called the Alexander module of L.

Definition 1.2. The nullity of a link L is defined to be the rank of its Alexander
module:

β(L) := dim(H1(XL;Q(t))).

We remark that 0 ≤ β(L) ≤ m− 1. See [BFP14, Lemma 4.1] for the argument,
which is well-known to the experts. We also remark that this definition of the
nullity differs by one from the analogous definition used in, for example, [KT76] and
[Mur65]. For an application of β(L) to lower bounds on the genera of cobordisms
between links, see [FP14].

Definition 1.3. The Alexander polynomial of a link L is defined to be the order
of its Alexander module:

∆L(t) := ordZ[Z](H1(XL;Z[Z])).

We will prove the following lower bound for the 4-genus of a link.
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Theorem 1.4. For any z ∈ S1,

|σL(z)|+m− 1− β(L) ≤ 2g4(L).

Note that ∆L(t) = 0 if and only if β(L) 6= 0. We obtain the following corollary.

Corollary 1.5. Suppose that ∆L(t) 6= 0. Then for any z ∈ S1,

|σL(z)| +m− 1 ≤ 2g4(L).

Here is a discussion of related prior results. Murasugi [Mur65, Theorem 9.1]
showed in the smooth case1 that |σ(B(−1))| ≤ 2g4(L). For z = −1, our result
is strictly stronger than this unless β(L) is the maximal m− 1. Murasugi’s proof
involved counting Morse critical points and does not work for topological locally
flat embeddings. For z = −1, Theorem 1.4 is similar to [KT76, Corollary 3.11].
Kauffman and Taylor in [KT76, Corollary 3.11] had an extra assumption that the
Conway polynomial ∇L(−1) 6= 0, which in Corollary 1.5 we are able to replace
with the weaker assumption that the Alexander polynomial is nonzero, since we
look at the averaged signature. Kauffman and Taylor did consider the extension
to topological locally flat embeddings, but as mentioned above only for z = −1.
In the case of connected surfaces in the 4-ball, Kauffman extended the results of
[KT76] to z any prime power root of unity in [Kau78, Theorem 4.1]. For knots
and all z, the result essentially follows from Taylor [Tay79], which also deals with
high dimensional knots. See also Livingston [Liv11, Appendix A]. However Taylor
and Livingston state their results for PL locally flat or smooth embeddings, and
topological locally flat embeddings are not explicitly dealt with. A similar result to
ours, for links and for all z, but in the smooth case only, can be found in Cimasoni-
Florens [CF08, Theorem 7.2]. For topologically locally flat embeddings, for all z,
and in the link case, the result seems, technically speaking, to be new.

The previous paragraph notwithstanding, even if one were only interested in the
smooth category, the proof presented here uses less machinery and is substantially
different from the previously known proofs of the related results discussed. We
use regular covers instead of branched covers, and bordism theory replaces the G-
signature theorem. The author therefore felt that this proof should be recorded.
Perhaps the present version will be more conducive to generalisation.

In [Liv11], a stronger lower bound on the 4-genus of a knot, derived from the
Levine-Tristram signature function, was defined. Lower bounds on the 4-genus
derived from higher order L(2)-signature invariants were introduced and studied
in [Cha08].

1.2. Infection by a string link and four genus. Fix m points, p1, . . . , pm ∈ D2.
An m-component string link L is an embedding L : {p1, . . . , pm}×I →֒ D2×I such
that (pi, j) 7→ (pi, j) for i = 1, . . . m and j = 0, 1.

An r-multi-disc E is the standardly oriented disc D2 containing r ordered em-
bedded open discs D1, . . . ,Dr. To perform a infection by a string link, we need

1As pointed out by Pat Gilmer, the signature can jump at −1 for links [GL15]. Murasugi does
not use the averaged signature, so his bound |σ(B(−1))| can be stronger than |σL(−1)|. The
signature at −1 is a link concordance invariant, without averaging, which may not agree with the
averaged invariant.
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an embedding of an r-multi-disc φ : E → S3 which intersects a link L only in the
interiors of the Di. Denote the image of φ by Eφ. Remove a thickened copy this,
Eφ × I, from S3 and replace it by a D2 × I which contains a string link J . We call
the resulting link infection of L by the string link J , along Eφ, and denote it by
S(L, J,Eφ), or sometimes just S(L, J). The components of the unlink in S3 defined

by the closed curves η1 := ∂D1, . . . , ηr := ∂Dr are called the axes.
The following theorem was proved in [CFT09], making crucial use of results from

[FT95].

Theorem 1.6 (Cochran-Friedl-Teichner). Let D = D1 ⊔ · · · ⊔Dm →֒ D4 be slice
discs for a link L in S3. Let φ : E → S3 be a map of an r-multi-disc such that
η1, . . . , ηr bound a set of immersed discs δ1, . . . , δr in D4rD in general position.
Let c be the total number of intersection and self-intersection points amongst the

δi, and let J be an r-component string link whose closure Ĵ has vanishing Milnor’s
µ-invariants up to and including length 2c, µ

Ĵ
(I) = 0 for |I| ≤ 2c. Then the

infection link S(L, J,Eφ) of L by the string J along Eφ is also slice.

We extend Theorem 1.6 to give the corresponding result for the 4-genus of a
link, showing, under some homotopy triviality assumptions, that the 4-genus does
not increased under the operation of infection by a string link.

Theorem 1.7. Let Σ = Σ1 ⊔ · · · ⊔ Σm →֒ D4 be oriented embedded surfaces in
D4 whose boundary is an ordered link L in S3, with genera g1, . . . , gm respectively.
Let φ : E → S3 be a map of an r-multi–disc such that η1, . . . , ηr bound a set of
immersed discs δ1, . . . , δr in D4rΣ in general position. Let c be the total number of
intersection and self-intersection points amongst the δi, and let J be an r-component

string link whose closure Ĵ has vanishing Milnor’s µ-invariants up to and including
length 2c, µ

Ĵ
(I) = 0 for |I| ≤ 2c. Then the infection link S(L, J,Eφ) of L by the

string link J along Eφ is also the boundary of a collection of oriented embedded
surfaces in D4 with the same genera.

This has the following corollary when restricted to the case of a single satellite.

Corollary 1.8. Let Σ = Σ1 ⊔ · · · ⊔Σm →֒ D4 be embedded oriented surfaces in D4

whose boundary is an ordered link L in S3, with genera g1, . . . , gm respectively. Let
η be a closed curve in S3rL, which is unknotted in S3 and such that η is trivial
in π1(D

4rΣ). Then the satellite link S(L, J, η) of L with companion J and axis η
is also the boundary of a collection of embedded oriented surfaces in D4 with the
same genera, for any knot J .

1.3. Organisation of the paper. In Section 2 we construct examples of knots for
which the upper and lower bounds provided by the two theorems above enable us
to compute the 4-genus, and for which other methods for creating an upper bound
do not seem to work. In particular we compare Theorem 1.7 with recent results on
the topological 4-genus of [Fel15], [FM15] and [BFLL15].

The proof of Theorem 1.4 is given in Sections 3, 4 and 5. Then the proof of
Theorem 1.7 is given in Sections 6 and 7.
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Dedication. This paper was written for a special memorial edition of the Journal
of Knot Theory and its Ramifications, in honour of Tim Cochran. Like much of
my mathematical output, many of the main ideas in the paper have roots in Tim’s
papers and the ideas contained in them. To me, Tim was a great mathematician,
one of my rôle models, he was passionate about sharing his vision, and above all
he was a generous and thoughtful person.

2. Combining the upper and lower bounds to compute new 4-ball

genera of knots

As an application of the above two theorems, we construct knots whose 4-genus
we are now able to compute. Start with the knot K shown in Figure 1, whose
4-genus is four. The knot K is constructed from a connect sum of the torus knot
T3,5 and the ribbon knot 11n139.

