DERIVED DEFORMATION THEORY OF CREPANT CURVES

GAVIN BROWN AND MICHAEL WEMYSS

ABSTRACT. This paper determines the full derived deformation theory of certain
smooth rational curves C in Calabi-Yau 3-folds, by determining all higher A ;-products
in its controlling DG-algebra. This geometric setup includes very general cases where
C does not contract, cases where the curve neighbourhood is not rational, all known
simple smooth 3-fold flops, and all known divisorial contractions to curves. As a corol-
lary, it is shown that the noncommutative deformation theory of C is described via a
superpotential algebra derived from what we call free necklace polynomials, which are
elements in the free algebra obtained via a closed formula from combinatorial gluing
data. The description of these polynomials, together with the above results, establishes
a suitably interpreted string theory prediction due to Ferrari [F], Aspinwall-Katz [AK]
and Curto-Morrison [CM]. Perhaps most significantly, the main results give both the
language and evidence to finally formulate new contractibility conjectures for rational
curves in CY 3-folds, which lift Artin’s celebrated results [A] from surfaces.
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1. INTRODUCTION

Rational curves in Calabi—Yau 3-folds C C X are fundamental building blocks of geom-
etry, and yet some of even their most basic properties remain wide open. The main reason,
in contrast to when X is a surface, is that various key properties of C in X including its
formal neighbourhood, its contractibility and its deformation theory, are structural and
not combinatorial. The controlling structure of all three properties now lies in homological
and noncommutative algebra.

The purpose of this paper is to describe the full, derived, deformation theory of C in X,
for the general curves described in §1.1 below. This information is then used to (1) give
the first general closed-formula description of the associated noncommutative deformation
algebra of C, (2) build, in the context of mirror symmetry, a B-side geometric model from
the purely algebraic data of a given superpotential, and (3) use the evidence from these
results, and others, to finally be in a position to formulate and conjecture contractibility
criteria for formal neighbourhoods of curves in 3-folds. Noncommutative deformations
are the language and framework needed in order to lift Artin’s 60-year old work [A] from
surfaces to 3-folds.

1.1. Geometric Setup. For many reasons, some explained in §1.5, the crucial open and
key benchmarking case for all the problems listed above is when C = P! is a single curve,
with normal bundle O(—3) @ O(1). This is a vast set of curves, an uncharted zoo, known
to contain an array of different and surprising geometric behaviour. It is thus important
to understand such curves, and to establish their deformation properties.

The authors were supported by EPSRC grant EP/R034826/1 and by the ERC Consolidator Grant
101001227 (MMiMMa).
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Deformation theory is local, and so this problem at once reduces to a local model,
patching together two copies of affine space (after completion, when necessary). In full
generality, there is no known description of this model. However inside this general situa-
tion sits a very large subset, which is expected to be representative of general behaviour.
This is provided by the string theory literature [F, K2, CM], where a smooth rational
curve C inside a 3-fold X is built as follows.

Set Agp = Ao = Ag1 = 0, and choose finitely many scalars A;; where j, k& > 0 and
7+ k > 2. Given this choice of data, consider the scheme X defined by the two open
patches Uy = A3 and Uy = Ag’,w%wl glued along

a,v2,V1

A0 g _ ke ki
(a,v9,v1) €5 (a7, a Yoo, aPvy + Z Ajra? Fod Rty (1.A)
k>0

The locus vy = v; = 0 glues with the locus wy = w; = 0 to create a curve C =2 P! C X.
Both the scheme X, and the properties of the curve C C X, depend heavily on the choice
of Aji, but this is suppressed from the notation. We show in 2.3 that C C X has normal
bundle O(—3) @ O(1) if and only if there are no small degree terms in (1.A). Given our
motivation, for the remainder of this introduction we assume that this condition holds.

1.2. Free Necklace Polynomials. To state our main results requires some new non-
commutative objects, which we briefly summarise here. Given two integers j, k > 0 such
that n := j + %k > 1, consider the set Neck; ;, consisting of coloured n-gons, or necklaces,
where there are precisely j nodes shaded e and precisely k& unshaded nodes o.

The cyclic group Z,, acts on the set Neck; j via clockwise rotation by 27/n, partitioning
Neck; 1, into a set orbits, written Orb; ;. To each m € Orb; ;, we then prescribe a monomial
Pm in the free algebra C(z,y). This is achieved by choosing a representative of the orbit
m, then starting in the bottom left corner and working clockwise, writing = for e and
y for o. As an example, Zg partitions the 15 elements of Necky o into three orbits: the
following illustrates representatives of the three orbits, together with the corresponding
monomial p,, € C(z,y), and the number of elements in that orbit.

O OO

TTTTYY TTTYTY TTYITTY
6 6 3
Now, given j, k, the free necklace polynomial N; x(z,y) is defined to be
1
Nik(@,y) i=——=">_  |m| pm,
Jj+Ek
meOrb;

which is a well defined element of C{x,y), up to cyclic permutation.

For its commutative version, consider ;27 which is defined to be the image of N;
under the abelianisation map C(z,y) — C[z,y]. The difference between NJ r and Nab
becomes stark as j + k increases. To calibrate, Nyo = xty? + 23yzy + x yxly whllst
N4 2= 255 2

1.3. Main Results. Given a curve C in X locally modelled on (1.A), as explained in
§3.4-3.5 there is a DG-algebra € that controls the deformation theory of O¢, in the sense
that its A..-products describe the prorepresenting hull of the deformation functor. There
are many such abstract models for €, with the challenge being to construct one where the
A -products can be calculated.

Consider the graded vector space A = @, _, A; where

€7
C ifi=0,3

A;=<(C? ifi=1,2
0 else.
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Write x,y for the basis of A;, and X, Y for the basis of Ay, and s for the basis of Az. The
following is our main result.

Theorem 1.1 (5.13). Given a curve C in X locally modelled on (1.A), the following
defines an A -structure {my }n>2 on the vector space A above. Furthermore, the resulting
A o-algebra is quasi-isomorphic to the DG-algebra € = RHomy (O¢, O¢).

(1) For any n > 2 and any decomposition n = j + k with j,k > 0,

My (X, o X, Yooy Y) = A1 e X+ Aj kg Y,
J
where the N’s are the coefficients from the glue in (1.A).
(2) More generally, m,, with n > 2 applied only to degree one inputs (so, combinations
of x and y) does not depend on the order of those degree one inputs, and thus is

determined by (1) above.
(3) The only other non-zero products are

ma(x,X) = —s mao(y,Y) = —s
m2(XaX) = s m2(Y7y) = 5.

Retrospectively, the fact that the order of the inputs does not matter in 1.1(2) should
be viewed as the remnants of all the data being determined from the geometric setup
(1.A), which is described from commutative gluing data.

There are two main remarkable aspects of 1.1. Perhaps the first is that describing the
full A o-structure is possible at all, never mind with such precision on the coefficients Ajy.
The second is that the proof goes counter to expectations: we do not assume the abstract
existence of an A.-structure then argue it has nice properties. Instead, the A .-structure
is constructed from the ground up, using the Kadeishvili algorithm [K1]. One of the main
novelties is that it is possible to construct, in §3.1, a uniform locally free resolution & of
Oc¢. In turn this allows us to choose a uniform basis, which makes the computation of the
full A.-structure possible.

Although the Ao-structure in 1.1 turns out to be a cyclic Ayo-structure in the sense
of Kontsevich-Soibelman [KS], this is a consequence of the proof, not an input. It is
also unsurprising that there is some reasonable description of at least part of the A -
structure, given that the physics literature [AK, CM, F] predicts both a commutative and
also some form of ‘matrix’ (=noncommutative) superpotential. As sketched in §6.5, the
matrix prediction of [F] turns out to be consistent with, and mathematically explained
by, the main result 1.1. Much of this paper, and our broader work, is inspired by this
physics prediction.

1.4. Corollaries. The first main consequences of 1.1 are to deformation theory. Given
a curve C in X locally described by (1.A), the sheaf O¢ € coh X has an associated non-
commutative (NC) deformation functor, recalled in §6.1. This functor always admits a
prorepresenting hull, Ager, called the NC deformation algebra (see §6.1).

Abstractly Aqer is always a superpotential algebra, however describing the superpoten-
tial has been a key open question. The following gives the first closed-formula description.

Corollary 1.2 (6.4). The NC deformation algebra Ager of Oc € coh X is described by

Cl,y)
Ados =2 Jac(W) = ————
(8.W,5,W)
where W =3 A Nj , € C{x,y) is the sum of free necklace polynomials, and the A; are
the data in the glue (1.A).

The above then immediately implies a classical 1972 result of Namba [N, K2], proved
using complex analysis methods and the existence of Kuranishi spaces. As is standard,
taking the abelianisation of Agef, which just means formally commuting the variables,
recovers commutative deformations of O¢. After formally commuting variables, each py,

in Nj x(z,y) becomes x/y*, and so N; x(z,y)*> = Jﬁ(ﬁzk)xﬁyk
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Corollary 1.3 (6.5, Namba, Katz). Classical commutative deformations of Oc € coh X
are prorepresented by
Clz,y]

A% = Jac(W)™ = 8.V, 5,V)
xV, 0y

b Aj ik g
where V=" Ajj, Nﬁk =5 jﬁc (j,C )xjyk.
The other consequence of 1.1 is categorical. Given a quiver with superpotential (Q, W),
Ginzburg associates a 3-CY category Dyw. It is a basic question in mirror symmetry to

find geometric models for such categories, on both the A- and B-sides.

Corollary 1.4 (6.6). Let W € C(z,y) and consider the associated 3-CY category Dy. If
there exist scalars Aj, for which W = >~ N Nj 1, then there exists a 3-fold X and smooth
rational curve C C X such that

DP(coh X) D (O¢) = Dyw.

The above gives the first hint that perhaps not all superpotentials can be realised, whilst
simultaneously not giving any hint on what general reasonable restrictions might be, given
that necklace polynomials are not preserved under automorphisms. After imposing strong
extra conditions such as dim¢ Ager < 00, the realisation problem is expected to be true
[BW, 1.11].

1.5. Contractibility. In 1962 Artin [A] established that the contractibility of curves in
smooth surfaces is (suitably locally) a combinatorial problem. This is no longer true for
3-folds. It has been an open question as to what should replace this in higher dimension,
and only special cases such as smooth curves currently have a criterion [J].

Corollary 1.2 gives a presentation of Agef. Based on empirical evidence from many
computer algebra calculations [BCP] on these presentations, and from theoretical evi-
dence in [BW], we conjecture that in the 3-fold setting Artin’s combinatorics are replaced
by numerical properties of Ager. One of the advantages of the NC deformation theory
technology is that it finally permits clean statements for multi-curves.

Conjecture 1.5 (‘3-fold Artin contractibility’). Let C be a connected union of n smooth
rational curves in a CY 3-fold, and write Aqes for its multi-pointed NC deformation
algebra. Then, in a formal neighbourhood of C, the following are equivalent.

(1) C contracts to a point, with an isomorphism elsewhere.
(2) dimc Adcf < 0.

