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1. Introduction

Some relevant references to start from [1, 2] and for a general overview [6, 5].

2. Mathematical model and numerical method

2.1. Anelastic equations - convective instability

We consider an electrically conducting, self-gravitating, perfect gas confined to a spherical shell. The

shell rotates with a fixed angular velocity Ωk̂ about the vertical axis and an entropy contrast ∆S is imposed

between its inner and outer surfaces.

Assuming a gravity field proportional to 1/r2, a hydrostatic polytropic reference state exists of the form

ρ̄ = ρcζ
n, T̄ = Tcζ, P̄ = Pcζ

n+1, ζ = c0 + c1d/r, (1)

with parameters c0 = (2ζo − η − 1)/(1 − η), c1 = (1 + η)(1 − ζo)/(1 − η)2, ζo = (η + 1)/(η exp(Nρ/n) + 1).
The parameters ρc, Pc and Tc are reference values of density, pressure and temperature at the middle of the

shell, and the gas polytropic index n, the density scale height Nρ and the shell thickness ratio η are defined

further below. Convection and magnetic field generation set in for sufficiently large values of the entropy

contrast, ∆S, and can be described by the equations of continuity, momentum, energy and magnetic flux.

In the anelastic approximation [3, 4] these equations take the form

∇ · ρ̄u = 0, (2a)
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∂tu+ (∇× u)× u = −∇Π− τ(k̂ × u) +
R

Pr

S

r2
r̂ + F ν (2b)

∂tS + u · ∇S =
1

Prρ̄T̄
∇ · κ̄ρ̄T̄∇S +

c1Pr

RT̄
Qν , (2c)

where u is the velocity, B is the magnetic flux density, S is the entropy and ∇Π includes all terms that can

be written as gradients. The viscous force and the viscous heating,

F ν =
ρc
ρ̄
∇ · Ŝ, Qν = Ŝ : e, (3)

are defined in terms of the deviatoric stress tensor

Ŝij = 2ν̄ρ̄(eij − ekkδij/3), eij = (∂iuj + ∂jui)/2,

where double-dots (:) denotes the Frobenius inner product. We assume that the viscosity and the entropy

diffusivity vary in radius as ν̄(r) = νcρ̄
k and κ̄(r) = κcρ̄

k with some negative power k ≤ 0, where νc and

κc are their reference values at midshell. The governing equations have been nondimensionalised using

the thickness of the shell d = ro − ri as a unit of length, d2/νc as a unit of time, ∆S as a unit of entropy,

νc
√
µ0ρc/d as a unit of magnetic induction, ρc as a unit of density and Tc as a unit of temperature. Here, ri

and ro are the inner and the outer radius, λ and µ0 are the magnetic diffusivity and permeability, respectively.

The system is then characterized by eight dimensionless parameters: the radius ratio, the polytropic index

of the gas, the density scale number, the radial dependence power, the Rayleigh number, the ordinary and

the magnetic Prandtl numbers and the Coriolis number, defined as

η = ri/ro, n, Nρ = ln
(

ρ̄(ri)/ρ̄(ro)
)

, k,

R =
c1Tcd

2∆S

νcκc
, Pr =

νc
κc

, Pm =
νc
λ
, τ =

2Ωd2

νc
, (4)

respectively.

Since the mass flux ρ̄u, and the magnetic flux density B are solenoidal vector fields, it is advantageous

to employ a decomposition in poloidal and toroidal components,

ρ̄u = ∇× (∇× r̂rv) +∇× r̂r2w, (5)

where r̂ is the radial unit vector, r is its length, v, w, h and g are the poloidal and toroidal scalars of

the momentum and magnetic field, respectively. Equations (2a) are then satisfied by construction. Scalar

equations for v and w are obtained, and effective pressure gradients are eliminated by taking r̂ ·∇×∇× and

r̂ · ∇× of equation (2b). Similarly, equations for h and g are obtained by taking r̂ · ∇× and r̂· of equation

(??). The resulting poloidal-toroidal equations are somewhat lengthy and will not be listed here (or may be

listed in an appendix). A minor disadvantage of this representation is that a fourth-order poloidal equation

is obtained.

2.2. Boundary conditions

We explore various assumptions for the boundary conditions imposed on velocity, entropy and magnetic

flux at the surface of the shell. The alternatives are listed below and the particular choice will be specified

in each individual case. At a no-slip, impenetrable boundary we impose

v = 0, ∂rv = 0, w = 0. (6)

At a stress-free, impenetrable boundary we require

v = 0, ∂2
rv −

ρ̄′

ρ̄r
∂r(rv) = 0, ∂rw − ρ̄′

ρ̄
w = 0. (7)
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Values of the entropy may be fixed at the boundaries, then

S = 1 at r = ri, S = 0 at r = ro. (8)

Alternatively, the entropy flux may be specified at the top,

∂rS = 0 at r = ro. (9)

Boundary conditions for the magnetic field may be derived from the assumption of an electrically insulating

external region. The poloidal function h is then matched to a function h(e), which describes an external

potential field,

g = 0, h− h(e) = 0, ∂r(h− h(e)) = 0. (10)

Alternatively, a perfectly conducting external region may be assumed, requiring

∂rg = 0, h = 0. (11)

Finally, the, so-called, “pseudo-vacuum” condition offers another choice,

g = 0, ∂rh = 0. (12)

2.3. Numerical method

For the numerical solution of the problem we have adapted the pseudo-spectral method described by [7].