Figure 1. The connect sum K = T (3, 5)#11n139.

Then consider the two curves (η1, η2) shown in Figure 2. In the figure, each box
indicates a number of full right-handed twists in each of the parallel strands that
pass through the box. Thus we have infection data for each choice of integers k,ℓ,
n and m. Note that (η1, η2) is a 2-component unlink.

Perform infection on K by a string link J using the curves (η1, η2) as data for
the infection. To define an embedding of a multi-disc, one also needs to choose a
path between the η curves that misses the disjointly embedded discs they bound
and K. The resulting satellite knot also depends on this choice. Choose J so that
µJ(I) = 0 for all multi-indices I with |I| ≤ 2(n+m). We could use one of Milnor’s
links from [Mil57, Figure 1, p. 301] for J . Denote the resulting link by S(K,J).
We omit the multi-disc from the notation.

Proposition 2.1. The knot S(K,J) has 4-genus equal to four.

Proof. The original seed knot K has Levine-Tristram signature |σK(−1)| = 8,
arising from the T3,5 summand, so the 4-genus of K is at least four by Theorem 1.4.
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Figure 2. The knot K together with the infection curves η1 and η2.

Indeed the knot K has 4-genus four, since eleven band moves, as indicated in
Figure 3, produce a 4-component unlink.

To see this, observe that the band moves give rise to a smoothly embedded
surface Σ in the 4-ball with boundary K and euler characteristic 4 − 11 = −7.
Thus the genus g(Σ) satisfies 1− 2g(Σ) = −7 and so g(Σ) = 4. The curves (η1, η2)

lie in the the commutator subgroup π1(XK)(1), where XK := S3rνK is the knot
exterior. This implies that there is a Seifert surface whose Seifert form is not
altered by the infection operation. Therefore the Alexander polynomial and the
Levine-Tristram signatures are unchanged, so g4(S(K,J)) ≥ 4 by Theorem 1.4.
Finally, the string link construction satisfies the hypotheses of Theorem 1.7: η1
and η2 can be seen to be null-homotopic in the complement of the 4-component
unlink that arises after the band moves of Figure 3 have been performed. The
null-homotopies have n +m double points, arising from undoing the twists in the
boxes labelled n and m, and we chose J to have all µJ(I) = 0 for |I| ≤ 2(n +m).
Thus by Theorem 1.7 the infection operation does not increase the 4-genus, so we
have g4(S(K,J)) ≤ 4. This completes the proof of Proposition 2.1. �

We briefly discuss some other potential approaches to computing the 4-genus of
S(K,J).

(1) The Alexander polynomial is

∆K = ∆T (3,5) ·∆11n139 = (t8 − t7 + t5 − t4 + t3 − t+ 1)(2t2 − 5t+ 2).
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Figure 3. The connect sum K = T (3, 5)#11n139 with places to
perform eleven band moves indicated, after which one is left with a
4-component unlink.

Due to the contribution from ∆T (3,5), this not satisfy the Fox-Milnor con-

dition of factorising in the form ±tkf(t)f(t−1). Thus S(K,J) is not slice
and the 4-genus of S(K,J) is at least one.

(2) To show that the 4-genus at least four, one needs Theorem 1.4. Of course,
since we use the Levine-Tristram signature at −1, this already follows
from [KT76].

(3) Knot concordance invariants associated to Khovanov and Heegaard Floer
homology and gauge theory fail to give any information for locally flat
embeddings.

(4) Feller [Fel15] showed that the width of the Alexander polynomial is an
upper bound for twice the 4-genus of a knot. The Alexander polynomial of
S(K,J) has width 10, so only gives an upper bound of 5 for the 4-genus.

(5) Provided k, ℓ 6= 0 and J is suitably non-trivial, for example if J has a
nonvanishing Milnor’s invariant, the knot S(K,J) does not seem to be
obviously concordant to a knot with Alexander polynomial of width 8.
However, one can find a genus 4 smooth cobordism in S3 × I to a link
that can be sliced using Theorem 1.6. So to use the full extra power of
Theorem 1.7 we would need a more sophisticated example.

(6) The infection curves (η1, η2) intersect the obvious minimal genus Seifert
surface for K, therefore only by stabilising this Seifert surface can we easily
understand a Seifert surface for S(K,J). Lukas Lewark informs me that
one can apply the techniques of [BFLL15] to reduce this stabilised Seifert
surface, pushed into the 4-ball, to a genus 4 surface. It would be interesting
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to find some examples where the approach of [Fel15], [BFLL15] of excising
a part of the Seifert surface with Alexander polynomial one, fails to find a
sharp upper bound, but Theorem 1.7 does.

3. Bordism groups and Witt groups

In this section we begin the proof of Theorem 1.4, which will take until the end
of Section 5.

The Atiyah-Hirzebruch spectral sequence [AH61], together with the facts that
ΩSTOP
n = 0 for n = 1, 2, 3, implies that ΩSTOP

3 (BZ) = 0 and ΩSTOP
4 (BZ) ∼=

ΩSTOP
4 . We then have ΩSTOP

4
∼= Z ⊕ Z2, with the summands detected by the

signature and the Kirby-Siebenmann invariant ks respectively; this is described
in [Tei92, Section 5.1]. The Atiyah-Hirzebruch sequence uses topological transver-
sality [FQ90, Theorem 9.5].

Let (M,φ) be a connected closed oriented 3-manifold with a map φ : M →
BZ. Then since ΩSTOP

3 (BZ) = 0, M is the boundary of a connected topolog-
ical 4-manifold W with a map Φ: W → BZ extending φ. We may consider the
twisted homology groupsH∗(M ;Q(t)) andH∗(W ;Q(t)), corresponding to the maps
π1(M) → Z and π1(W ) → Z induced by φ and Φ respectively. We also will con-
sider the intersection form λW : H2(W ;Q(t)) × H2(W ;Q(t)) → Q(t), which is a
hermitian sesquilinear form.

Since Hi(M ;Q(t)) may be nonzero, in particular for i = 1, 2, the form λW may
be singular. To obtain a nonsingular form, instead of λW we consider the restricted
intersection form. Define

H2(W )† := H2(W ;Q(t))/ im(H2(M ;Q(t))).

The intersection form of W , λW : H2(W ;Q(t)) × H2(W ;Q(t)) → Q(t), induces a
hermitian, sesquilinear form

λ†
W : H2(W )† ×H2(W )† → Q(t).

This is well-defined by the next lemma. We will use this restricted intersection
form to define signature invariants of (M,φ).

Lemma 3.1. The intersection form λ† : H2(W )†×H2(W )† → Q(t) is well-defined
and nonsingular.

Proof. Consider the following commuting diagram. In the diagram and in the rest
of the proof, all homology and cohomology groups are with Q(t) coefficients. For
a Q(t)-module P , let P ∗ := HomQ(t)(P ;Q(t)).

H3(W,M) //

∼=
��

H2(M)
i∗ //

∼=
��

H2(W ) //

λ̃

%%❑
❑

❑

❑

❑

❑

❑

❑

❑

∼=
��

H2(W,M) //

∼=
��

H1(M)

∼=
��

H1(W ) // H1(M) // H2(W,M) // H2(W ) //

κ ∼=
��

H2(M)

κ ∼=
��

H2(W )∗
i∗ // H2(M)∗
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The vertical maps are isomorphisms. The top vertical maps are given by Poincaré
duality, and the lower vertical maps are the Kronecker evaluation maps κ from the

universal coefficient theorem. Define the map λ̃ via the diagram. The adjoint of
the intersection pairing, which we also denote by λW , is given by

λW = κ ◦ λ̃ : H2(W ) → H2(W )∗.

It follows from exactness and the fact that the vertical maps are isomorphisms that

ker λW = im(i∗ : H2(M) → H2(W )).