This conjecture is a reinterpretation of Artin’s results for surfaces, where crepant curves
contract if and only if they are in ADE formation. The NC deformation algebra in this case
is the preprojective algebra, which is finite dimensional if and only if the curve configura-
tion is ADE. Note also for 3-folds that the conjecture is numerical, but not combinatorial:
to illustrate this, whilst the superpotential determined in 1.1 is a combinatorial object,
determining whether the numerical condition dim¢ Ager < o0 holds is much more subtle.

The direction (=) of 1.5 is known, by [DW]. In the case of single curves, [BW, 1.10]
shows that the only case of (<) that remains open is when the normal bundle is O(—3) ®
O(1). The results of this paper give strong evidence towards, but do not quite yet prove,
that final case.

Acknowledgements. The authors thank Yujiro Kawamata and Franco Rota for helpful
conversations, and the referee for many helpful and clarifying remarks.

Conventions. We work over an algebraically closed field K. Commas will be suppressed
on the subscripts on scalars wherever possible, so e.g. Aj , = Aj,. A further restriction to
C, or any algebraically closed field of characteristic zero, is made in §6. This is needed for
the deformation theory to work nicely, and also to be able to integrate relations to obtain
a superpotential, where the free necklace polynomials first appear.

2. SETUP AND PRELIMINARIES

This section introduces C C X, describes its basic properties, and sets notation that
will be used throughout.
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2.1. Gluing of a (—3,1) neighbourhood. Choose finitely many non-zero scalars Aj;, €
K for all j,k > 0, where Agg = A1,0 = Ap,1 = 0, and consider the scheme X defined by
gluing the two open patches U; = A3 and Uy = Ai’)w%wl along

a,v2,V1

(a,va,v1) kat (a™t, atvg, aPuy + Z Ajpa® Rl TR, (2.A)
J,k20

It is easily checked that the inverse map is given by

(b, wa, wr) 225 (571 b g, By — Y Agb? g ), (2.B)
J,k>0

Write U = {Uy,Us} for the above open cover, with common open Ujo = Uz N Us.
The ideal (vi,v2) glues with the ideal (wy,ws) to give an ideal sheaf J C Ox, the
quotient of which defines C C X.

Remark 2.1. If all A;;, are zero, then X is the total space of the vector bundle Op: (—3)®
Op1(1). Furthermore, in this case the zero section C = P! is very well known to have non-
commutative deformation algebra K{z, y), and commutative deformation algebra K[z, y].
In §6 we will interpret this as being given by the zero potential.

Lemma 2.2. X is quasi-compact and separated.

Proof. Since X has the finite open cover U; U Uy, where each U; is Spec of a polynomial
ring, it follows that X is a noetherian scheme [H, p83], and thus in particular is quasi-
compact [H, 3.1.1, Ex L.1.7(b)].

Now X is obtained from the separated K-schemes U; = A3 and Uy = A3, glued together
via the open subsets ¢: {a # 0} — {b # 0} in (2.A) above. Now X xg X is covered by
{U; x Uy, Uy x Uz, Uz x Uy, Uy x Us} [S, Tag 01JS], and so by the standard [S, Tag 01KJ]
the scheme X is separated if and only if the ‘diagonal’ map

U12 — U; X UQ

is a closed immersion. Since U; and U, are affine, this condition is equivalent to the
surjectivity of the map

K[a, va, v1] @k K[b, wa, w1] — K[bH, wa, w]
sending a®b — ¢(a)b. Since clearly a!@w w2 — b~ twi'wi? and 1@b'w w2 — brwitwiz,

the map clearly hits the monomial basis of K[b*!, wo, w;], and thus is surjective. O

Lemma 2.3 (Ferrari [F]). With the notation as above,
Nc‘x = 0(73) D O(l) <= Aog =A11 =Age = 0.
In the remaining case where some Aag, A11,Ag2 1S nonzero, set A = )\%1 — A2oAg2. Then

N 0280 — A=0
Cx—{0(1)@0(1) — A#£0.

Proof. Working mod J2 = (v1,v2)?, the glue (1.A) becomes
(a,v2,v1) &8 (a7, a g, aPu + Z ?\jkag_kvngk_l). (2.0)
J+k<2

Since Agg = A1g = Ag1 = 0 by convention, by inspection of the known gluing of the total

space Op1(—3) ® Op1(1), certainly the above curve has normal bundle O(—3) ® O(1) if the

displayed sum in the right hand side of (2.C) is zero, equivalently Agg = A11 = Ag2 = 0.
If one of Agg, A1, Mgz is nonzero, then mod J? the gluing is

(a,v9,v1) &0 (a7, atuy, a®vr + (Aa0a® + Arra 4 Ag2)vs). (2.D)

It is then a result of Ferrari [F, Appendix B] that the normal bundle is (r — 1, —r — 1),

where 7 is the corank of the quadratic form (;f‘l’ ;\‘;; ), and so the result follows. O
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2.2. The A and B Polynomials. From here on, we will consider the following setup.

Setup 2.4. Consider the glue (2.A), which by definition is given by specifying finitely
many nonzero Ajx. We will assume that:

(1) Ago = A10 = Ao1 = 0, to ensure the existence of a closed curve.
(2) A20 = A11 = Ag2 = 0, by 2.3 to ensure that the normal bundle is O(—3) ® O(1).
(3) That not all Aj are zero, to exclude the easy degenerate case described in 2.1.

Under 2.4, the following three constants t,r,s € N will naturally appear throughout the
analysis, as will the following polynomials A and B.

Notation 2.5. Set t = min{j + k | A; » # 0}. By 2.4(3) t is defined, and by 2.4(1)(2),
t > 3. Furthermore, we may write
Z?\jkaz_kv§+k_1 =a®> "5 tA
2—j, j+k—1 2 1 (2.E)
> b w] = wi B

where A = A(a,v2) € Oy, and B = B(b,wsz) € Oy, are polynomials, and neither a nor ve
divides A, and neither b nor wy divides B. In particular, 2 —r € Z is the most negative
power of a appearing in (2.A) and 2 — s is the most negative power of b in (2.B). Again
using 2.4(1)(2), both r > 0 and s > 0.

Lemma 2.6. Restricting A € Oy, and B € Oy, to the common open subset Oy,,, then
B = b7t A, equivalently A = a7 tB.

Proof. In the notation of 2.5, the final components of the glue equations (2.A) and (2.B)

can be written
B> "wy = a oy + Ué_lA (2F)
a®> vy = b lw;, —wi B,

Rearranging for A and B gives the result. O

The following more refined notation will be needed for inductive arguments later.
Notation 2.7. Given (2.E), for all i > 3 define A; € K[a] and B; € K[b] by
A; =Ajoa" + 7\,‘_1,1a'71 +...+ Ao,iarﬂ'
Bi =N ib® + MmN b

By definition of t (in 2.5), A3 = ... = A;—;y = 0 and Bs = ... = Bi_; = 0. The
following is the graded piece analogue of 2.6.

Lemma 2.8. For alli >3, we have A; = a™*~'B; and so vy 'A; = o™ twi ' B;.

Proof. The statement 4; = a'57B; is immediate by inspection, since a = b~ on Ujs.
The second statement follows, since by the glue (2.A) wy = a™vs. O

Inspecting the graded pieces of (2.E), note that
Z >\jk(I2_k’U%+k_l = a2_'v§71Ai and Z ?\jka_jw%"'k_l = bz_swgilBi.
jk=i jk=i
Consequently, the A and B defined in 2.5 can be written

A= At + ’UQAtJrl + U%At+2 —+ ...

= vy Az oy AL oy A+ A Ay Fvi A ... (2.G)
=0 #0

and similarly B = wg_th + ...+ wQ_IBt_l + By + waBiy1 + w3Biyo + ... with By # 0
where all terms w; *By_; with negative wy exponents are zero.
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2.3. Sheaves on the neighbourhood. For n € Z, consider the locally free sheaves O(n)
defined on X by taking the rank one free module on Us and the rank one free module on
Uy, and gluing them on the common intersection U;s via the isomorphism

Kb wo,wy] —  KlaTt, v, vq]
f(b,wg,wl) — a".f(a—17a,—1712,a31)1+2j7k207\jka2—kv%+k—1).

A map between sheaves @: O(m) — O(n) is determined by two polynomial maps in a
diagram

On Us: O, (m) —2HE2 g ()

T T (2.H)
@2 (b,wz,w1)
On Us: O, (m) — 220200 ()

that commutes after substituting for glueing expressions (2.A). Although it is natural to
define @ and @4 in the coordinates on their patch, we may use expressions in any of the
variables that remain regular on the given patch and commute up to the glue, e.g. in 3.1
below. The above picture will be abbreviated

@1(a,v2,v1)

@: O(m) ———  O(n)

@2(bwa,w1)

leaving the transition maps implicit, and similarly maps between direct sums of such
bundles will be represented

@4 (a,v2,v1)
@ Oo(mi) ———— P O(n;)
2(b,wz2,w1)
where ®; are represented by matrices representing the maps on the two charts, and the
transition maps are given by the matrices diag(a™i) and diag(a™).

3. CONSTRUCTING THE DG-MODEL

For any choice of scalars A, satisfying 2.4, consider the scheme X defined by the gluing
rule in (2.A), which contains C = P!. This section builds a particular DG-algebra that
controls the deformation theory of Oc.

In §3.1 below, which is the key new construction, we exhibit a uniform locally free
resolution € of O¢. Using this, together with standard results involving homological DG-
algebras (in §3.2) and Cech enhancements (in §3.4), we then exhibit a complex (€, D) which
computes the modules Ext’y (Oc, Oc). After some some sign adjustments to multiplication
(in §3.5), we obtain an explicit DG-algebra (€, x, D) that models RHomy (O¢, O¢).

3.1. Locally Free Resolution of O¢. This subsection constructs a locally free resolution
of the structure sheaf Oc. Recall the polynomials A € Cla,v2] and B € C[b, ws] from 2.5
and the abbreviated notation for maps of sheaves on X = U; U Us from §2.3.

Theorem 3.1. Under Setup 2.4, the following is a locally free resolution of Oc.

ik 0 —
(_Z?ﬂ) O(1-r—) (522,4 o b2'w1> (=)

-1 D -1 0 —vs ® ('Ul va b2 7wy )

00— O(—r—s) T) O(l—s) 1 5 O(—l) O
( 75}%-1) @ (wt22B —a;ﬂfsm w1y ) ® (a2*5u1 w2 wl)
—b O(1-r) et 0 —ws O(2-r)

where in the top b>~"wy = a" vy + o5t A, and in the bottom a?Svy = bt w, — wh B,

Proof. We first check that the given maps on charts glue to maps of sheaves as indicated.
On the left, since wy = a~ vy and b = a~!, we have

a0 0 a" vy a”" v v2
0 a'™* 0 -1 = a1 | = (—a'*l ) .aE
0 0 a'™" —a51 _q 7" -1

so the local charts glue to a map O(—r—s) > O(1 —r—s)®O(1 —s) B O(1 —r).
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For the middle map, substituting also for B = a'~""SA by 2.6, we have

o'+t va 0 al—r—s 0 0 a?"s a175v2 0
- — — _ 1—r—s t—2 1— -1
vt2 2A —vy B2y 0 '™ 0 = a7, A —a "1 a” T
1 0 —vs 0 0 a' " _glmrs 0 —al Ty
—Ss

a2 0 0 1 a” vy 0
= 0 a ! 0 a27"5vt272A —a® v wi
0 0 a®7" —a 51 0 —a" Y,

so the local charts glue to a map as indicated. Finally, on the right,

2= 0 0
('Ul Vg a'2u11)(a0 al 0 ) = (a275v1 a tvs 'wl)

0 0 a7
so the local charts glue to a map to the trivial bundle. The sequence of maps of sheaves
is clearly a complex, so it remains to check that it is exact and has cokernel O¢.
Exactness of the complex is local, and it is enough to check exactness on the two patches
separately. We do this for the first patch in coordinates Oy, = Cla, v, v1], with the second
patch being similar. The left-most nonzero map is clearly injective. If (r1,r9,73)7 belongs
to the kernel of O3 — O3, then r| = —wvar3 and

1 1
0=a"t 1 4+ Vorg = (—a”‘ rs + 7“2)1}2

so that 7o = a™"lr3, as Oy, is a domain. Thus (ry,72,73)7 lies in the image and the
complex is exact at this point.
If (r1,72,73)T belongs to the kernel of the right-hand map O3 — O then by (2.F)

V171 + varg + (a" oy 4 vi  A)rs = 0.

