2A Multivariable Calculus

Ex SHEET

. Tutorial Exercises

T1  Evaluate the following using beta functions:
/2 /2
(a) / sin>xcos?x dx,  (b) / sin” x cos® x dx, (c) / cos® x dx,
/2
(d) / sin* xcos®> x dx, (e) / sin®x dx, (f) / sin? x cos® x dx,
0 0 0

27 27
(8) / sinf®xcos®x dx, (h) / sin* x cos® x dx,
0 0

Solution
(@) 75, (b) 35, (©) 0, (d) £, () 12, (D o, (8) o, () 0.
T2 Given the change of variables

=Lty v=3(-2)

express x and y in terms of u and v.

Solution

X=2u+v,y=u—0.

T3 By making a suitable change of variables, evaluate

//xydxdy

over the region enclosed by the two hyperbolas xy =1 and xy =7
and the two parabolas y = 2x? and y = 4x2.

Solution
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I(x,y)
o(u,v)

and so = x2/3y. Hence the integral is

I:/7du/4xy.x 3/du/ —dv
3/ udu/ dv—[} [logv]2

= 6 48.(log4 —log?2) = 8log 2.

T4 Use double integration and an appropriate change of variables
to find the area of the parallelogram enclosed by the lines y = x + 1,
y=x+2,y=5-3x,y=9—3x

Solution

a(u,v)
=(-1).(1)—1.(3 —4,
S = (1) - 1.(9)
and so o(x,y) = —1/4. Hence this area, A, is
o(u,v)

/], aa= /du/ " = 2 pli=1

T5 Evaluate

/// yz? dxdydz

throughout the cube givenby 0 <x <1,0<y<1,0<z<1.

Solution

I—/ dX/ dy/ y2dz = | [*y] [; o = é

- Further Exercises
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F1  Evaluate the following using beta functions:
/2 /2 /2
(a) / cos®x dx, (b) / sin’ x dx, (c) / sin x cos x dx,
0 0 0
/2 T 7T
(d) / sin’ x dx,  (e) / sin®x dx, (f) / sin? x cos® x dx,
0 0 0
T s s
(8) / cos® x dx  (h) / sin®xcos® x dx, (i) / sin x cos* x dx,
0 0 0

271 27 27T
G) / cos* x dx, (k) / sin®xcos® x dx, (I) / sin? x cos® x dx,
0 0 0

Solution

@% OFOL@EEO% 0@ O SO H% Y ®©0E

F2 Evaluate the integral

3 x/4+42 x+]/
d / dy,
/O * x/4 < 4 ) Y

using the change of variables u = 3, v = #

Solution

Upon rearranging we have x = 4u and y = 2v — 4u. Since 0 < x < 3, we then have 0 < u < 3/4.
Similarly, given x/4 <y < x/4 4 2 we obtain gu <v< %u + 1. The Jacobian is

o(u,0) 1.1 1, . 1
o y) _ : .
and so Aw,0) 8. Hence the integral is

3 5 3
1 utl g 1 69
/0 u/gu 5 |8 do /0 +5u du T

F3 Evaluate

4 4
— ytdxd
Jfpx! vt asty

where D is the region illustrated below.
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Solution

Let u = x> + y? and v = xy. The Jacobian is

o(u,v) _ (2 _ 2
g ~ Z)x =y =2 -y,
and so oxy) _ 1/(2(x*> — y?)). Now, since in D y > |x| and hence x> —y> < 0
u,0) y))- ’ y y ’
1 x? +1? u
4_ 4 _ __u
(" =y") 2(x2 —y2) 2 2’

hence the integral is
1 o7t 9 65
— fududv:—/ / udv> du:—/ uduy = ——.
//D 2 4 < -12 4 2

F4 By making a suitable change of variables, evaluate

//xzdxdy

over the square enclosed by the linesx+y= -1, x+y=1,y—x =

-lLy—x=1
Solution
)

J »

‘j.x =y gt
/’/ i LY

\7// - 7X

t-%jz-- v uexsot

Letu=x+yandv=y—xs0—-1<u<1land —1 < v < 1. Solving for x and y in terms of u and v
we get x = (u — v) /2. The Jacobian is
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d(x,y)
(u,0)

and so

Q

= 1/2. Hence the integral is
1 1 1 1 /1 11
I:/ du/ x2. ’dv:/ du/ ~(u—0))*do
e xS 5 ) ) Glu—0)
3

:1/1 (Jlu/1 u2—2uv+02dv=1/1 [uzv—uvz+1]1 du
8./-1 _1 8./J-1 34-1

11, 2 13 210 1
8./_1” 3 8[3+”L1

3 3

F5 By making a suitable change of variables, evaluate

2
¥y
// . dxdy

over the region in the first quadrant enclosed by the four parabolas
yzzx,y2:2x,y:x2,y:4x2

Solution

e
(49
u
o
':v

Letu :yz/x and v :y/x2, sol <u<2and1 < v <4. The Jacobian is

a 4
agzg = (=y?/x*).(1/x%) = (2y/x)(=2y/x%) = 3y* /",
and so a(x,y) — %4/(3y2). Hence the integral is
a(u,v) : g

xt
312

2 4,2 2 4
I:/du/ y—. dvzl/ du/ x3 do.
1 1 X 31 1

Now, y = vx?, substituting this into the expression for u gives, u = v2x*/x = v?x3. Hence, x

Thus, )
_1 2 4y _1 us.2 14_3
f=3 [ | pao=3150 0 =5

3 = u/02

F6 Evaluate [[;(x? +y*)dA, where R is the parallelogram with
vertices (0,0), (2,0), (3,1) and (1,1).
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Solution

The parallelogram is bounded by the linesy =0,y =1,y = x and y = x — 2. Letting u = x —y and
v = y the domain can be described by 0 < u <2and 0 <v < 1.
Jacobian is

a(u,v)
=(1).(1) =0.(-1) =1,
Sy = (D) =0(-1)
Axy) _ , .
and so Aw,0) 1. Hence the integral is

2

1 2 1
// dA:/ dv/ (u+v)2+vz|1|du:/ [1(u+v)3+v2u] dv = 6.
R 0 0 o L3

0

F7 Show that the area of the region in the first quadrant enclosed by
the two hyperbolas xy = a, xy = b and the two lines y = cx, y = dx,
whereb >a>0andd >c¢ > 0is

%(b—a)log (‘Z)

Solution

a(u,
) = ():1/5) = xly/ ) =2/,
and so ox,y) _ x/(2y). Hence this area, A, is
a(u,0) Y- T

b d | x 1 46 a1
//A dA:/u du/c 1.‘2]/‘dv—z[u]u[logv]c—z(b—a)log(d/c).

F8 Use change of variables to evaluate

// x4yt dxdy

. . . 2 2
over the interior of the ellipse 77 + Z—z =1
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Solution

Let x = au and y = bv, so the ellipse becomes W +v2<landso0<u<1land0<wv <1. The
Jacobian is

Hence the integral is
I= / / (a*u* + b*o*)ab dudo
Ju24+v2<1

27 1
= ab(a* + b*) / d@/ r°cos*0dr, (By symmetry // ut dudo = // v* dudv)
0 0 circle circle
1

2 6
= ab(a* + b*) / cos* 0 do [r}
0 6 0

3171  mab
= ab(a4+b4) Ezg = ?<ﬂ4+b4).

Fg9 Evaluate

e [Fay [Py
A x./l y/l xy Z.

Solution

3 4 2 31 54 15 55
I:/S dx/1 [xyz]ldy:/a_ [Exyzhdx:[zxz]s:w.