Thus λW factors as H2(W ) → H2(W )/ im(H2(M)) → H2(W )∗, as shown on the
top row of the next diagram. By exactness and commutativity of the diagram

above, we see that i∗ ◦λW = i∗ ◦κ◦ λ̃ = 0. Thus for any v ∈ H2(W ), λW (v)(w) = 0

whenever w ∈ im(i∗). This implies that λ†
W is well-defined. Thus we have a

commutative diagram as follows:

H2(W ) // H2(W )
im(H2(M))

�

� //

λ
†
W &&▼▼

▼

▼

▼

▼

▼

▼

▼

▼

H2(W )∗

(
H2(W )

im(H2(M))

)∗
.

OO

Then since the top right horizontal map is injective, so is λ†
W . The domain and

codomain of λ†
W are vector spaces over Q(t) of the same dimension, and so λ†

W is
an isomorphism. �

By Lemma 3.1, (H2(W )†, λ†
W ) determines an element of the Witt group L0(Q(t))

of nonsingular hermitian sesquilinear forms. By definition, two forms are equivalent
in the Witt group if they become isometric after stablising one or both with a finite
number of copies of the hyperbolic form

(
Q(t)2,

(
0 1
1 0

))
.

Addition of forms is by direct sum and the inverse of a form (Q(t)n, λ) is (Q(t)n,−λ).
Since ΩSTOP

4 (BZ) ∼= Z ⊕ Z2, any two choices of 4-manifold W,W ′ with the
same signature and Kirby-Siebenmann invariant are cobordant relative to their
boundaries over BZ.

Lemma 3.2. The intersection forms λ†
W and λ†

W ′ represent the same element in

L0(Q(t)).

Proof. In this proof, again all homology and cohomology groups are with Q(t) co-
efficients. Define V := W ∪M −W ′ and let U5 be a cobordism between W and W ′

rel. boundary, that is a null cobordism of V . Define P := ker(H2(V ) → H2(U)).
Then by a standard argument P is a Lagrangian subspace for the intersection form
λV : H2(V )×H2(V ) → Q(t) of V . We elaborate slightly on this standard argument,
for the convenience of the reader. Consider the homology exact sequence of the pair
(U, V ). A dimension counting argument, together with Poincaré-Lefschetz duality
and universal coefficients, shows that P is a half rank subspace of H2(V ;Q(t)). The
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commutative diagram below, with exact rows and vertical isomorphisms deriving
from Poincaré-Lefschetz duality and universal coefficients, can be used to show that
the intersection form, whose adjoint is the middle vertical map, vanishes on P . As
in the previous proof, for a Q(t)-module N we denote HomQ(t)(N,Q(t)) by N∗.

H3(U, V ) //

��

H2(V ) //

��

H2(U)

��
H2(U)∗ // H2(V )∗ // H3(U, V )∗

Claim. The intersection form λV is Witt equivalent to λ†
W ⊕−λ†

W ′.

From the claim and the fact from above that λV is Witt equivalent to zero, the
lemma follows. The remainder of the proof comprises the proof of the claim.

Denote the inclusion induced maps onQ(t)-coefficient homology by i∗ : H∗(M) →
H∗(W ) and i′∗ : H∗(M) → H∗(W

′). It follows from the Mayer-Vietoris sequence for
the decomposition V = W ∪M W ′ that H2(V ) is isomorphic to

coker
(
H2(M)

i∗⊕i′∗−−−→ H2(W )⊕H2(W
′)
)
⊕ ker

(
H1(M)

i∗⊕i′∗−−−→ H1(W )⊕H1(W
′)
)

∼=
H2(W )

im(i∗)
⊕

H2(W
′)

im(i′∗)
⊕

(
H2(M)/(ker(i∗) + ker(i′∗))

)
⊕

(
ker(i∗) ∩ ker(i′∗)

)
.

Here is a justification of the above isomorphism. The last summands in each line

are easily identified. It remains to identify the first summand coker
(
H2(M)

i∗⊕i′∗−−−→

H2(W ) ⊕ H2(W
′)
)
with the first three summands in the next line. This follows

from the general fact that for homomorphisms of vector spaces i : A → B and
i′ : A → B′, the map

coker(A
i⊕i′
−−→ B ⊕B′) → coker(i)⊕ coker(i′)

(b, b′) + (i⊕ i′)(A) 7→ (b+ i(A), b′ + i′(A))

is surjective with kernel A/(ker(i) + ker(i′)).
Elements of H2(M)/(ker(i∗) + ker(i′∗)) = im(H2(M) → H2(V )) form a sub-

module on which the intersection form of V vanishes, since given two represen-
tative surfaces, one can be pushed into W slightly, to make them disjoint. El-
ements of H2(W )/ im(i∗) and H2(W

′)/ im(i′∗) intersect trivially with elements of
im(H2(M) → H2(V )). The intersection form of V restricted to H2(W )/ im(i∗) ⊕

H2(W
′)/ im(i′∗) is a direct sum λ†

W ⊕ −λ†
W ′ , and since each is nonsingular by

Lemma 3.1, we can make a change of basis so that λV has λ†
W ⊕ −λ†

W ′ as an
orthogonal direct summand. It therefore suffices to see that the form on

(
H2(M)/(ker(i∗) + ker(i′∗))

)
⊕

(
ker(i∗) ∩ ker(i′∗)

)
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is Witt trivial. For this, since the intersection form vanishes on the first summand,
it suffices to see that this summand is of half rank. We have:

im
(
H2(M) → H2(V )

)

∼=H2(M)/(ker(i∗) + ker(i′∗))

∼=coker
(
H3(W,M) ⊕H3(W

′,M)
∂∗⊕∂′

∗−−−−→ H2(M)
)

∼=coker
(
H1(W )⊕H1(W ′)

i∗⊕(i′)∗

−−−−−→ H1(M)
)

∼=coker
(
H1(W )∗ ⊕H1(W

′)∗
i∗⊕(i′)∗

−−−−−→ H1(M)∗
)

∼=ker
(
H1(M)

i∗⊕i′∗−−−→ H1(W )⊕H1(W
′)
)∗

∼=
(
ker(i∗) ∩ ker(i′∗)

)∗

Here the third isomorphism uses the commutativity of the left hand square in the
large commutative diagram in the proof of Lemma 3.1. This completes the proof
of the lemma. �

We can represent an element of the Witt group L0(Q(t)) by a matrix A(t),
and evaluate at z ∈ S1 ⊂ C. For z such that det(A(z)) 6= 0, this determines a
nonsingular hermitian matrix over C, and we can take its signature σ(A(z)). Define
a homomorphism L0(Q(t)) → Z, for z = eiθ ∈ S1 ⊂ C by

A(t) 7→
1

2

(
lim

ω→θ+
σ(A(eiω)) + lim

ω→θ−
σ(A(eiω))

)
=: σ(A(z)).

It is not too hard to see that we have a well-defined homomorphism, as follows. For
transcendental z ∈ S1, since A(t) is nonsingular it is impossible to have det(A(z)) =
0. Therefore for each such z we obtain a homomorphism L0(Q(t)) → L0(C). Then

the signature gives an isomorphism L0(C)
≃
−→ Z. The one-sided limits above can

be computed using only ω that give rise to transcendental z.
To define a quantity that is invariant under all choices of W , not just those with

the same signature and ks, we need to quotient out the Witt group by the image of
the intersection forms of closed STOP 4-manifolds. However since ΩSTOP

4 (BZ) ∼=
ΩSTOP
4 , every closed 4-manifold with a map to BZ is bordant over BZ to

S1 × S3#
(
#pCP 2

)
#
(
#qCP 2

)
#
(
#r ∗CP 2

)

for some p, q, r. Here ∗CP 2 is the topological 4-manifold homotopy equivalent to
CP 2 but not homeomorphic to it, with ks(∗CP 2) = 1, of [FQ90, Section 10.4]. In
particular the intersection form λV over Q(t) of a closed 4-manifold V → BZ is
Witt equivalent to a form tensored up from the integers; more precisely, there exists
a basis of H2(V ;Q(t)), with respect to which the representative matrix contains
only elements of Z ⊂ Q(t). Therefore, for a closed 4-manifold V , we have σ(A(z)) =
σ(A(1)) = σ(V ) for all z ∈ S1. Thus we define

(3.3) σM (z) := σ
(
A(z)

)
− σ(W ) ∈ Z.