Rewriting this as (r; +a™'r3)v; = (—re — v5 2 Arz)vy shows that r1 + a+r3 = Cvy and
—ry — 11;72147"3 = Cw; for some C' € Oy, since Oy, is a UFD. Thus (ry,72,73)7 is the
image of (—73,C,0)7, as required.

Finally, it is clear that O is the cokernel, since the equation b>~fw; = a" vy + vg_lA,
together with t > 2, shows that b Tw; € (vy,v9) = I¢. O

3.2. Homological DG-algebra. To immediately ease notation, write
E:i= 08 e, e Mhey—0
for the complex of locally free sheaves on X constructed in 3.1, and consider the homo-
logical DG-algebra (Endx (€),0,8) defined by Endx(€) = ,, Hom' (€, €), where
Hom' (€, &) = @) Hom(&n, Ens). (3.A)
ne”Z

By (3.A), a homogeneous element b € Hom* (€, &) of Endx (&) decomposes as b = (by )nez
with b, € Hom(&,,, &,—;), and we will refer to b,, as the nth component of the homogenous
element b.

Composition o gives rise to a product on Endx (€) which preserves the grading. Further,
there is a differential 5: Hom' (€, &) — Hom "' (€, &) whose nth component is

(8a),, :=dy_;0a, — (=1)"a,_1 od,. (3.B)
In the following picture, visually this is down-across —(—1) across-down.

é:n il 8n71

Eni T a— En—i-1

Lemma 3.2. 6%(a) = 0 and §(apy) = 8(a)jy for anya € Hom' (&, &) and any open U C X.

Proof. The first claim is standard, and the second claim is the statement that d,, and a
are maps of sheaves, so are defined by composition on the open U. 0



DERIVED DEFORMATION THEORY OF CREPANT CURVES 9

3.3. Cech complex. This subsection sets notation for the Cech complex (C(U, F),d) of
a sheaf F on X relative to the open cover X = U; U Us. Recall that Uio = Uy N Us.

The only nonzero terms in the Cech complex are C° = F|y, @ Fly, and C' = Fl,,.
For (a1, as) € CY, the coboundary d: C® — C! is the map

0(31, 32) = al‘um — a2|u12. (30)

3.4. The total complex. Following [AK], consider C =P, ., C,, where

neL
C.i= P Cr(U Hom'(E, €)),
p+q=n
with differential D = 9 + (—1)?8 described below. This is the Cech complex of the sheaf
of DG-algebras Endy (&) from §3.2, c.f. [S, 01FP].

Unpacking this, since only C° and C! are nonzero, a homogenous element a € C; is a
triple of vectors of homomorphisms

a= (31732,312)

where
a1 € P Homy, (€. Eny), a2 € @ Homy, (En, Ens), 212 € P Homny,, (Ens Eniv1)
nez nez nez
The differential D: €; — C;11 is defined by

(a1, az,a12) +> (8ay,8az, (arju,, — Azuy,) — da12) (3.D)
where 8 is from (3.B) and we have applied d from (3.C). ‘
As is well-known, the complex (€, D) computes the cohomology Ext% (O¢, O¢).
Proposition 3.3. H(€) = Ext}(Oc¢,O¢) for alli € Z.

Proof. (€,D) as defined above is equal to the complex Hompy, (y)(€, €) as defined in [A+,
§8.2.1]. Thus

H'(C) H"(HOInl')gc(x)(E7 €)) = Hompy () (€, E[i]) = Ext%(0¢, O¢),
where the middle isomorphism is e.g. [A+, p587]. O
3.5. The Cech enhancement. Using the well-known Cech enhancement described in

e.g. [A+, p587] or [CS, §1.2], the complex (€, D) can be upgraded to a DG-algebra. The
only slightly subtle point is the sign on the composition, which we explicitly recall here.

Definition 3.4. Given homogeneous a = (a1, az,a12) € €; and b = (by,bs,b12) € Cj,
define

axb:= (al oby, agohby, ajgo b2|u12 + (—1)ial|u12 o b12) € ei-i-j (3E)
and extend x to all of C by linearity.

To set notation for the next result, choose an injective resolution
0=>0c—=2Jg—J1—...
of Oc. Then consider the DG-algebra End}®(J) = Dicr EndR¢(7),, where

Endge(:])t = {(fs)sel | fs: js — js+t}~

Multiplication is given by composition, and the differential is defined as in §3.2.

Proposition 3.5. (C,*,D) is a DG-algebra, and this is quasi-isomorphic to the DG-
algebra EndRC (7).

Proof. The first statement can be checked manually. Alternatively, as in the proof of 3.3,
(€,D) equals the complex Hom]'jgg(x)(e, €). Now DE_(X) is in fact a DG category, under
the composition described in [A+, p587]. In our restricted setting, with only two open
affine sets, this translates precisely into the operation x defined above (see also [AK]). The
second statement follows since X is quasi-compact and separated by 2.2, so the Cech DG
enhancement of perfect complexes is quasi-equivalent to the injective DG enhancement of
perfect complexes; see [CS, §1.2] or [LS, 3.19]. O
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4. GENERATORS AND HOMOTOPIES

This section constructs certain elements of the DG-algebra (C,x,D) from §3.5. In
§4.1-4.4 some key elements of € are introduced. Various easy relations between these
elements involving both D and * are then computed in §4.5 and §4.6. Inductive notation
is introduced in §4.7. The totality of elements considered is summarised in §4.8. The whole
section is elementary, essentially being nothing more than multiplication of matrices, with
care taken about degrees.

To set and ease notation throughout, under Setup 2.4 write

O%Egd—%gzd—%gld—l)goﬁo

for the complex of locally free sheaves on X constructed in 3.1 that resolves Oc.

4.1. Degree One Generators. Consider x := (x1,x2,0) € €, where

v att v 0
(7a'+1 ) 'u;_zA —v1 b2 Wy
—1 -1 0 —v2

&3 Eo &1 — &
\
—1 0 —-10
X] = (0) w534 0 0 (0-10)
0 0 01
atl vy 0
v;ﬁQA —vy b2y R
1 0 —ws (vl va b 7"w1)
83 — 82 81 80
& & &1 — &
3 wa 2 1 wa 0 1 0
-1 t—2 2—s
<7bs+1) <w2 B —a v Wi )
X2 — —b5+1 0 — w2
1 0 -10
b(O) bl wy®B 0 0 b(0-10)
0 0 01
83 — 82 81 80
1 wa 0 (a275v1 wa w1)
w;ﬁzB —a? v w
7bs+1 0 —w2

Under the sign convention defining 6§ in (3.B), which for odd degree is down-across+across-
down, 8(x1) = 0 = §(xg). Further, it follows from (2.H) and 2.6 that each pair of vertical
maps glue to give a global map, so 9(x1,x2) = 0. Hence Dx = 0.

Similarly, write y = (y1,y2,0) € C; where y; is defined by multiplying all the vertical
maps of x; by a, and ys by dividing all the vertical maps of x5 by b. It follows, in a similar
way, that D(y) = 0.

Lemma 4.1. With notation as above, x and y give linearly independent elements of
H'(C) = Ext'(O¢, O¢) = K2.

Proof. The first isomorphism holds by 3.3 and the second holds since N = O(—3)®0(1).

Both x and y are closed, as observed above, so suppose there exists o = (&1, &2, 0¢12) €
Co such that D = Ax+py for some A, p € K. Restricting to Uy, we have 6(o1) = Axq+pys,
and by (3.B) and 3.1 the component &; — &g of this element is

d(ou) = (v1,v2, ™ oy + 05 A)M + c(vr, va, 0™ oy + 0571 A)

for some 3 x 3 matrix M with entries in Oy,, and some ¢ € Oy,. In particular, all
entries of 8(«q) lie in the ideal (v1,v2) C Oy, and so vanish on C. In contrast, the second
entry —(A + pa) of Ax; + ny; = A(0,—1,0) + w(0, —a,0) does not vanish on C unless
A=u=0. O

4.2. Shapes and Degree One Homotopies. Alongside closed elements of € such as x
and y of §4.1 that appear in Theorem 1.1, it is convenient to define simpler elements of
C that we call shapes, which are akin to elementary matrices. As we will see repeatedly,
these shapes will help distinguish between identities that hold for trivial reasons — matrix
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products vanishing because all terms have a factor of zero — and those that vanish because
some nontrivial cancellation occurs.

With this in mind, and adopting the convention that degree one elements are denoted
in lower case sans font, consider (g1, g2,0) € C; defined by

att vy 0
'u;_ 2A —vy B2y
—1 0 —vV2

&3 — & &1 &o
0 000
g= (8 Co (388 (001)

83 82 — — 81 80

with go being given by the same three vertical matrices, but considered on the other chart.
Similarly, define (hy, hs,0) € €1 by

v
( 7ar+1 )
-1

€3 €y —— &1 Eo

with hy being given by the same three vertical matrices, but considered on the other chart.

Notation 4.2. For g and h defined above, define k; € C; by

ke (a'- gy, 271 gy,0) fo<i<r—2
T (@D by, b= Ry 0) ifr+1<i<r4+s—1
where terms such as a’ - g1 should be interpreted as multiplying all the three vertical maps
of g1 by the coefficient a’.

Remark 4.3. In 4.2, and in similar definitions such as 4.4 below, we say that k; is based
on the shape g (or h), as a reminder that its three components are polynomial multiples of
the corresponding components of g (or h). This is not strictly essential, but it does help
to navigate the array of constructions, and is summarised in §4.8.

Lastly consider the shape (z1,z2,0) € 1, defined as

v atl vy 0
(_ar+1 ) 05 2A —vp b2 "wy
—1 —1 0 —vV2
&3 Ea &1 &o
0 000
71— 0 100 (000)
1= 0 atl oy 0 000
(v;zA —v1 b2 Twy ) )
-1 0 —u (01 w2 62 ~"wy)
&3 o &1 o

with z5 being given by the same three vertical matrices, but considered on the other chart.
This shape will appear again as a killing homotopy in §4.5 and §4.7.