The scalar unknowns v, w, h, g and S, are expanded in Chebychev polynomials Tp in the radial direction r,

and in spherical harmonics in the angular directions (θ, ϕ) e.g.,

v =

Nl
∑

l=1

l
∑

m=−l

Nr
∑

p=0

V m
lp (t)Tp

(

x(r)
)

Pm
l (cos θ) exp(imϕ), (13)

where Pm
l denotes the associated Legendre functions, x(r) = 2(r − ri) − 1, and Nl and Nr are truncation

parameters. A system of equations for the coefficients in these expansions is obtained by a combination

of a Galerkin spectral projection of the governing equations in the angular directions and a collocation

constraint in radius. Computation of nonlinear terms in spectral space is expensive, so nonlinear products

and the Coriolis term are computed in physical space and then projected to spectral space at every time

step. A standard 3/2-dealiasing in θ and ϕ is used at this stage. A hybrid of a Crank-Nicolson scheme for the

diffusion terms and a second order Adams-Bashforth scheme for the nonlinear terms is used for integration

in time.

A range of numerical resolutions has been used in this study varying from (Nr = 61, Nl = 96) in less

demanding cases to (Nr = 121, Nl = 144) in more strongly stratified or turbulent runs. Correspondingly, the

physical gridpoints on which non-linear terms are evaluated have been varied up to Nr = 121, Nθ = 216,

Nϕ = 437.

2.4. Model of a baroclinic star

The equations are modified to

∇ · ρ̄u = 0, (14a)

∂tu+ (∇× u)× u = −∇Π− τ(k̂ × u) +
R

Pr

S

r2
r̂ + F ν + Zr

ζno − ζ(r)n

ζno − ζni
cos(θ)k̂ (14b)

∂tS + u · ∇S =
1

Prρ̄T̄
∇ · κ̄ρ̄T̄∇S +

c1Pr

RT̄
Qν , (14c)

At Z = 0 the usual anelastic equations (2) are obtained.

We set R < 0 to model a convectively stable situation and increase Z from zero until a visible effect is

obtained.

The term red is obtained in a way similar to [5]?
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Figure 1: Kinetic energy in a sequence of cases with increasing parameter Z as indicated in the plot. The other parameters are

η = 0.3, P = 1, τ = 104, R = −10, polytropic index n = 2, density scale hight Nρ = 3. Results are somewhat resolution dependent

and the symbols represent numerical resolution as follows. Black stars – 16-fold azimuthal symmetry is imposed which forces the

simulations to be essentially axisymmetric. Red circles – r=31, l=64, m=129. Green diamond – r=41, l=96, m=193. Blue squares

— r=61, θ = 144, φ = 289 ; n=61, l=96, m=193

3. Numerical results

Please, see plots at the end of the draft. - There are two sets of plots. In the first set

ur is plotted at the spherical surface r = ri + 0.7. In the second set ur is plotted at the spherical surface

r = ri + 0.5.

We set R < 0 to model a convectively stable situation.

We increase Z from zero. Initially a stationary axisymmetric solutions are found. Above certain value

of Z, see below, instabilities develop. However, it is not clear whether the instabilities are physical states

or numerical artefacts. The reason why I suspect numerical artefacts are that (a) instabilities have a rather

unusual spatial structure, (b) there is some periodic time dependence that shows an extremely high fre-

quency. (c) the instabilities shift to higher values of Z when numerical resolution is increases or when a

smaller time-step is used. At the highest resolution attempted (n=61, l=96, m=193) instabilities have not

yet developed.

The following plots at the end of the draft illustrate these remarks further.

An overview of the cases computed so far is given in Figure 1.

3.1. Axisymmetric solutions

One of the sequences of cases shown in Figure 1 was started from zero initial conditions (prepared with

“remesh”). Since the equations include a forcing term, flows develop from zero initial conditions for any
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non zero value of Z.

The cases in this sequence have imposed axial symmetry. This is achieved by forcing a 16-fold azimuthal

symmetry. The axial symmetry is imposed in order to obtain purely axisymmetric solutions and study their

instabilities to non-axisymmetric perturbations.