This is an invariant of M up to homeomorphisms which respect φ.
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4. Construction of bounding 4-manifolds

Let L be an m-component oriented, ordered link in S3 and let ML be the zero-
framed surgery manifold of L. This admits a map φ : ML → BZ corresponding to
the map π1(ML) → Zm → Z given by the abelianisation that sends the ith oriented
meridian to the ith standard basis vector ei, followed by the map Zm → Z sending∑m

i=1 xiei 7→
∑m

i=1 xi.
In this section, given an oriented connected embedded surface Σ in D4 with

boundary L, we construct a 4-manifold WΣ with ∂WΣ = ML, that admits an
extension of φ. Lemma 4.1, which deals with the case that Σ is a connected Seifert
surface for L pushed into the 4-ball, is due to Ko [Ko89, pp. 538-9]. The explicit
statement of the lemma for knots appears in [COT04, Lemma 5.4]. We state the
link version below, inviting the interested reader to check that the proof given for
knots in [COT04, Lemma 5.4] generalises easily to the case that the boundary of
F has more than one component.

Lemma 4.1. Given a connected Seifert surface F for L, there exists a null-bordism
WF for ML over BZ, such that σL(z) = σ(λWF

(z)) − σ(WF ) for all z ∈ S1. Thus
σML

(z) = σL(z).

The construction of WF , which we will describe below, generalises to produce a
4-manifold WΣ for any collection Σ = Σ1 ⊔ · · · ⊔Σm →֒ D4 of disjointly embedded
locally flat oriented surfaces in the 4-ball with ∂Σ = L. For WF , computation of
the intersection form shows that the intersection form coincides with the matrix
used to compute the Levine-Tristram signatures; this is the main step in the proof
of Lemma 4.1. Since the signature defect of (3.3) is independent of the bounding
4-manifold, we obtain the same signature defect for any 4-manifold constructed
using any collection of surfaces Σ. To prove Theorem 1.4 we will investigate the
relationship between the genera of the surfaces Σ and the euler characteristic of
WΣ, which in turn is related to the signatures.

Here is the construction ofWΣ. Suppose that L = ∂Σ, where Σ = Σ1⊔· · ·⊔Σm →֒
D4, and Σi has genus gi. Define g :=

∑m
i=1 gi. Note that the pairwise linking

numbers of L must all be zero in order for such a collection of disjointly embedded
surfaces to exist.

Define YΣ := D4rνΣ. Locally flat submanifolds of 4-manifolds have normal
bundles, by [FQ90, Section 9.3]. Note that ∂YΣ = XL ∪∂XL

S1 × Σ, where XL

denotes the link exterior S3rνL. The capped off surface Σ∪
⊔mD2 can be mapped

by a homeomorphism to the boundary of a collection of handlebodies G = G1 ⊔
· · · ⊔Gm (G is not embedded in D4).

Choose G so that ker(H1(Σ;Z) → H1(G;Z)) lies in ker(φ| : H1(Σ;Z) → Z), so
that the map φ extends over G. Note that ker(φ| : H1(Σ;Z) → Z) is always at least
a half rank summand, so such a G can always be found.

Define WΣ := YΣ ∪S1×Σ S1 × G. Observe that ∂WΣ = ML. Moreover there is
an extension of φ : ML → BZ to a map W → BZ that induces a coefficient system
π1(W ) → Z, which we will exploit in Section 5.

We remark that the construction of WF used in the proof of Lemma 4.1 from
[COT04, Lemma 5.4], for F as above a connected pushed in Seifert surface, only
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differs in that G is a single connected handlebody instead of a disjoint union of
handlebodies.

Lemma 4.2. The rational homology of WΣ is given by

Hi(WΣ;Q) ∼=





Q i = 0

Qm i = 1

Q2g i = 2

0 else.

In particular the euler characteristic χ(WΣ) = 2g −m+ 1. Moreover, σ(WΣ) = 0.

Proof. Use the decomposition D4 = YΣ ∪S1×Σ D2 × Σ, and the associated Mayer-
Vietoris sequence, to compute

Hi(YΣ;Q) ∼=





Q i = 0

Qm i = 1

Q2g i = 2

0 else.

More details can be found in the proof of Proposition 6.2 below. Note that χ(YΣ) =
2g−m+1. From the formulae χ(A∪B) = χ(A)+χ(B)−χ(A∩B) and χ(S1×Z) = 0
(for any finite CW-complexes A, B and Z), it follows that

χ(WΣ) = χ(YΣ) + χ(S1 ×G)− χ(S1 × Σ) = χ(YΣ) = 2g −m+ 1.

Next use the decomposition WΣ = YΣ∪S1×ΣS1×G to compute the homology of
WΣ. We may assume that a summand Qg ⊂ H1(Σ;Q) dies in H1(G;Q). We have

→H2(S
1 × Σ;Q)

j2
−→ H2(S

1 ×G;Q) ⊕H2(YΣ;Q) → H2(WΣ;Q) →

→H1(S
1 × Σ;Q)

j1
−→ H1(S

1 ×G;Q) ⊕H1(YΣ;Q) → H1(WΣ;Q)
0
−→

by a straightforward computation with zeroth homology. This yields

// Q2g j2 // Qg ⊕Q2g // H2(WΣ;Q) //

// Q2g ⊕Qm j1 // (Qg ⊕Qm)⊕Qm // H1(WΣ;Q)
0 //

The map j1 : H1(S
1 × Σ;Q) → H1(S

1 × G;Q) ⊕ H1(YΣ;Q) serves to identify the
generators of Qm ∼= H1(YΣ;Q) with the S1 × {pt} summands of

H1(S
1 ×G;Q) ∼= (H0(S

1;Q)×H1(G;Q)) ⊕ (H1(S
1;Q)⊗H0(G;Q)) ∼= Qg ⊕Qm,

and either kills the elements of H0(S
1;Q)⊗H1(G;Q) ∼= Qg or identifies them with

elements of H1(YΣ;Q) ∼= Qm. Thus H1(WΣ;Q) ∼= Qm as claimed. We observe that
the kernel of j1 is isomorphic to Qg by dimension counting.

The map j2 : H2(S
1 × Σ;Q) → H2(S

1 × G;Q) ⊕ H2(YΣ;Q) determines an iso-
morphism when the codomain is restricted to H2(YΣ;Q), which the conscientious
reader will have seen in the Mayer-Vietoris computation from the beginning of
the proof. Thus, taking the cokernel of j2 identifies half of a generating set of
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H2(YΣ;Q) ∼= Q2g with generators of H2(S
1 ×G;Q) ∼= Qg, and kills the other half

of the generators. We obtain a short exact sequence

0 → Qg → H2(WΣ;Q) → Qg → 0,

so H2(WΣ;Q) ∼= Q2g as claimed. Continuing the Mayer-Vietoris computation to
the left, since ker j2 = 0, the higher homology groups are easily seen to vanish.