4.3. Degree Two Shapes and Generators. Adopting the convention that degree two
elements will be denoted in upper case sans font, consider the shape Z = (Z;,Z5,0) € Co



12 GAVIN BROWN AND MICHAEL WEMYSS

defined as

83 — 82 81 EO

/1 = (—21) (-100)

(’Ul Vo b2—rw1 )

&3 & &1 Eo

with Z5 being given by the same two vertical matrices, but considered on the other chart.
Notation 4.4. Set X = (a"-Zy, b1 -Z5,0) € Co and Y = (a"" 1 - Z;, b5-Z5,0) € Cy.

Thus both X,Y € €y are based on the shape Z. Under the sign convention defining &
in (3.B), which for even degree is down-across—across-down, §(X;) = 0 = 8(Xz). Further,
it follows from (2.H) and (2.A) that the pair of vertical maps (€3 — €o)u, glue to give a
global map, so 9(X;,Xz2) = 0. Hence DX = 0, and similarly DY = 0.

These give generators of H2(C).

Lemma 4.5. X and Y are linearly independent elements of H2(€) = Ext?(O¢, O¢) = K2.

Proof. This is similar to 4.1, with only linear independence to check. Suppose there exists
¢ = (c1,¢a,¢12) € C; such that Dc = AX + pY for some A, u € K. Restricting to U;, we
have 6(c1) = AXy + uYq, and by (3.B) and 3.1 the component €3 — &g of this element is

8(c1) = (v1,v2,a oy + vgflA)M + (e1, €2, e3) Mat(ds)

for some 3 x 3 matrix M with entries in Oy, and some e; € Oy, , where Mat(ds) is the
matrix of do on Uy from 3.1. Considering only the first component of this, and equating
to that of AX; + Y1, we have at once that

ar+1 1

e1 —eg=—Aa"—wa" " mod Ig = (v, v2). (4.A)

Consider now ci2, which is an element in €p,, ., Homay,, (€5, €,), and work in the coordi-
nates on Uy induced from U;. It is immediate that the components of dcio: €1 — &g all
lie in I, since the two summands of this map each factor through d;. Thus the condition
that (IDc);2 = 0 implies that

Cljuy, — C2|uye = 0 mod Ic. (4B)

Expressing the component co: £ — &y in coordinates by (e}, e}, ) for e} € Oy, then
modulo Ic each €} is a polynomial in b € Oy(,. In particular, modulo I and working in
the coordinates of Uja C Uy with b= a~!, (4.B) implies for €4(b) that

ez(a) = a"2ef(a™t) mod Ig.

The righthand side is a polynomial in a of degree at most r — 2, so (4.A) implies that
A=u=0. O

Now consider the shape (Gy, Gz,0) € Ca, defined as

V2
(1)
-1

Es & &1 Eo

Gy = <§> (00-1)

(w1 vg B2 "wy )

&3 &a &1 o

with G being given by the same two vertical matrices, but considered on the other chart.
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Similarly, define (Hy, Hz,0) where

83 — 82 81 SO

v () o

83 82 81 _ 80

with He being given by the same two vertical matrices, but considered on the other chart.
The following should be viewed as the degree two version of 4.2, with slightly different
superscripts, and slightly larger intervals.

Notation 4.6. With G and H defined above, define K; € Cy by

K J (@ G b Gy 0) if0<isr—1
i (@ =T Hy, 0571 Hy,0) ifr+1<i<r+s.

4.4. Degree Three Shapes and Generator. Adopting the convention that degree
three elements will be denoted in lower case mathfrak, consider the shape (s1,$2,0) € C3
defined as

&3 & &1 &o

51 = -1

€3 & &1 Eo

with so being given by the same vertical matrix, but considered on the other chart.
Notation 4.7. Set s = (a" - s1,b° - 52,0) € C3.

It is easy to verify that D(s) = 0, and it is clear that s is a basis element for H3(C) = K.

4.5. Elementary Relationships Involving ID. This subsection establishes some ele-
mentary relationships between the degree one elements in §4.1, the degree two elements
in §4.3, and the degree three elements in §4.4 under the differential D.

Lemma 4.8. For any f € Oy, and g € Oy,

D(f'glvg'g270) :( f'zla bs+lg'22> (f_ar_Qg)'glhlm)
ID(f : hlv g- h27 O) = (ar+1f ' Zla g- 227 (f - a572g) : h1|u12)
D(f-z1,922,0) = ( vaf -Z1, wag-Za, (f —a2g) z1|ay,).

Proof. (1) By definition, D(f - g1, g g2, 0) = (8(f - 81),8(g - g2), f - &1l12 — 9 - g2|12). We

first claim that 8(g;) = Z; and 8(gz) = b5~! - Z,. Under the sign convention in (3.B),
which for degree one is down-across+across-down, the differential 5(g;) equals

&3 & &1 Eo

v2 000 vz 0
( ) (—a'“) (v1 v2 B2 Tun )(o 0 1) +(001) 0524 —vy 2wy
—1 000 > 70

Es & &1 Eo

[=le])

0
0
0

oo
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which is Z;. Similarly 5(gs) equals

&3 Eo &1 o
1 w 0
000 w2 000 z 2
(001)( -1 ) (a2_5v1w2w1)(001)+(001) wh 2B —a? Sy wy
000 —pott 000 —ptt 0 —wa
€3 Es &1 o

which is b*t! - Z,. To calculate the final entry f - g1l12 — g - 82|12, we work on the U,
coordinates on Ujs. The first non-zero map in f - g1]12 — g - 2|12 is given by

ar+s—1 0 0
0 a7 ' o
0 0 a !

82 82 82 82

) (187) = vl

81 81 81 81

ocoo
oo

oo
N———

OO

/N
[=lele)

S oo

and the second possible non-zero map is given by

81 81 E:1 81

(007) - (0o0g) = (f—a"2g)(001)

80 80 80 80

and so f - gili2 — g - g2l12 = (f —a""2%g) - g1|y,, as claimed.

(2) Again by direct calculation as above, 8(h;) = a™t!-Z; and 8(hy) = Z,. The calculation
that f-hi|i2 — g - hali2 = (f — a*~2g) - hy|y,, is also similar.

(3) Here, again by direct calculation, 8(z1) = vs - Z1 and 8(z3) = ws - Zo. Now the only
possible non-zero map in f - z1|12 — g - 2|12 is the map €4 — &; given by

aV‘FS*l 0 0
0 a7 ' o
0 0 at

82 82 82

) (&8
- -9
2—s 00

81 81 81

0
(=
0

o oo
o oo

r+s—2

which is clearly (f —a 9) - 21|y, - =

The following asserts that, although k; is defined on two different intervals, the effect
of applying ID always looks the same.

Corollary 4.9. For all i such that k; is defined,

D(k;) = (a’ - Zy, b1 Z5,0).
Proof. In the first interval k; = (a’-g1,b"27% gy, 0), so the statement follows from the top
line in 4.8 applied to f = a’ and g = b2 where f—a'_Qg = 0 since a = b~!. Similarly,
in the second interval k; = (a*~(+1) . hy, p(+s=D=% . hy 0) so the statement follows from
the second line in 4.8. (|

As a consequence of 4.9, every element in the sequence

(a®-Z1,b571Z5,0), ..., (a2 2y, b5 Z5,0), (a 121, 0572.2,5,0), ..., (a"T571Z1, 6025, 0)
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belongs to the image of D. In contrast, by 4.5 the two ‘missing’ elements in this sequence,
namely Y = (a1 - Z;,b° - Z,0) and X = (a" - Z1,b°" 1 - Z5,0), do not lie in the image of
D. The following corollary formalises this fact.

Corollary 4.10. Given f(a) = ag+ora+...+os_1a 7571 € Kla], set g = b1 f(b71),
namely g = oob ™57 4 0 BTS2 4L 4 Xrys—1- Then in C

r—2 r+s—1
(f+Z1,9-25,0) =Y aD(ki) + 1Y + X+ > o D(k;).
1=0 i=r+41

Proof. By construction of g, we may write

r+s—1
(f-Z1,9-22,00= Y au(a’-Zy, 0777170 25,0).
i=0
The result then follows directly from 4.9, and the definition of X and Y. O

The next elementary relationship is an analogue of 4.8 under D: C; — Cg.
Lemma 4.11. For any f € Oy, and g € Oy,

D(f-Gi,9-Go, 0)=(  f-s1, g5, (f—a"""g) Gilu,)

D(f-Hi, g-Hy, 0) = (a"" ' f-51,  g-82, (f—a'g)-Hilu,)

Proof. By definition, D(f - Gy, g-Ga, 0) = (8(f - G1),8(g- Ga), f - G1]12 — g - G2]12). Under
the sign convention in (3.B), which for degree two is down-across minus across-down, it
is clear that §(G;) = s; and 8(Gg) = b°Tls,. Now the only possible non-zero map in
f . G1|12 —g- G2|12 is the map 82 — 80 given by

ar+s—1 0 0
0 a1 o
0 0 o !

Eo o &Ea
(00-r) - (00—g)
80 80 ! 80

which is clearly (f —a""'g) - Gi|u,,. This proves the first statement. In a similar way,
5<H1) = a'+151, 5(H2) = 52 and f . H1|12 —g- H2|12 = (f — as_lg) : Hl‘ulz. O

As in 4.9, the following asserts that although K; is defined on two different intervals,
the effect of applying D always looks the same.

Corollary 4.12. For all i such that K; is defined,
D(K;) = (a" - 51, b™7" - 55,0).

Proof. In the first interval K; = (a’- Gy, b 17%. Gy, 0), so the statement follows from the
top line in 4.11 applied to f = a’ and g = b™ 1%, where f — a""'g = 0 since a = b™!.
Similarly, in the second interval, K; = (a*~ (1 .Hy, b™+57%.Hy,0) so the statement follows
from the second line in 4.11. O

4.6. Elementary Relationships Involving x. This subsection establishes some elemen-
tary relationships between the degree one elements in §4.1, and the degree two elements
in §4.3, under the operation x.