Three cases are computed – shown in black stars in Figure 1.
case z value comments

a.e03p1t10r-10m16n2N3z1e7sgn 1e7 steady

a.e03p1t10r-10m16n2N3z2e7sgn 2e7 steady

a.e03p1t10r-10m16n2N3z2.1e7sgn.a 2.1e7 oscillations

3.2. No imposed axisymmetry

Obviously, some sort of instability (or artefact) occurs in the last case of the previous section (a.e03p1t10r-

10m16n2N3z2.1e7sgn.a, Figs ?? and ??). Because of the imposed axisymmetry this cannot properly develop.

For this reason, I remove the axisymmetry assumption and use full-resolution.

3.2.1. Sequence at r=31, l=64, m=129

case z value comments

a.e03p1t10r-10m1n2N3z1e6 1e6 steady

a.e03p1t10r-10m1n2N3z05e7 0.5e7 steady

a.e03p1t10r-10m1n2N3z06e7 0.6e7 steady

a.e03p1t10r-10m1n2N3z07e7 0.7e7 steady

a.e03p1t10r-10m1n2N3z08e7 0.8e7 steady

a.e03p1t10r-10m1n2N3z09e7 0.9e7 steady

a.e03p1t10r-10m1n2N3z095e7 0.95e7 steady

a.e03p1t10r-10m1n2N3z098e7 0.98e7 steady

a.e03p1t10r-10m1n2N3z099e7 0.99e7 steady

a.e03p1t10r-10m1n2N3z0995e7 0.9995e7 instability, time-step=0.200D-05

a.e03p1t10r-10m1n2N3z1e7 1e7 no instability, time-step=0.100D-05

a.e03p1t10r-10m1n2N3z1e7a 1e7

a.e03p1t10r-10m1n2N3z1.1e7 1.1e7

a.e03p1t10r-10m1n2N3z1.5e7 1.5e7 instability,time-step=0.100D-05

a.e03p1t10r-10m1n2N3z1.6e7 1.6e7 instability,time-step=0.100D-05

a.e03p1t10r-10m1n2N3z1.7e7 1.7e7 instability,time-step=0.100D-05

a.e03p1t10r-10m1n2N3z1.8e7 1.8e7 instability,time-step=0.100D-05

a.e03p1t10r-10m1n2N2z1.8e7 1.8e7

a.e03p1t10r-10m1n2N2z2e7 2e7

Sequence at r=61, l=96, m=129. When resolution is increased and time step is decreased instabilities decay.
case z value comments

a.e03p1t10r-10m1n2N3z2.05e7 2.05e6 steady so far

a.e03p1t10r-10m1n2N3z3e7 3e7 steady so far

4. Instabilities of the axisymmetric solution

The experiments in this section were carried out with an earlier version of
the code that contained a wrong sign.

We now perturb the axisymmetric solutions described in the previous section 3.1 by introducing a per-

turbation of the type
pert

V m
l (r, t = 0) =

axisymm

V m
l (r) +A sin

(

π(r − ri)
)

,
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Figure 2: Left plot: Differential rotation and meridional circulation; Central plot ur on a spherical surface; Right plot ur in the

equatorial plane. Snapshots are taken at the initial moment, at the middle and at the end of the simulation. Same case as in figure

??.

where V m
l (r) is particular poloidal coefficient in the expansion (13), and A is the amplitude of the pertur-

bation.

Figures ?? and ?? show results of perturbing the case Z = 1e5. The perturbation is quite significant in

amplitude but decays and the axisymmetric solution is stable.

The parameter Z varies from 107 to 2 · 107 as indicated in figure 1 and for values of Z somewhat larger

that 2 · 107 the numerical solution diverges. This indicates that a forcing of Z = 107 should be sufficiently

strong to support instabilities of the axisymmetric solution. For this reason we, impose perturbations onto

Z = 107. The results are shown in figure ??. The axisymmetric solution appears stable again.

4.1. Conclusion

We tried imposing perturbations in a rather strongly driven case Z = 1e7 yet it appears stable to the

perturbations. On the other hand, increasing Z further say to Z = 2e7 produces numerical divergence

without any initial perturbations. Of course, it may be possible to offset the numerical divergence somewhat

by increasing the resolution. But the resolution would become larger than typical and this is supposed to be

a rather laminar problem, so maybe we should consider other options first.
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Figure 3: Left plot: Differential rotation and meridional circulation; Central plot ur on a spherical surface; Right plot ur in the

equatorial plane. Snapshots are taken at the initial moment and at the end of the simulation. Amplitude of plots are NOT scaled

wrt each other. The parameter values are η = 0.3, P = 1, τ = 104, R = −500000, polytropic index n = 2, density scale hight

Nρ = 3, Z = 1e7. No azimuthal symmetry is imposed. The perturbation is of the form V 2

2 (r, t = 0) ∼ sin
(

π(r − ri)
)

.
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