For the last sentence of the lemma, namely σ(WΣ) = 0, inspection of the gener-
ators which can be understood from the above proof shows that the ordinary inter-
section form on H2(WΣ;Q) has a Qg direct summand, to wit the Qg on the left of
the short exact sequence above, represented by disjointly embedded surfaces. These
are of the form α2i × S1, where α1, . . . , α2g is a symplectic basis for H1(Σ;Q) and
ker(H1(Σ;Q) → H1(G;Q)) is generated by the α2i−1 for i = 1, . . . , g. Such a basis
can always be found. These embedded surfaces generate a Lagrangian submodule
of the intersection form on H2(WΣ;Q), from which it follows that σ(WΣ) = 0. �

5. Proof of Theorem 1.4

Suppose that an ordered oriented link L = L1⊔ · · · ⊔Lm satisfies L = ∂Σ, where
Σ = Σ1⊔· · ·⊔Σm is a properly embedded, oriented, locally flat collection of surfaces
in D4, with genus g.

Recall that XL := S3rνL, the link exterior, and let ML = XL∪∂XL

⋃m S1×D2

be the 3-manifold obtained from zero-framed surgery on L. The representation

π1(XL) → H1(XL;Z)
≃
−→ Zm → Z extends to π1(ML).

Definition 5.1. Define the zero-surgery nullity of a link L to be:

β(ML) := dim(H1(ML;Q(t))).

The quantities β(L) and β(ML) are equal by the following lemma.

Lemma 5.2. The inclusion XL → ML induces an isomorphism H1(XL;Q(t))
≃
−→

H1(ML;Q(t)).

Proof. Define µL := µL1
⊔ · · · ⊔ µLm ⊂ ∂XL, by taking µLi

to be an oriented
meridian of the ith component Li of L. Then ∂XL

∼= µL × S1, and one forms the
zero surgery ML by glueing ML = XL ∪µL×S1 µL ×D2.

For each i = 1, . . . ,m, the representation of π1(ML) restricted to π1(µLi
) → Z is

nontrivial (in fact it is an isomorphism). Thus H∗(µLi
;Q(t)) = 0. For the zeroth

homology, this uses that t − 1 is invertible in Q(t). The Künneth theorem then
implies that H∗(µLi

× Y ;Q(t)) = 0 for any finite CW-complex Y . Thus for the
disjoint union µL × Y we also have H∗(µL × Y ;Q(t)) = 0. The Mayer-Vietoris
sequence for ML = XL∪µL×S1 µL×D2 then yields an isomorphism induced by the

inclusion, H1(XL;Q(t))
≃
−→ H1(ML;Q(t)), as claimed.

�

In the proof below of Theorem 1.4, in light of Lemma 5.2, we will use β(L)
in place of β(ML). We need one more lemma before we begin the proof of the
theorem.

Lemma 5.3. We have that Hi(WΣ;Q(t)) = 0 for i = 0, 3, 4.
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Proof. For i = 0, this follows from [COT03, Proposition 2.9], since the representa-
tion π1(WΣ) → Z is nontrivial. For i = 3, 4, apply Poincaré duality and universal
coefficients to see that Hi(WΣ;Q(t)) ∼= H4−i(WΣ,ML;Q(t)), and then note that
Hj(WΣ,ML;Q) = 0 for j = 0, 1 and apply [COT03, Proposition 2.11], which im-
plies that also Hj(WΣ,ML;Q(t)) = 0 for j = 0, 1. �

Now we are ready to begin the proof.

Proof of Theorem 1.4. We have:

(5.4) 2g−m+1 = χQ(WΣ) = χQ(t)(WΣ) = dimH2(WΣ;Q(t))−dimH1(WΣ;Q(t)).

The first and last equalities follow from Lemma 4.2 and Lemma 5.3 respectively. As
noted above, H1(WΣ,ML;Q(t)) = 0, which implies that the map H1(ML;Q(t)) →
H1(WΣ;Q(t)) is surjective. Thus

(5.5) β(L) = dimH1(ML;Q(t)) ≥ dimH1(WΣ;Q(t)).

Next,

dim
(
im

(
H2(ML;Q(t)) → H2(WΣ;Q(t))

))

=dimH2(ML;Q(t))− dim
(
im

(
H3(WΣ,ML;Q(t)) → H2(ML;Q(t))

))

=dimH2(ML;Q(t))− dimH3(WΣ,ML;Q(t))

=β(L)− dimH1(WΣ;Q(t)).

The first equality follows from the long exact sequence of the pair (WΣ,ML). The
second equality also follows from this sequence, and the fact that H3(WΣ;Q(t)) =
0, so that the map H3(WΣ,ML;Q(t)) → H2(ML;Q(t)) is injective. The third
equality follows from Poincaré duality, universal coefficients, and the fact that
β(L) = β(ML) = dimH1(ML;Q(t)). We therefore obtain

dimH2(W ;Q(t))†

=dimH2(W ;Q(t))− dim(imH2(ML;Q(t)))

=dimH2(W ;Q(t))− β(L) + dimH1(WΣ;Q(t))

=dimH2(W ;Q(t))− dimH1(WΣ;Q(t))− β(L) + 2dimH1(WΣ;Q(t))

=2g −m+ 1− β(L) + 2dimH1(WΣ;Q(t))

≤2g −m+ 1− β(L) + 2β(L)

=2g −m+ 1 + β(L).

The first four equalities follow by definition, the computation above, algebra and
equation (5.4) respectively. The inequality follows from equation (5.5). Finally, for
any z ∈ S1,

|σL(z)| = |σML
(z)| = |σ(λWΣ

(z)) − σ(WΣ)| = |σ(λWΣ
(z))| ≤ dimH2(W ;Q(t))†.

The first equality is by Lemma 4.1, the second by definition of σML
(z), and the

final equality follows because σ(WΣ) = 0 by Lemma 4.2. The inequality follows
from the fact that the absolute value of the signature of a form is always at most



THE FOUR GENUS OF A LINK, LEVINE-TRISTRAM SIGNATURES AND SATELLITES 16

the dimension of the vector space on which it is defined. Combining the above two
displayed inequalities, we obtain

|σL(z)| ≤ 2g −m+ 1 + β(L).

Since this holds for any collection of surfaces Σ with boundary L, we can replace
g = g4(L), and rearrange to arrive at the bound

|σL(z)| +m− 1− β(L) ≤ 2g4(L)

as desired. This completes the proof of Theorem 1.4. �

6. Characterisation of links with given four genera

In this section we make preparations for the proof of Theorem 1.7 by giving
a homological characterisation of the exterior in D4 of a collection of disjointly
embedded surfaces with a given set of genera. From now on all homology groups
will be with Z coefficients, so we will omit the coefficients from the notation.

Let Σ = Σ1⊔· · ·⊔Σm be a collection of oriented surfaces of genera g1, . . . , gm, each
with a single S1 boundary component. We write g :=

∑m
i=1 gi. Let XL := S3rνL

be the exterior of an oriented, ordered link L = L1 ⊔ · · · ⊔ Lm with all pairwise
linking numbers vanishing i.e. lk(Li, Lj) = 0 for i 6= j. Recall that a link bounds
disjointly embedded surfaces in D4 if and only if it has vanishing pairwise linking
numbers. Define

MΣ
L := XL ∪⊔

m S1×S1 Σ× S1,

with a meridian of Lj identified with {∗}×S1, for ∗ ∈ ∂Σj , and with a zero-framed
longitude of Lj identified with ∂Σj × {1}.

Lemma 6.1. The homology of MΣ
L is given by:

Hi(M
Σ
L )

∼=





Z i = 0, 3

Z2g+m i = 1, 2

0 otherwise.

Proof. A Mayer-Vietoris sequence computing H∗(M
Σ
L ) is

m⊕

j=1

Hi(S
1 × S1) → Hi(XL)⊕

m⊕

j=1

Hi(Σj × S1) → Hi(M
Σ
L ) →

m⊕

j=1

Hi−1(S
1 × S1).