Lemma 4.13. In C, the following statements hold.
xxx=( v52A-Zy, Ywh P B-Zy,0)
xxy=y*xx=( avg_‘n’A AR bw§_3B 22, 0)
yxy=(a*v5°A-Zy, wy B Zy,0)
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Proof. Note x x x = (x1 0 X1,X2 0x2,0). Now on Uy, the composition x; o x; is

v
( 7ar+1 )
-1

&3 Ea &1 &o
v"3A< —21) v53A(-100)
(Ul U2 b2 'wl)
&3 Eq &1 &o

which equals v5 3 A-Z;. On Uy, xg 0x it is similar, with b?>w’ > B replacing the coefficient
v5~? A in the two vertical maps above. The first statement follows.
The second and third statements follow in an identical fashion. (]

Lemma 4.14. In C, the following hold.
—g1ox1=G; —gioy1=a-G1 —geoxa=0b-G2 —gaoys =Gy
x10g1 =Gy yiogr =a- Gy x20g=b- Gy y2 0 g2 = G2
—hioxy =H;y —hjoy;=a-H;y —hyoxe=0b-Hy —haoyys=H,
xpohy =Hy; yiohy =a-H; xg ohy =b-Hz y2 o hy = Hs

Proof. The first column holds by inspection. The second column follows from the first
since y; = a-x1. The fourth is Uy version of the first column, and the third column follows
from the fourth since xo = b - ys. O

In the following, note that whenever k; is defined, both K; and K;;; are defined.
Corollary 4.15. For all ¢ such that k; is defined, in C there are equalities
x*x ki =K; = —k; xx,
yxk; = Kip1= —k; *xy.
Proof. In the first interval, k; = (a® - gy, b""27% - g9,0), so by 4.14
—k; xx = —(ai ~groxy, b gy 0X9,0) = (ai -Gy, b Go,0) = K.
Similarly, in the second interval, by 4.14
—kixx=—(a"" D hyoxg, BT hy 0x9,0) = (ai Y L Hy, ST H,, 0) = K.
All other claims are similar. O
The following deals with x between degree one and degree two inputs.
Lemma 4.16. In C, for all i,5 > 0, there are equalities
xx(a'-Zy, ¥ -Z5,0) = —( a"-s1, ¥ 59,0) = (a’ - Zy, b - Z3,0) % x
y*(a'-Z1, b -Z5,0)=—(a" 51, b -8,0) = (a"-Zy, V- Z5,0) xy.

Proof. The first statement follows from the fact that x; 0Z; = —s1 = Z10x; and xg0Z5 =
—b 59 = Z3 0xg, as can be directly verified. The second statement follows similarly. O

4.7. Notation for Induction. This subsection lays down some notation useful for the
induction in 5.12, and furthermore introduces some key homotopies.
Recall the polynomials A; and B; from §2.2.

Notation 4.17. For i >3, set A>; =Y .o, v} "A; and Bs; = Y, w) B,
Remark 4.18. By (2.G) and the definition above, A = A>3.

Multiplying the definition by the appropriate power of vq, it is clear that

’UBiiAZZ- = Az + UgiiAZile (4 C)
WS Bs; = B; +wh "Bsiy1. .

Lemma 4.19. For all i >3, As; = a"* *Bs; and a®> " Sv5 " As; = b 2wl ' Bs;.
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Proof. The statement As; = a""57'Bs,; is immediate from the last statement in 2.8. The
second statement follows by the first, since vy = aws by the glue (2.A). O

The following, which are based on the shape z, will be the key inductive homotopies.
Notation 4.20. For any i > 3, and for any 0 < k <7 — 1, set

i = (a"(W5 " Asin) s 2y, BTN wl T T B i) 20, 0) € Gy (4.D)

By (4.C), all entries in (4.D) are polynomials.

Corollary 4.21. With notation as above,
Deir) = (a" (V5 Aziq1) - Zy, b F N (wh ' Bsita) - Za, 0).

Proof. Set f = a*(vy " As;11) and g = b F 1wl "' Bs,4 1), which are both polyno-
mials by (4.C). Now by the first statement in 4.19, As; 11 = a""5 B>, so

k,t—i—1 ktrts—t, t—i—1 _

a*vy T Az = a" T T T B (A>it1 = a™ " Bxiy1)
ktrbs—i—1, t—i—1

="t T By (by glue (2.A))

= a2 R T T B (ab=1)

Thus f = a""572g, equivalently a®>~"~5f = g. The result is then a direct application of
the general 4.8, where the third entry is now zero since a®>~""5f = g. O

Lemma 4.22. For any i > 3, and for any 0 < k < i — 1, there are equalities
(1) s pax=1e;,p_1xy and xxe; , =Yy xe; y,_1 provided that k > 1.
(2) X* €k + €k XX = —(ak’l)gi(lJrl)AZH_l . Zl, bi_kw;7(2+1)BZi+1 . ZQ, 0)
Proof. (1) Since k > 1, the element e; ;1 is defined. The result then follows since
X* €| = (akvé_i_lAZiH X1 027, bifk*lw;_(iﬂ)BZiH “Xg 029, 0)
= (akflv;_(iﬂ)AZiH . (a . Xl) 0z, biikw;_(i-i_l)BZi_‘_l . (671 . XQ) 0 Zg, O)
= (@ Ty TV As iy oz, Ry Y B ys 020, 0)
=Y*€ k-1

The other claim is similar.
(2) By definition, x x e; ;, + €; 1, x X equals

(ak,U;*(iJrl)AZH_l (x1 021 + 71 0%1), bi—k—lw’;*(iJrl)BZH_l - (x2 023 4 23 0x3), 0).

The statement follows since x; 0z1 +2z1 0x; = —Z1 and x9 029 + Zo 0 X9 = —b - Z5, as can
be directly verified. O

The following products all vanish for very elementary reasons.

Lemma 4.23. Wherever K, k. and e, . are defined, the following products

k* * e*,* e*,* * k* k* * k*’ e*,* * e*’,*’
ke x X X x ke ke xY Y % ki
€ x X Xk e, . S ¢ Y ke s
Ky % ks ke x Ky Ki x ey 4 e+ * Ky
K; * x X * K; Ki*y y * K;

all equal Og.

Proof. Most follow at once from the shapes of these elements. The first row holds since
all compositions involving z, g and h are identically zero. The second and third row holds
since all compositions of Z with g, h and z are zero. For the fourth line, K, is based on G
or H, so its only nonzero maps are s — &q, whilst k, is based on g or h, both of which
have zero map €3 — €,. Thus any composition of k, with K, is zero. Similarly e, . is
based on z, which again has zero map €3 — £, and the vanishing follows. The last line
holds since all compositions of x and y with G and H are zero, as again can be explicitly
observed. O
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4.8. Summary. As a summary of this section, the closed elements x, y induce generators
of H'(@), and likewise X, Y induce generators of H?(€), whilst s generates H?(€). These,
together with their corresponding underlying shapes, are summarised as follows

element | x y X Y s
shape Z Z s
see | §4.1 4.4 44 4.7

where we note that x and y are not usefully defined by shapes. In contrast, the elements

element | k; e Ki Dk; De;r DK;
shape |g.h  z GH Z VA 5
see | 4.2 420 4.6 49 421 4.12

will provide homotopies needed to control the Kadeishvili algorithm in §5 below.

5. THE A, MINIMAL MODEL

In this section, regardless of char K, we describe the A,.-minimal model of the DG-
algebra € constructed in §3.5, and in the process pin down all its higher products.

5.1. Recap on Minimal Models. The main result will be proved by a very careful
use of the A.-minimal model due to Kadeishvili [K1], which we state to set notation.
As in [K1], all A-algebras considered in this paper are strictly unital, meaning there is
an element 1 € Ag which is the identity with respect to multiplication ms, and further
mp(...,1,...) =0 for all n > 3.

Under Setup 2.4, consider the DG-algebra € in §3.5, and consider the finite dimensional
vector space A := H*(C). Following [K1], for a homogeneous element a € A; set & =
(—1)la where |a| = i.

Theorem 5.1 ([K1, Theorem 1]). There is an A -structure on A = H*(C) given by
m,: "A = A for everyn > 1

with my = 0, where on homogeneous inputs mo(ay,as) = —ajaz, and furthermore an
A -morphism
fn: A —=C for everyn > 1

for which f1: A — C is a quasi-isomorphism.

The construction is recalled below. For notational convenience, write A,,-maps as e.g.
m,(a,...,a,) rather than m,(a; ® ... ® a,).

Remark 5.2. By definition of an A -algebra, the A -structure maps m,, are graded of
degree 2 — n, namely
m,(A;, ®...0A;) CAL 4. +i +2-n-

Thus, for example, on degree one inputs ai,...,a, € Ay, my(ai,...,a,) € Ay for all
n > 1. In the setup A = Ag @ ... ® As below, it follows at once that on homogeneous
inputs b; € Ag, with all d; > 1, if either

(1) some d; > 3 or

(2) there are two distinct iy and i with d;; =d;, =2
then m,(by,...,b,) =0.

Notation 5.3. If a € € with D(a) = 0, write [a] for a viewed in cohomology H*(€) = A. To
implement Kadeishvili’s construction we must, once and for all, choose (closed) elements
{b;} of € which descend to a basis {[b;]} of A. This defines an injective map of vector
spaces

t:A—¢C

sending [b;] — b;, which is a quasi-isomorphism of complexes of vector spaces (where A
has trivial boundary maps). We make this choice now, using the generators of 4.8:
[X] — x X] — X

v Belmle iy ey

[s] — s,

where recall 1¢ = (1,1,0). For inductive purposes, set f; = t.
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The task is to construct all the higher products m,,: A®™ — A. The construction works
inductively, constructing m,, and f,, in tandem, employing the following auxiliary sequence
U,. Removing the k = 0, j = n term from [K1, (2)], following [K1]! for any n > 2 define
U,: A®" — C in terms of already defined f.,, and m.,, by

n—1
Un(ar, ... an) = Y (=)@ f @y ag) £ e(aggn, . an)
=1
n—2 My k (BA)
- Z Z fo—jr1(at, ... 8k, M;(@k41s- ) ak45)s Aktjtls--->an)
k=0 j=2

where m,, , = min{n — k,n — 1}. The condition [K1, (2’)] that the f, determine an
A -morphism is

(im, —U,)(a1,...,a,) = Df,(a1,...,a,). (5.B)
As explained in more detail below, passing to cohomology by applying [—], equation (5.B)
defines m,,, which in turn defines tm,,, which in turn (up to choice) determines f,,.

Notation 5.4. For closed ¢; € C, to ease notation throughout we will write m,,(c1,...,cy,)
as shorthand for m,([c1],...,[cn]), and similarly for f,, and U,,. In other words, since the
inputs to m,,, f,, and U,, must be cohomology classes, our convention is that should inputs
not be this, make them so. This is a mild abuse of notation, but it is unambiguous.

Concretely, the above translates into the following. For e,a € {x,y,X,Y,s}, by the
above abuse of notation

Ug(e,a) := (=) (o) o t(a) = (=1)1*1F (e xa).
The right hand side is (closed and) determined by f;, and thus so are both Us(e,a) and

[U2(e, a)]. Using (5.B) defines ma(e, a), as expressing this known [Uz(e, a)] in terms of the
chosen basis [b;], there exists scalars «; such that

m2('7‘) (r U2 o, A Z(Xz 4
Applying ¢ it follows that tmg(e,a) = Z o;b;, and so on the chain level (5.B) is simply
> i — (—1)1*1 1 (e a) = Dfy(o,a). (5.0)

The left hand side is all determined, so determines some choice fa(e,a): A®2 — €. Tt
should be noted that fy is not unique, but some choice of fy(e,a) satisfying (5.C) can
always be made. In the course of the proof below we will use this freedom explicitly, see
5.7 and (0) in the proof of 5.12.

We next move to determine mg and fs. Now by definition

Us(e,a,m) i=  (=1)1*ITL e xfy(a,m) + (=1)1*1F14fy (e, a) xm
+ (—1)"'1‘2(., mo(a,m)) — fa(mo(e,a),m),

which is fully determined by the previous data of my and fs. Expressing this known
cohomology class [Us(e, a,m)] in terms of the basis [b;], there exists scalars (3; such that

(5.D)

5.B)

ms(e, a,m) G5 [Us(e, a,m) ZB

Applying ¢ it follows that tmz(e, a,m) = > ;b;, and so on the chain level (5.B) is simply
> Bibi — Us(e,a,m) = Dfs(e,a,m). (5.E)

Again, since the left hand side is all determined, this gives some non-unique choice of
f3(e,a,m): A®3 — C.