When i = 1, we have

m⊕

j=1

Z⊕ Z
β
−→

m⊕

j=1

(Z⊕ (Z2gj ⊕ Z)) → H1(M
Σ
L )

0
−→

m⊕

j=1

Z,

since H1(Σj × S1) ∼= H1(Σj) ⊕ H1(S
1) ∼= Z2gj ⊕ Z. The map β maps the jth

summand to the jth summand, since the linking numbers of L vanish. On each
summand, β is given as follows. The meridian of each torus maps to (1, (0, 1)),
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while the longitude maps to zero, since it is a commutator of generators of π1(Σj).
Therefore H1(M

Σ
L )

∼= Z2g+m. When i = 3, we have:

0 → H3(M
Σ
L ) →

m⊕

j=1

H2(S
1 × S1) ∼= Zm → H2(XL)⊕

m⊕

j=1

H2(Σj × S1).

We have thatH2(XL) ∼= Zm−1, and thatH2(Σj×S1) ∼= H1(Σj)⊗H1(S
1) ∼= H1(Σj).

The map
m⊕

j=1

H2(S
1 × S1) →

m⊕

j=1

H2(Σj × S1)

is the zero map, since the longitude of Lj defines a trivial element of H1(Σj). The
kernel of the map

m⊕

j=1

H2(S
1 × S1) → H2(XL)

is cyclic, generated by (1, . . . , 1) ∈
⊕m

j=1 H2(S
1 × S1). The map

⊕m
j=1 H2(S

1 ×

S1) → H2(XL) is onto. Therefore H3(M
Σ
L ) ∼= Z. The above descriptions of the

maps in the Mayer-Vietoris sequence also imply that H2(M
Σ
L ) fits into the exact

sequence

0 → H2(Σ× S1) ∼= Z2g → H2(M
Σ
L ) → Zm → 0,

where the final Zm is the subgroup of
⊕m

j=1 H1(S
1×S1) generated by the longitudes

of the components of L. Thus H2(M
Σ
L ) ∼= Z2g+m as claimed. �

Next we give the following characterisation of links with four genera g1, . . . , gm.

Proposition 6.2. An oriented, ordered link L = L1 ⊔ · · · ⊔Lm bounds a collection
of disjointly embedded surfaces in D4 with genera equal to (g1, . . . , gm) if and only
if MΣ

L is the boundary of a topological 4-manifold W that satisfies the following
conditions.

(i) On the subgroup H1(XL) ≤ H1(M
Σ
L ), the inclusion induced map j∗ : H1(M

Σ
L ) →

H1(W ) restricts to an isomorphism

j∗| : H1(XL)
≃
−→ H1(W ).

(ii) On the subgroup H2(Σ×S1) ≤ H2(M
Σ
L ), the inclusion induced map j∗ : H2(M

Σ
L ) →

H2(W ) restricts to an isomorphism

j∗| : H2(Σ× S1)
≃
−→ H2(W ) ∼= Z2g.

(iii) The fundamental group π1(W ) is normally generated by the meridians of L.

Proof. First, we suppose that L is the boundary of a collection of surfaces Σ =
Σ1, . . . ,Σm of genera g1, . . . , gm, embedded in D4, and define W := D4rνΣ. We
claim that W satisfies properties (i), (ii) and (iii). A Mayer-Vietoris sequence
computing H∗(W ) is:

Hi+1(D
4) → Hi(Σ× S1) → Hi(W )⊕Hi(Σ×D2) → Hi(D

4).
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When i = 1, this yields:

0 →
⊕

j

H1(Σj × S1)
≃
−→ H1(W )⊕

⊕

j

H1(Σj) → 0.

Since H1(Σj × S1) ∼= H1(Σj) ⊕ H1(S
1) ∼= Z2gj ⊕ Z, and the H1(Σj) components

map isomorphically to one another, we see that H1(W ) ∼= Zm, generated by the
H1(S

1) summands, which correspond to the meridians of L. Since these meridians
are also the generators of H1(XL), this shows that W satisfies (i). When i = 2, we
have

0 →
⊕

j

H2(Σj × S1)
≃
−→ H2(W ) → 0.

Since, for each j, H2(Σj) = 0 = H2(S
1), we have that H2(Σj × S1) ∼= H1(Σj) ⊗

H1(S
1) ∼= Z2gj ⊗ Z ∼= Z2gj . Therefore H2(W ) ∼= Z2g. We also note that H3(W ) ∼=

H3(Σ × S1) ∼= 0. This shows that W satisfies (ii).
Now we use the Seifert Van-Kampen theorem to investigate the fundamental

group of W . Define Wj := D4r(
⋃j

i=1 Σj), so that W = Wm. We claim that, for
all j, and so in particular for j = m, we have:

π1(Wj)

〈〈µ1, . . . µj〉〉
∼= {1},

where µi is a fundamental group element given by a meridian of the ith component
of L. We proceed by induction. For the base case:

{1} ∼= π1(D
4) ∼= π1(Σ1 ×D2) ∗π1(Σ1×S1) π1(W1)

∼= π1(Σ1) ∗π1(Σ1)×π1(S1) π1(W1)

∼= {1} ∗π1(S1) π1(W1) ∼=
π1(W1)

〈〈µ1〉〉
,

The penultimate isomorphism in the sequence follows from the observation that
π1(Σ1)× π1(S

1) → π1(Σ1) is surjective with kernel π1(S
1). For the inductive step,

we show that
π1(Wj−1)

〈〈µ1, . . . , µj−1〉〉
∼=

π1(Wj)

〈〈µ1, . . . , µj〉〉
.

To see this, follow a similar calculation to that above, to yield:

π1(Wj−1) ∼= π1(Σj ×D2) ∗π1(Σj×S1) π1(Wj) ∼=
π1(Wj)

〈〈µj〉〉
.

Take the quotient of both sides by

〈〈µ1, . . . , µj−1〉〉 ∼= 〈〈µ1, . . . , µj〉〉/〈〈µj〉〉

to yield the iterative step and therefore the claim. The above implies that π1(W )
is normally generated by the meridians of L, which shows that W satisfies (iii).
This completes the proof of the only if part of the proposition.

Now, suppose thatMΣ
L bounds a topological four manifoldW as in the statement

of the proposition. We shall prove that L bounds a collection of locally flat oriented
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embedded surfaces with genera (g1, . . . , gm). To begin, define another 4-manifold

D := W ∪Σ×S1⊆MΣ
L
Σ×D2.

Any self-homeomorphism of each Σj that is the identity on the boundary will suffice
for this construction, since a homeomorphism induces isomorphisms on homology
and on fundamental groups. Note that

∂D = MΣ
LrΣ× S1 ∪∂Σ×S1 ∂Σ×D2 = S3.

We calculate the homology and the fundamental group of D. For the homology,
we have the Mayer-Vietoris sequence

Hi+1(D) →
m⊕

j=1

Hi(Σj × S1)
≃
−→ Hi(W )⊕

m⊕

j=1

Hi(Σj ×D2) → Hi(D) →

for i ≥ 1, with H1(D)
0
−→ H0(Σ × S1). The central map is an isomorphism for

i = 1 since H1(Σj × S1) ∼= H1(Σj) ⊕ H1(S
1); the H1(Σj) summands map iso-

morphically to the H1(Σj × D2) summands, while the H1(S
1) summands col-

lectively map isomorphically to H1(W ) and by the zero map to H1(Σj × D2),
by property (i). For i = 2, H2(Σ × S1) maps isomorphically to H2(W ), by
(ii). Poincaré-Lefschetz duality and the universal coefficient theorem imply that

H3(W ) ∼= H1(W,MΣ
L ) ∼= HomZ(H1(W,MΣ

L ),Z) ∼= 0. Therefore H̃∗(D) = 0. For

the fundamental group, we define Wj := W ∪(
⋃j

i=0 Σj×D2), with Σ0 := ∅, so that
W0 = W and Wm = D. Again using the Seifert Van-Kampen theorem we have