The calculation continues in this manner. The chain-level U,, is determined by smaller
m; and f;. This then determines [U,], which can be written in terms of the basis [b;]. In
turn, applying [—] to (5.B), the expression for [U,] determines m,, and thus tm,,, which
in turn by (5.B) gives some non-unique choice of f,.

LK1] writes instead 4 3" (—1)5*!, which is equivalent, and also writes the second sum ?;21, with the

convention that terms are zero when they do not make sense.
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5.2. Degree One my Inputs. This subsection calculates my on all degree one inputs,
namely combinations of x and y. The point is that this is described by a very particular
linear combination of X and Y, up to some homotopies of the form D(k;), plus in all cases
some higher order term of the form D(e). This latter term will, in later subsections, allow
all higher products m,, to be computed inductively.

Proposition 5.5. In C, the following statements hold
xHx = A30X 4+ A21Y + D(A12kr—2 + Aozk,—3 + €3,0)
X* Yy =Yy*X= )\le + )\12Y + ]D()\gokprl + )\03kr72 + 63,1)
yxy = A2X+Ao3Y + D(Azokera + Aarkeys + e3,2).
Proof. By 4.18, A = A>3. Applying (4.C) to i = 3 gives vgf?’AZg = Az + v§73A24, and

so combining gives vy *A = Az + v5?Asy. Similarly wh 3B = Bz + wS *Bsy.
Thus, decomposing 4.13 we may write

xxx=( A3z-Zy, ¥*’By-Z2,0) + ( vy Ass-Zy, b*wy *Bsy- 75, 0)
XKy =yxX= ( aAs-Zy, bBs-Zo, O) + ( av§73A24 AR bw§73BZ4 - Lo, 0)
yxy=(a*A3-Z1, Bs-Z5,0)+ (a®vy *Ass-Z1, wy °Bzy Z5,0).
By 4.21, the final terms can be rewritten, to give
xxx=( As-Zy, b®B3-Z5,0) +Dles)
XKy =y*xX= ( aAsz-Zy, bBs3-Zs, O) + D(es1)
yxy=(a’A3-Z1, Bs-Z3,0)+Dl(ess).
Now writing 2.7 backwards
Az = No3a"? 4+ A2a" % + Agra’ 4 Agoa
aAs = Ag3a" "2 + A2a" " + Agra” 4 Agpart!
a?As = Aoza™ F Aaa” + Agra™ 4+ Agpat 2.

For each of these three polynomials in a, consider the corresponding polynomial g € K[b]
defined in 4.10. By definition 2.7, for the top polynomial this is b?Bs, for the middle this
is bB3, and for the bottom this is Bs. Hence, by 4.10 we may write

( As-Zy, b°B;3-Zs, 0) = A3D(kr—3) + A12D(ke—2) + AnY + AgoX
( ads-Zy, bB3-Zs,0) =Ag3D(k—2) + A12Y + A1 X + Az0D(krt1)
(a®A3-Z1, Bs-Zy,0) = AosY + Ap2X + A21D(krp1) + AsoD(ket2),
and the statement follows. O
In particular, in the notation of §5.1, since on degree one inputs Us(e,a) = exa,

applying [—] then t to 5.5 shows that
tma(x,x) = AzoX 4+ A21Y
tma(x,y) = tma(y,x) = A1 X + A12Y (5.F)
tma(y,y) = A2 X + AgsY.
Substituting (5.F) and 5.5 directly into the left side of (5.C), it follows that we may choose
fa(x,x) = —(A12kr—2 + Aoskr—3 + €30)
fa(x,y) = fa(y,x) = —(Azokr+1 + Aoskr—2 +€31) (5.G)
fa(y,y) = —(Asokry2 + A21ker1 +e32).
5.3. All my; Products. By Remark 5.2, when all inputs have degree one or higher, if
one of the inputs for my has degree three, or if both have degree two, then the product is

necessarily zero. Thus the only remaining ms to consider are those having one input of
degree one, and one input of degree two.
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Lemma 5.6. In C, the following statements hold.
Xx* X =—5=XxX x*Y =—-D(K,_1) =Y xx
y*xY =—s=Yxy y*X=—-D(K/41) =Xxy

Proof. Since Y = (a™"1-Z1,b°-Z5,0) and X = (a"-Z1,b°"1 - Z5,0), it follows directly from
4.16 that

xxX=—(a"-51, b°59,0) = Xxx xxY =—(a""" s, BT 59,0) =Y % x
y*xY =—(a"-51, b>-52,0) =Y xy yxX=—(a" 51, b1 59,0) = X xy.
Now the statement follows since s = (a" - §1,b° - $2,0), and 4.12. O

Now my(e,a) = (—1)/*I*1[e xa], so applying [~] then t to 5.6 gives
tmg(x, X) = —s tma(x,Y) = O¢
ima(X,x) = & tima (Y, x) = O¢ (5.1)
ima(y,Y) = —s tima(y, X) = 0¢
mo(Y,y) = s imo(X,y) = 0¢
Substituting (5.H) and 5.6 directly into the left hand side of (5.C), it follows that
0e = Dfy(x, X) D(K,—1) = Dfa(x,Y)
0c = Dfy(X,x) —D(K,_1) = Dfy(Y,x)
0c = Dfa(y,Y) D(Kry1) = Dfa(y, X)
Oc = Dfa(Y,y) —D(K41) = Df2(X,y),
thus we may choose
fa(x,X) =0c fa(y,Y) =0c fo(x,Y) =K1 foy,X) =Kips 5.0

f2(X,x) =0 f2(Y,y) =0c foY,x) = =K, 21 f2(X,y) = K11,

5.4. Simple Maps and Consequences of Degree. As the collection of a1 ® ... ® a,
with each a; € {x,y,X,Y,s} is linearly independent in the tensor algebra Tk (A), the map
f, may be defined by making a choice for each f,(ai,...,a,) independently, compatible
with (5.B). The following is clear, and is well-known.

Lemma 5.7. Suppose that f; is defined for 1 < i < n — 1, and further that the defin-
ing equation (5.A) gives U,(a1,...,a,) = Oe where ay,...,a, € {x,y,X,Y,s}. Then

m,(a1,...,a,) = 0a and we may choose the map f,, so that f,(a1,...,a,) = Oc.

Proof. Since tis injective, (5.B) is satisfied only if m,(a1,...,a,) = [Un(a1,...,a,)] = Oa.
Since D(0¢) = 0¢ = (tm,, — U,,)(a1, ..., ay), the choice f,(a1,...,a,) := Oe is compatible
with (5.B). O
Convention 5.8. If U, (a1,...,a,) = Oe, we choose f,, so that f,(a1,...,a,) = Oe.

Usually controlling U,, and f,, is hard, but properties of both will be significantly sim-
plified in our setting by the following.

Definition 5.9. We say that a collection of maps {fg: A®E G}]gzl is simple if for all
1 < ¢ <k, and for all inputs a; € {x,y,X,Y,s},
fe(ar,...,a0) = (5, T,0) € Caytootdpr1—0

for some chains S, T that depend on ¢ and the a;, where d; = |a;].

It will turn out, as part of our inductive process, that we may choose the f,, to be
simple to any degree. As such, later we will require the following two results.

Lemma 5.10. Fiz n > 2. Suppose that the set of maps {f1,...,f,_1} is simple and
consider inputs a; € {x,y,X,Y,s} for 1 < i < n satisfying > (|la;| — 1) > 2. Then the
following statements hold.

(1) For all € such that 1 <{¢<n—1,

f@<al7 e 7a€) *fn—é(a@+1, .. .’an) = O@'



22 GAVIN BROWN AND MICHAEL WEMYSS

(2) Un(ala s 7an) = Oe¢.
Proof. (1) Set d; = |a;|. Each map f,, has degree 1 — n, so that

fg(al,...,ag) € ed1+...+de+1_( and fn_g(a[+1,...,an) S ed({+1+"'+dn+1*(’n*5)'

By assumption, both f, and f,,_, are simple, and so multiplying these two chains together
by « still gives an element of the form (S, T,0) € G4, where

di=(d+...+de+1=0)+(dpr+-+dp+1-(n—=0))=2—-n+ Y d;.

If d > 4, then trivially S = T = 0 since by definition G4 = 06 0@ C1(U, Hom?*(&, &)) and
C>5 = 0. Since d > 4 is equivalent to ) (d; — 1) > 2, the claim follows.

(2) By (1), the top right sum in (5.A) is zero. Now again using the assumption that the
f; are all simple, any term of the bottom line of (5.A) is of the form

fn_j+1(§1, ceey ék, mj(akH, ceey ak+j), Akt jt1y-- - an) = (S,T,O) € C,
where e = > d; + 2 — n. Since by hypothesis > d; > n + 2, necessarily e > 4 and thus
again S=T = 0. O

Whilst 5.10 deals with > (Ja;| — 1) > 2, the case > _(]a;| — 1) = 1 is mildly more tricky,
and requires more assumptions.

Proposition 5.11. For n > 3, suppose that the set of maps {f1,...,fn_1} are simple,
and have been chosen to adhere to Convention 5.8.
(1) Consider inputs a; € {x,y, X, Y} with 1 <1 < n, where precisely one of the a; has
degree two. Then
n—1
Un(ar,...,an) = Y _(=)le@2dtg, @y a) o fg(arsn, ..o an). (5.J)
=1
(2) Suppose in addition that
(a) for any choices of by, € {x,y} for 2 < ¢ <n—1 each fo(by,...,bs) € C1 is a
K-linear combination of k; terms and e; j» terms, and
(b) forb € {x,y} and B € {X,Y} both f2(b,B) and f2(B,b) are polynomial mul-
tiples of some K;.
Then U, (a1, ...,a,) = Oe.

Proof. (1) The bottom line of (5.A) is a linear combination of terms of the form f,(by, ..., by)
where b; € {x,y,X,Y},2<¢<n-—1, and

Iby| + ...+ |be| = £+ 2.

By 5.10(2) applied to ¢, Uy(by,...,by) = Oc. By the assumption that Convention 5.8
holds, f¢(by,...,bs) = 0e. Thus the bottom line of (5.A) is zero, proving the claim.
(2) We work by induction on n > 3. For the initial case n = 3,

U3(a1, aa, 33) = :|:31 * fg(ag, 33) + fg(al, 32) * as.
Term by term, if the inputs to fo have degree one, then the singleton is X or Y and so the
term vanishes by assumption (a) and 4.23. On the other hand, if one of the arguments to
fo has degree two, then the singleton is x or y, and so the term vanishes by assumption
(b) and 4.23. Thus Us(a1, az,a3) = O¢.
If n > 3, then each individual term in (5.J) vanishes as follows:

e a; xf,_1(as,...,a,): if |a1| = 1 then by induction U,,_(asz,...,a,) = Oe, so by
the assumption that Convention 5.8 has been adhered to, f,_1(as,...,a,) = Og¢,
and thus the term vanishes. Otherwise a; = X or Y, and so the term vanishes by
(a) and 4.23.

e fo(aj,as) x f,_o(as,...,a,): if n = 4, then by (a) and (b) this is a product of
a multiple of K, with k; and e;; terms, so vanishes by 4.23. For n > 4, if
|]ai| = |az| = 1 then the second factor f,_s(as,...,a,) = Oc¢ again by induction
and Convention 5.8. Otherwise, one of a;, as has degree two, so the term vanishes
by (b), (5.I) and 4.23.

o fy(ar,...,ap) *fph_r(ars1,...,a,) with £,n—£¢ > 3: one of the two factors vanishes
again by induction and Convention 5.8.
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Similarly, the terms f,_2(a1,...,an—2)*xfa(ap—1,an) and f,_1(a1,...,ap—1) *a, vanish by
symmetry. Thus Uy, (a1, ...,a,) = Oe, as required. O

5.5. All Higher m,, Products. The following is the main result of this paper. Note
that the sum in (1) generalises the right hand side of the displayed equations in 5.5.