π1(Wj) ∼= π1(Wj−1) ∗π1(Σj×S1) π1(Σj ×D2)

∼= π1(Wj−1) ∗π1(Σj)×π1(S1) π1(Σj) ∼=
π1(Wj−1)

〈〈π1(S1)〉〉

By (iii) and induction, we therefore have that π1(D) ∼= {1}. Since D has the
homotopy groups of a 4-ball and ∂D = S3, by Freedman’s 4-dimensional topological
h-cobordism theorem we deduce that in fact D is homeomorphic to D4 [FQ90].
The image of Σ×{0} under this homeomorphism produces the required embedded
surfaces. This completes the proof of Proposition 6.2. �

7. Proof of the infection by a string link theorem

In this section we give the proof of Theorem 1.7. As readers of [CFT09] will
recognise, the proof proceeds by constructing a 4-manifold N ′ for the infection link
that satisfies the conditions of Proposition 6.2. First we construct a 4-manifold
N , whose boundary and whose second homology is slightly too big, and then we
improve it to N ′ by capping off the extra boundary with a special topological 4-
manifold that is homotopy equivalent to a wedge of circles. This will require the
remainder of the article. In this section, as in the previous section, all homology
and cohomology groups are with Z coefficients.
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7.1. The 4-manifold N . Let L = L1 ⊔ · · · ⊔ Lm be an oriented, ordered link
in S3 with exterior XL := S3rνL, which bounds locally flat, oriented, disjointly
embedded surfaces Σ = Σ1 ⊔ · · · ⊔ Σm in D4. Define YΣ := D4rνΣ, and let
φ : E → S3 be an embedding of an r-multi-disc E, whose image we denote by Eφ,
such that the axes η1, . . . , ηr are closed curves in XL with [ηk] = [1] ∈ π1(YΣ) for all
k. Since ηk is null-homotopic, putting a null homotopy in general position yields
an immersed disc in YΣ. We also arrange these discs to be in general position
with respect to each other. Let c be the total number of intersection and self-

intersection points amongst these discs. Let J be a string link whose closure Ĵ has
vanishing Milnor’s µ-invariants of length up to and including 2c, that is µ

Ĵ
(I) = 0

for |I| ≤ 2c.
Denote the image under φ of the complement of the r sub-discs of the multi-

disc E by Eφ. The space Eφ × I ⊆ ∂YΣ is a handlebody with r 1-handles. Let

MJ be the zero surgery on the closure Ĵ of the string link J . This zero surgery
decomposes into the union of the exterior of J , the exterior of a trivial string link,
and the r solid tori from the zero surgery. The exterior of a trivial string link with
r components is also a handlebody with r 1-handles. Denote its image in MJ by
H ⊆ MJ . Then identify these two handlebodies to form the union

N := YΣ ∪Eφ×I=H⊆MJ×{0} MJ × [0, 1].

In what follows, let S := S(L,Eφ, J) be the infection of L by the string link J ,
with r-multi-disc Eφ and axes η1, . . . , ηr. For more details on this construction
see [CFT09, Section 2.2]; the above is a summary of their exposition, with similar
notation. The main difference is that our YΣ, which corresponds to their WL, is
the exterior of a collection of surfaces rather than the exterior of a collection of
slice discs.

Proposition 7.1. The 4-manifold N is such that:

(1) ∂N = MΣ
S ⊔−MJ ;

(2) π1(N) is normally generated by the meridians of S;
(3) im(π1(MJ ) → π1(N)) = {1};
(4) the composition H1(XS) → H1(M

Σ
S ) → H1(N) is an isomorphism; and

(5) H2(MJ)  H2(N) is injective, with H2(N) ∼= Z2g+m.

Proof. Property (1) follows directly from the construction of N . The Seifert-Van
Kampen theorem gives us that

π1(N) ∼= π1(YΣ) ∗π1(H) π1(MJ × [0, 1]),

where π1(H) ∼= Σr, the free group on r letters, which is the group along which we
amalgamate, is generated by the meridians of J . Note that π1(MJ) is normally
generated by the meridians of J . Then recall that the meridian of the kth com-
ponent of J is identified with the curve ηk, and that our hypothesis is that each
ηk is null-homotopic in YΣ. Therefore π1(N) ∼= π1(YΣ). Then, since a meridian of
L becomes a meridian of S during the infection construction, we have proved (2)
and (3).
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Next, we calculate the homology of N . The Mayer–Vietoris sequence yields:

H1(H) → H1(YΣ)⊕H1(MJ ) → H1(N) → 0,

which translates to

Zr

(
0
Id

)

−−−−−→ Zm ⊕ Zr → H1(N) → 0.

There the first component of the first map is zero because the axis curves ηk are
null homotopic in YΣ. Therefore H1(N) ∼= H1(YΣ) ∼= Zm. Since the meridians of
L generate the homology H1(YΣ), it follows that the meridians of S generate the
homology H1(N). This proves (4). Another portion of the same Mayer–Vietoris
sequence is the following:

H2(H) → H2(YΣ)⊕H2(MJ) → H2(N)
0
−→ H1(H).

Since H2(H) ∼= 0, this implies that

H2(N) ∼= H2(YΣ)⊕H2(MJ) ∼= Z2g ⊕ Zm ∼= Z2g+m,

Note that since the Z2g summand of H2(N) comes from H2(YΣ), it is the image
of the inclusion of H2(Σ × S1), by the only if part of Proposition 6.2 (ii). This
completes the proof of (5) and therefore of Proposition 7.1. �

We need to cap off the boundary component MJ ×{1} of N , and we need to do
so in such a way that H2(MJ) is killed, in order to construct a 4-manifold satisfying
the conditions of Proposition 6.2 with respect to MΣ

S . The next subsection outlines
the construction which improves N to a new four manifold N ′. The subsection after
that proves that N ′ satisfies the conditions of Proposition 6.2.

7.2. Improving N to N ′. Since η1, . . . , ηr are null homotopic in YΣ, they each
bound an immersed disk in YΣ, as observed above. Recall that ηk is identified with
a meridian µk of the kth component of J in H ⊆ MJ . Denote the immersed discs
bounded by the ηk, together with, for each k, collars µk×I ⊂ MJ ×I, by δ1, . . . , δr.
Take a regular neighbourhood of each disc in N , νδk, and take its union with a
collar of MJ ,

MJ × (1− ε, 1] ⊆ MJ × [0, 1].

Denote this union by

M1 :=
(
MJ × (1− ε, 1]

)
∪

r⋃

k=1

νδk.

Consider NrM1, and partition the boundary of clM1 as ∂(clM1) = ∂+M1⊔∂
−M1,

where ∂−M1 := MJ . Here we take the closure of M1 inside N . Therefore,

∂(NrM1) ∼= MΣ
S ⊔ ∂+M1.

The following is [CFT09, Lemma 2.7], although we remark that while (c) is only
shown in the proof of [CFT09, Lemma 2.7], here we have promoted it to a property.

Lemma 7.2. There exists a 4-manifold M3 with ∂M3
∼= ∂+M1, such that:
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(a) The inclusion of the boundary induces an isomorphism

H1(∂M3)
≃
−→ H1(M3).

(b) The 4-manifold M3 is homotopy equivalent to a wedge of c circles, one for each
double point of

⋃r
k=1 δk, with the fundamental group generated by the double

point loops.
(c) The meridians of the δk are null-homotopic in M3.