Theorem 5.12. For any n > 2 and any decomposition n = j + k with j,k > 0, the
following statements hold.

(1) For all sequences ay,...,a, € {x,y}, where there are j occurrences of x and k
occurrences of y, in C there is an equality

Un(ah [N ,an) = )\jJrl,k X + )\j’k+1Y - ]Dfn(al, ey an)

where
J—1 n+1
fa(@r, - van) = = [ D Nimsioikepicen + Y Nt Kepic (j41) + €nt 1k
=0 i=j+2

In particular, U, is not affected by the order of the sequence of degree one inputs.
(2) Suppose that m > 3 and a1,...,a, € {x,y,X,Y,s}, with Y_|a;| > n+ 1. Then
Un(a1,...,a,) = Oe¢.

The case n = 2 has already been considered: since Us(ay,as) = (71)‘31‘+1a1 * ag, On
a; € {x,y,X,Y,s} the possible nonzero values of Uy are 4.13 and 5.6.

Proof. Fix some n > 3. By induction we can choose f; for 2 < i < n such that the
following three conditions hold.
(1') The condition (1) holds for all ¢ < n. Indeed, the case n = 2 for (1) was established
in 5.5, after recalling that on degree one inputs Us(e,a) = e xa.
(S) The collection {fi}?;f is simple, since both f; and f, are simple by definition,
(5.G) and (5.1).
(0) Whenever U;(ay,...,a;) = O¢ for some i < n and ay,...,a; € {x,y,X,Y,s}, then
fi(a1,...,a;) = 0e. That is, we adhere to Convention 5.8.
With these choices, given degree one inputs by,...,b,—1 € {x,y} where there are j
occurrences of x and £ occurrences of y, the following statements hold.
(a) After passing to cohomology, writing in terms of the basis, then applying t, as
explained in §5.1 (and underneath 5.5) m,_1(b1,...,bp_1) = Ajp1,e X+ Ajep1Y.
(b) There are equalities
j—1

Ain—iKepio (1) + Z Nin—iKepio (1) + en,e>
i=0 i=j+2

frno1(b1,...,bp1) =— (

n t—1
= - ( Z An—ii Krpe—i + Z?\nﬂ‘,i Keye—i + en,é>
0

i=€+42 i=

where the second line is just the reindexing i — n — ¢, using n — 1 =j + &
(¢) Forany 2 </{<mn-—2,

fg(bl, ey bg) *fn_g(bg+1, ceey bn) = Oe.

Indeed, each f, evaluated on degree one inputs is a linear combination of k, and
€., and these multiply to zero by 4.23.

Now consider U, (a1, ...,a,) for aj,...,a, € {x,y}, where there are j occurrences of x
and k occurrences of y. We consider the two rows of (5.A) separately. In the first row,
for each 2 < ¢ < n — 2, the term fs(a1,...,ap) *f,—¢(ags1,...,a,) vanishes by (c). In the
second row of (5.A), whenever j is such that 2 < j < n — 2 the term

fojr1 (@1, s @k M@Kty ooy Aktj)s Akt gt 1o - - -5 2n)
has n—j > 2 arguments of degree one and a single argument mj(ag11,...,a,+;) of degree

two. This vanishes by 5.11(2) and (0) above, since the hypotheses there hold by (b) and
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(5.I). These vanishing statements leave only

Un(at,...,an) = a1 x fp_1(ag, ... a,) +fr1(a, ... yan—1) *apn
(5.K)
—f2(317mn,1(82,...73n)) _fQ(mnfl(ala"'7an71)7an)'

The heart of the proof is to use the inductive hypothesis to prove the following claim.
Claim A. With notation as above, (5.K) simplifies to

Un(al, ey an) = (akU;_(n+1)AZn+1 . 217 bjw;_(n+1)BZn+1 . ZQ, 0)
The proof of this claim splits into two cases.

Case 1: a; = a,. In this case, the number of occurrences ¢ of y in ay,...,a,_1 equals the
number of occurrences of y in as,...,a,. Similarly for the number of x’s. The inductive
hypothesis (a) implies that m,,_1(as,...,a,) = my_1(a1,...,ap—1), and this clearly has
degree two. But by (5.I) fy is antisymmetric on any mix of degree one and degree two
inputs, thus the bottom two terms in (5.K) cancel to give

Un(ag,...,an) = a1 * fro1(ag, .. .,an) +fro1(an, .o, an—1) * apn. (5.L)
Now again since the number of occurrences £ of y in aj,...,a,_1 equals the number of
occurrences of y in ag, . . ., a,, and similarly for the x’s, the inductive hypothesis (b) implies
that f,_1(az,...,a,) =f_1(a1,...,a,—1), and furthermore both terms equal expressions

of the form
— > Ake —en ifay=a,=x(sot=k)
—> Aky —ep o1 ifag=a,=y(sot=k—1).

Substituting this into (5.L), and using the fact that every degree one input anti-commutes
with k; by 4.15, the above (5.L) simplifies to

—(x*enr tepp*x ifa; =a, =x
Un(al,...,an):{ (e " ) "

—(yxepr—1+enr_1xy) ifay=a,=y
=—(x*epr +eni*rX) (by 4.22(1))
= ("5 " A7y, Vo T Ba g - Z5,0) (by 4.22(2))

since n = j + k, which verifies Claim A in case 1.

Case 2: a; # a,. Write k; for the number of occurrences of y in ay,...,a,_1, and ko for
the number of occurrences of y in as, ..., a,. Thus, by inductive hypothesis (a),
Mp—1(a1, -y an—1) = Mty s X+ Ay — 1,641 Y
mn—1(327 ey an) = }\n—kz,kzx + }\n—kz—l,kz-‘rlYa

and so the general formula (5.K) reads
Un(al,...,an) = a1 * fr_1(az,...,an) +foo1(at,...,ap—1) *a,
—f2(a1, Ak ko X+ A by =1,k +1Y) — Fo(Any ey X+ Ak —1, 8, +1Y, 20
Substituting in the inductive hypothesis (b) for the f,,_; terms,
Un(at,...,an) = —a1 * Q- Aks —en ) — O Ake —en k) *xay
—fa(a1, M—ka ks X + An—ts—1,kot1Y) — foAn—ky ey X+ Aty =1,k +1 Y, An)-

Since a,, anti-commutes with any k, by 4.15, and up to sign on the bottom right we can
swap the order of the inputs by (5.1), it follows that Uy, (a1, ..., a,) — (a1 %€n ks +€n ky *xan)
equals

—a1 *x (O] Aky) +a, * (O] Aiky)

5.M
- fz(ala}\nsz,kzx+}\1’L7k271,k)2+1Y> +f2(an7)\’n7k71,klx+)\’I’L7k}171,k¢1+1Y) ( )

Claim B. The expression (5.M) is zero.

To ease notation, the proof of Claim B splits into two subcases.
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Subcase B(1) a1 = x, so a, =y. The precise indices on the top leftmost term in (5.M) are

ko—1
_al*(ZA k < Z An i, r+k:2 z+Z}\n i, r+k2 1)-

i=ko+2
By 4.15 xxk; = K, thus —a; % (> A.ky) is the sum — > A, i Kik,—; containing all A,,_; ;
terms except ¢ = ko and ¢ = ko + 1. Now since a; = x, by (5.1), it follows that
—f2(a1, A kg ko X+ Ay =1,k +1Y) = —An—ky—1 ky+1Kr—1.

Thus the two leftmost terms in (5.M) equal — > A,,—; ;Ki4x,—;, where the sum contains
all A, _; ; terms except ¢ = ks.
On the other hand, the precise indices on the top rightmost term in (5.M) are

k}l 1
*(ZA*k Y*< Z )\n 9,7 r+k1 1+2An 1,1 r+k1 z)-

i=k1+2

Since a; = x, it follows that k1 = ks — 1, and thus

ko—2
*(Z}\*k —y*(Z }\n 1,1 r+k2 11+Z}\n 1,1 r+k2 12>~

i=ko+1
By 4.15 yxK; = K;11, thus a, * (D Acks) is the sum > A, —; ;K 4k,—i containing all A,_; ;
terms except ¢ = ko and i = ko — 1. Again by (5.1) it follows that
fa(@an, M—ky ks X + Ak =1,k +1Y) = Aty ke Krb1 = Ap—kig 1 kg —1 Krg1

Thus the two rightmost terms in (5.M) equal + > A,,—; ;Ki1x,—; where the sum contains
all A,_; ; terms except ¢ = ks.

Combining, the leftmost terms in (5.M) cancel the rightmost terms, and thus (5.M) is
zero. This verifies Claim B in subcase B(1).

Subcase B(2) a; =y, so a, =x and now kg = k1 — 1. In a similar manner to the above,

ko—1
—31*(2}\*k*): < Z )\n iy r+k:2 i+ Z}\n i, r+k:2 z)

i=ko+2
k1—2
= § An— 7,8 r+k1 1—i + § An— 7,8 r+k1 1—i
i=k1+1
k1—2
= E An—ii Koy —i — E An—ii Kooy —is
i=ki1+1 i=0

and so the two leftmost terms of (5.M) now equal — > A,_; ;Ki1x,—; where the sum
contains all A,,_; ; terms except ¢ = k7. Similarly the rightmost terms of (5.M) give the
same sum, with the sign swapped. Thus again the leftmost and rightmost terms cancel,
o (5.M) is zero. This verifies Claim B in subcase B(2).

Thus Claim B holds, and so
Un(ah <. 7an) = —(31 * € ks + €k *Y)-

Now if a; = x, necessarily a,, =y and so there k; = k — 1 and ko = k. Similarly, if a; =y,
then k1 = k and ky; = k — 1. Consequently, it follows that

—(y*enk—1+€nk *X) ifaj =y
—(x*enr +enk*X) (by 4.22(1))
= ("5 " A7y, Vol T Bany - Z0,0). (by 4.22(2))

—(xxe +enp_1%* ifa; =x
U (31, an):{ ( n,k n,k—1 Y) 1

This completes the proof of Claim A in case 2, and thus the proof of Claim A overall.
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Thus always Up (a1, ...,a,) = (abol "™ A5, - 2y, Bl "B,y - Z,, 0), and

from here the proof is elementary. Decomposing the right hand side using (4.C),
Un(at,...,an)

= (akAnJrl . Zl, bjBn+1 . ZQ, 0) + (akv;("H)AZHJFQ . 217 bngf(nJrl)anJrz . 227 O)

= (a*Any1-Z1, Y Buy1 - Z3, 0) + Dlenyir)- (by 4.21)
Now by definition (reading 2.7 backwards)

akAn+1 = )\O,n+1ar7(n+1)+k + ...+ Aj7k+1 arfl + }\j-l—l,k a’ + ...+ }\n-‘rl,O CLrJrk,

which is a polynomial in a. The corresponding polynomial g € K[b] defined in 4.10 is
equal to b B, ;1, again by definition 2.7. Hence, applying 4.10 we may write

(aFAny1-Z1, ¥ Bry1-Z2,0) = Ajsr e X+ Ajes1Y

j—1 n+1
+D [ Y Nnrroikeriogrn + D Mg kepio (i)
i=0 i=j+2

Consequently we can choose f,, on degree one inputs to satisfy the condition in (1).

For (2), consider U, (a1, ...,a,) witha; € Ag,. If > d; > n+2, then U, (a1, ...,a,) = O¢
by 5.10(2). If Y d; = n+ 1, that is one of the inputs has degree two and all the others
have degree one, then U,(ay,...,a,) = Oe¢ by 5.11(2): as before, the hypotheses there
hold by induction hypothesis (b), (0) and (5.I).

This establishes (1) and (2) for n. By 5.7, we can choose the map f,, to be zero whenever
at least one input is not degree one. Since further on degree one inputs f,, is a combination
of k and e, it follows that f,, is simple. This verifies (S) and (0) replacing n by n+ 1. Thus
(1), (S) and (0) all hold replacing n by n + 1, allowing the induction to proceed. O

5.6. Summary. The previous subsections combine to verify the following, which is the
main result in the introduction. To be consistent with the notation there (where x and
X are the classes in cohomology), this subsection introduces the one further abuse of
notation that x, X now also denote their classes in cohomology [x], [X], etc. Since no more
calculations with chains are needed, this introduces no ambiguities.

Thus consider the graded vector space A = @iez A;, where
K ifi=0,3
A=<K? ifi=1,2

0 else,

and write 1 for the basis of Ag, X,y for the basis of Ay, and X,Y for the basis of As, and s
for the basis of Az. Recall that all A -algebras in this paper are strictly unital.

Corollary 5.13. The following defines an Ay -structure on A, and furthermore the re-
sulting Ao -algebra is quasi-isomorphic to the DG-algebra C.
(1) For any n > 2 and any decomposition n = j + k with j,k > 0,

mn(xa e XY, 7Y) = Aj-‘y—l,k X + >\j,k+1Ya
J
where the N’s are the coefficients from the glue in (2.A).
(2) More generally, m,, withn > 2 applied only to degree one inputs (so, combinations
of x and y) does not depend on the order of those degree one inputs, and thus is

determined by (1) above.
(3) The only other non-zero products are

—ma(x,X) =5 = ma(X, x) —ma(y,Y) =5 =ma(Y,y).

Proof. This is now a direct consequence of 5.12 and (5.H), given those followed the con-
struction for Kadeishvili’s Theorem 5.1 outlined in §5.1. O
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6. COROLLARIES

This section works over K = C, or any algebraically closed field of characteristic zero
(which we still denote C), and gives the deformation theory and mirror symmetry con-
sequences of the previous sections. Throughout, given scalars A, € C subject to 2.4,
consider the variety X defined by (2.A), with associated P! =2 C C X.

6.1. NC Deformation Theory Summary. Maintaining the setup above, the sheaf
Oc € coh X gives rise to the noncommutative deformation functor

Defo,, : art; — Set

defined in e.g. the survey [K3, 2.1] or [B]. As is well known e.g. [K3, §2], this functor
admits a prorepresentable hull, written Agef, called the NC deformation algebra.

As is also well-known (see e.g. [T, p615], or [K3, §5]), Ager can be explicitly presented
using the A -structure of any DGA quasi-isomorphic to End?(G(J) as in §3.5, where J is
an injective resolution of O¢. Indeed, the A, -morphisms give a morphism

m = Z m;: @EX‘L&(OC, 0¢)®" — Ext3(0¢, 0¢)
i>2 i>2
which dualises to give a presentation

Ades 2 C(Extx(9c,00)") _ _C{xy)
¢ Image(m*) Image(m*)’

By 3.5, we can compute the above instead using the A -algebra structure on the more
manageable DGA €, and thus below we will freely use 5.13 to describe Ages.

6.2. Superpotentials and Necklaces. Following the conventions in e.g. [DWZ, BW, D],
consider the C-linear map 9,: C(z,y) — C{x,y) which simply ‘strikes off’ the leftmost
x of each monomial. Thus, on monomials

0u(m) — n ifm=uzn
N ~]o otherwise,

with 0, being defined similarly. In contrast, the cyclic derivative is the C-linear map
8,1 C{z,y) — C{x,y) which on monomials sends

t
Tiy oo T4, — E 8z(xijxij+l e Zg, Ty ...(Eijil),
Jj=1

with 8, being defined similarly. For f € C{z,y), the Jacobi algebra is defined to be

_ _Clzy)
90l = Gt 50 1)

where (85 f,8,f) is the closure of the two-sided ideal (8, f, 5, f).
Recall from the introduction that the free necklace polynomial is defined to be
1
Njk(z,y) = itk Z Im| - pr,.
meOrb; x

Remark 6.1. It is immediate from the definition that, if we instead work up to cyclic
rotation, we may replace |m|p,, with the m distinct representatives of the orbit. In this
way, up to cyclic permutation, N j is clearly then equal to all terms with j occurrences
of = in the free algebra expansion of ]_%k(:c +y)itk,

Notation 6.2. Write Mono; ; for the sum of all monomials in x and y, inside the free
algebra, where there are j occurrences of x, and k occurrences of .

For calibration, Monog 2 = zzyy + ryyx + yyzx + yxzy + ryxry + yryzr. The following
is elementary, where K = C is used to allow the denominators in the proof.

Lemma 6.3. 5,(Nji1,5) = Monoj, and 8,(Njr+1) = Mono; j.
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Proof. This follows at once from the definitions, since

m
So(Njt1,6) = Z j—|—|1|+k * 8¢ (pm) = Mooy . U

meOrb; 11k

6.3. Deformation Theory Corollaries. The following is now immediate, and is one of
the main results.

Corollary 6.4. The NC deformation algebra Ager of Oc € coh X is described by

Cz,y)
(8,W, 8, W)

where W =3 Ajx Nj i € C(z,y) is the sum of free necklace polynomials, and the A;j, are
the data in the glue (1.A).

Ader = Jac(W) =

Proof. As in [K3, below 4.3], and summarised in §6.1 above, the NC deformation algebra
Ager can be presented as the completed tensor algebra over A7, subject to the relations
induced by the map

Ay — Te(A) (6.A)
which is dual to Y ;2o m;. Now, in 5.13 the term A; ;X appears precisely in those m,,
when there are j — 1 occurrences of x and k£ occurrences of y. Similarly the term A; ;Y
appears precisely in those m,, when there are j occurrences of x and k — 1 occurrences
of y. Writing = x* and y = y*, then under (6.A) it follows that

X = Z Ajx Mono; 1 x(z,y),
j+k>3

Y* i~ Z Aj,kj\/fonoj,k_l(a:,y).
Jj+k>3

The first relation is thus Zj+k23 Aj i Mono;_1 k, which equals 6, W by 6.3. In a similar
way, the second relation equals 6, W. O

The above then immediately recovers Katz—Namba [K2, NJ.

Corollary 6.5. Classical commutative deformations of Oc € coh X are prorepresented by

Clz, y]

Ang = Hac(vv)ab = (6 V.6 V)
zV, 0y

b Aj i+k\ .5
where V =3 A x NI =37 ]_’TZ(J‘]: Jaiyk.
Proof. This follows from 6.4, since as is standard the versal space for commutative defor-
mations is the abelianisation of the noncommutative version (e.g. [T, (13)]). O

6.4. Mirror Models. The next application of 5.13 is categorical. Given a quiver with
superpotential (Q, W), Ginzburg [G] associates a 3-CY category Dw. It is a basic ques-
tion to find geometric models for such categories, on both the A- and B-sides of mirror
Symimetry.

Corollary 6.6. Let W € C(x,y) and consider the associated 3-CY category Dw. If there
exist scalars Nji, for which W = " Ajr Nj i, then there exists a smooth 3-fold X and
rational curve C C X such that

DP(coh X) D (Oc) = Dyy.

Proof. On one hand, the category (O¢) can be described using the A -structure on the
DG-endomorphism ring of O¢, which is computed in 5.13 above. On the other hand,
by definition Dy = D¢q(I") where I' is the Ginzburg DGA associated to the quiver with
potential. This category has a canonical heart, generated by the simple modules indexed
over the vertices of the quiver, which in our case (the two-loop quiver) consists of a unique
simple S. Thus Dy is described using the A..-structure on the DG-endomorphism ring
of S, which by [K4, §A.15] is entirely encoded by the pairing and the superpotential on
degree one inputs. But this is precisely the A.-structure described in 5.13 above, and so
the result follows. O
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6.5. Relationship to Physics. The majority of the physics literature for rational curves
(e.g. [K2, AK, CM]) considers superpotentials viewed inside the commutative power se-
ries ring C[z,y]. However, [F, §3.3.1] observed that ordering ambiguities arise when D5
branes are considered, and proposed the matrix rule [F, (3.18)] over 10 years before non-
commutative deformation theory entered rational curves [DW]. This subsection explains
why Ferrari’s predicted rule is consistent with 6.4, and in the process establishes 6.4 as
the mathematically precise formulation of these physical predictions.

In 2003 Ferrari [F, (3.18)] predicted that in any commutative potential, 27y* should
get replaced by a noncommutative term in variables X and Y, under the rule

. il k! d i
:cjyk — ‘77]{ —Z z*kfltr(X + Yz)jH“.

Taking the coefficient to the other side, the prediction can be rewritten

(Jzk)zjyk —)?{ e 2R (X 4 Y2)I Tk
Co 27

and so the commutative potential V =" ;\i’;c (j"’,;k)xjyk of 6.5 (known to [K2, N]) should
be replaced with an element in the free algebra, via the rule
)\jk dz

= j+k Jo, 2mi

V— W= 2R (X 4 Y2) R, (6.B)

There is a mild ambiguity about whether the right hand side should be viewed in the free
algebra F' in variables X and Y, or in its quotient F'/[F, F]. Regardless, each contour
integral in the right hand side (6.B) can be viewed as an element of F', where the integral is
determined by simply computing the residue. As the coefficient of the 1/z term is precisely
the sum of all terms containing k occurrences of Y in the expansion of (X + Y)7** and
this equals (j + k) Njx, it follows that?

}\jk % dz —j—1 i+k }\'k .
Ik - tr(X + Yz)ith = 295 KN (XY
]+k Co 27_[1’2 I'( + Z) ]+k (-7+ ) ]7k( ) )

and so W = Z)‘jk Nj 1, which is the noncommutative potential in 6.4.
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