This is a main technical lemma of [CFT09]. It relies on techniques and results of
[FT95], which makes crucial use of [FQ90], in particular Section 5.3 and Chapter 6.
The proof of Lemma 7.2 starts with a candidate manifold with nonzero π2, that
one wishes to excise. Since the fundamental group is free, it is not known to satisfy
the π1-null disc lemma, so surgery on embedded 2-spheres to kill π2 is not possible
directly. However, it is possible to find an s-cobordant manifold in which surgery is
possible, provided the spheres in question are π1-null. Here π1-null means that the
fundamental group of the image of the spheres maps trivially into the fundamental
group of the ambient manifold. The assumption on Milnor’s invariants is used in
[CFT09] to achieve π1-nullity. Since all we need is some 4-manifold with the right
homotopy type and the right boundary, this suffices.

With M3 as in Lemma 7.2, we define:

N ′ := NrM1 ∪∂+M1
M3.

In the next subsection we show that N ′ satisfies the conditions of Proposition 6.2.

7.3. The 4-manifold N ′ satisfies Proposition 6.2. As indicated by the title,
this subsection contains the proof of the following proposition.

Proposition 7.3. The 4-manifold N ′ := NrM1∪∂+M1
M3 satisfies the conditions

of Proposition 6.2 with respect to the link S.

Proof. First, we seek to understand the homology of ∂+M1, NrM1, and we aim to
understand the inclusion induced mapsH∗(∂

+M1) → H∗(NrM1) and π1(∂
+M1) →

π1(NrM1). Following [CFT09], note that NrM1
∼= Nr ∪r

k=1 νδk, where νδk is a
regular neighbourhood of δk. The boundary of ∪r

k=1 νδk splits as

∂
(
∪r
k=1 νδk

)
= ∪r

k=1 ν(∂δk) ∪ ∂′
(
∪r
k=1 νδk

)
,

where, for each k, ν(∂δk) ∼= S1 × D2 and ∂′(∪r
k=1 νδk) is what remains of the

boundary. Then, by excision and Poincaré-Lefschetz duality, we have that:

Hi(N,NrM1) ∼= Hi(N,Nr ∪r
k=1 νδk) ∼= Hi(∪

r
k=1 νδk, ∂

′(∪r
k=1 νδk))

∼= H4−i(∪r
k=1 νδk,∪

r
k=1 ν(∂δk))

∼=





Zr i = 2

Zc i = 3

0 otherwise.

For i = 2, the homology H2(N,NrM1) is generated by the images, for each k,
of maps {∗} ×D2 ⊆ D2 ×D2 → νδk. These are transverse discs to the δk.

In a neighbourhood U ∼= D4 of a double point of
⋃r

k=1 δk, recall that the two
sheets intersect ∂U ∼= S3, which is the boundary of a neighbourhood of the double
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point, in a Hopf link K0 ∪ K1. The exterior S3rν(K0 ⊔ K1) of this Hopf link
is homeomorphic to S1 × S1 × I, and S1 × S1 × {1/2} is by definition a Clifford
torus of the double point. The solid torus S1 × S1 × [0, 1/2] ∪ νK0 contains one
component of the Hopf link K0 as its core. In the case of a self-intersection of a disc
δk, the double point loop is a loop on δk which starts and ends at the double point,
leaving and returning on different sheets and avoiding all other double points. In
the case of an intersection between discs δk and δk′ , the double point loop leaves
the intersection point along δk and returns along δk′ , joining up between ηk and
ηk′ in MJ . A double point loop intersects K0 at a single point. The solid tori
S1 × S1 × [0, 1/2] ∪ νK0 described above, one for each double point of

⋃r
k=1 δk,

generate H3(N,NrM1), since they can be kept within
⋃r

k=1 νδk.
The long exact sequence of the pair (N,NrM1) therefore yields:

→ Zc ∂
−→ H2(NrM1) → H2(N) → Zr ∂

−→ H1(NrM1) → H1(N) → 0.

Recall that H2(N) ∼= Z2g+m and H1(N) ∼= Zm. A generator of H2(N) which is
the image of a generator of H2(MJ) in Proposition 7.1 (5), is a capped off Seifert
surface for a component of J . The capping is done by a disc which becomes a
transverse disc to δk in ν(∂δk), i.e. {∗} ×D2 ⊆ D2 ×D2 with ∗ ∈ S1. Therefore
the map H2(N) ։ Zr = H2(N,NrM1) is surjective. This implies that

H1(NrM1) ∼= H1(N) ∼= Zm.

Note that the other generators of H2(N), those which are the image of generators
of H2(YΣ) ∼= Z2g, map trivially into H2(N,NrM1) ∼= Zr. This gives us an exact
sequence

Zc → H2(NrM1) → Z2g → 0.

Recall from Proposition 7.1 (2) that π1(N) is normally generated by the meridians
of S. We can assume that any homotopies are transverse to the δk. Therefore
π1(NrM1) is normally generated by the meridians of S and the meridians of the δk.

Now that we understand the homology and the fundamental group of NrM1, we
are in a position to calculate the homology and the fundamental group of N ′. Recall
that M3 is a 4-manifold which is homotopy equivalent to ∨cS

1, corresponding to
the double point loops of the intersections and self-intersections of the δk, with

∂M3 = ∂+M1, and H1(∂M3)
≃
−→ H1(M3) ∼= Zc an isomorphism. The Mayer-

Vietoris sequence for N ′ = NrM1 ∪M3 yields the exact sequence:

H1(∂M3) → H1(NrM1)⊕H1(M3) → H1(N
′) → 0.

Since H1(∂M3)
≃
−→ H1(M3) is an isomorphism, we have that H1(NrM1)

≃
−→

H1(N
′). Together with the isomorphism H1(NrM1)

≃
−→ H1(N) from above, this

shows that property (i) of Proposition 6.2 is satisfied.
Next, the Mayer-Vietoris sequence for N ′ = NrM1 ∪M3 also gives rise to the

exact sequence

H2(∂M3) → H2(NrM1)⊕H2(M3) → H2(N
′) → 0.

Since H2(M3) ∼= 0, we have that

H2(N
′) ∼= coker(H2(∂M3) → H2(NrM1)).
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Recall that H2(NrM1) sits in the exact sequence

Zc → H2(NrM1) → Z2g → 0,

where the Zc is generated by solid tori described above associated to each dou-
ble point, and the map Zc → H2(NrM1) is the boundary map from the long
exact sequence of a pair. The Clifford tori therefore generate the image of Zc in
H2(NrM1). But these Clifford tori can be assumed to live in ∂+M1, which is
glued to ∂M3. Moreover, since ∂M3 is a closed 3-manifold, Poincaré duality forces
H2(∂M3) ∼= Zc. Therefore

H2(N
′) ∼= coker(H2(∂M3) → H2(NrM1)) ∼= H2(NrM1)/ im(Zc) ∼= Z2g,

generated by the image of H2(YΣ) as required. We have now shown that capping off
with M3 serves to kill the generators of second homology which came fromH2(MJ ).
As in the proof of Proposition 7.1, the remaining Z2g summand is the isomorphic
image of H2(Σ× S1). Therefore property (ii) of Proposition 6.2 is satisfied.

Finally, recall that π1(M3) is generated by double point loops, and note that
these double point loops come from the boundary. So

π1(∂M3) ։ π1(M3)

is surjective. Therefore, since

π1(N
′) ∼= π1(NrM1) ∗π1(∂M3) π1(M3),

we have that π1(NrM1) surjects onto π1(N
′). Since π1(NrM1) is normally gener-

ated by the meridians of S and of the δk, so is π1(N
′). Recall from Lemma 7.2 (c)

that the meridians of the δk are null homotopic inM3. Therefore π1(N
′) is normally

generated by the meridians of S, so N ′ satisfies property (iii) of Proposition 6.2.
This completes the proof that N ′ is a 4-manifold with boundary MΣ

S , satisfying
the conditions of Proposition 6.2. �

Therefore by Propositions 7.3 and 6.2, the link S bounds a collection of disjointly
embedded surfaces in D4 with genera g1, . . . , gm, as claimed. This completes the
proof of Theorem 1.7.
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