Chapter 3

Differentiation of vectors: solutions

Example 3.1 Find the gradient of the scalar field f(z,y,2) = 2%y + xcoshyz. (Recall from 1S/1Y that

x

coshz = % is the hyperbolic cosine and the hyperbolic sine is given by sinh x = "L_T‘f)

Solution : We have

0 0 0
—f = 2xy + coshyz, —f = 22 + zzsinhyz, —f = xysinhyz.
or Jy 0z
Therefore,
grad f = (2zy + coshyz, 2% + rzsinhyz, 2y sinh yz).
O
Example 3.2 Let r = (z,y, z) so that r = |r| = /22 4+ y2 + z2. Show that
V(r™) = nr"r,
for any integer n and deduce the values of grad(r), grad(r?) and grad(1/r).
Solution : We have
0 n __ 0 2 2 2\n/2
oz 8x(x Ty +E)
— 9 g($2 Fy? 4 22l
= nar" 2.
Then, using the symmetry of r with respect to x, y and z, we get
0
a—yr" = nyr" 2, &T" = nzr" 2,
and thus 9 5 o
NMGRES (&C(r”), a—y(r"), ag(r”)) = (nzr™ 2, nyr" 2 nzr"?) = nr"2r
Hence
grad(r) = V(r) = 1717 %r = -
grad(r?) = 2r*~?r = 2r,
and
grad(1/r) = V(r ) = (=1)r ' ?r = —r/r
O



Example 3.3 Determine grad(c - r), when c is a constant (vector).

Solution : Let ¢ = (c1,¢g,c3) so that

grad(c - r) = grad(c1z + coy + c22)
_ (O(c1z + cay + c22) O(c1x + oy + c22) O(c1x + coy + Co2)
N Ox ’ Oy ’ 0z

= (c1,02,c3) = c.

Example 3.4 Find the directional derivative of f = 2?yz? at the point P(3,—2,—1) in the direction of the
vector (1,2,2).

Solution : The unit vector with the same direction as (1,2,2) is

(1,2,2) 122
u=————"""_=|-,-,-|].
V12 422 422 3°3°3
Hence the required directional derivative is

122

u-Vf= (3, 3 3) - (2zy2®, 2?23, 322y 2?)

1
= §(2xyz3 + 22223 + 62%y2?).

At the point P, this gives
aof 1
—(3,-2,—-1)==(12 - 18 — 108) = —38.
(3,2, -1) = £ )

Example 3.5 Consider f = In(zy + 2%) at the point P(1,1,1). In what direction does f have the maximal
rate of change? What is this maximal rate of change?

Solution : The theorem above states that f increases the fastest in the direction of the gradient vector at
the point P(1,1,1).

Vf— Y T 322
ay+ 23 zy+ 23 ay+23 )7
hence Vf(1,1,1) = (1/2,1/2,3/2) is the direction of the maximal rate of change. The maximal rate of

change is
V11

Example 3.6 Show that the divergence of F = (x — y?2, 2, 23) is positive at all points in R3.

26



Solution : We have

O —y?) , 0= 0P

divk = ox dy 0z

=14+0+32% =1+322

Hence for every (z,y,z), divF > 1 > 0.

Example 3.7 Find the values of n for which VZ(r™) = 0.

Solution : We have r = y/x2 + y2 + 22 and so from Example 3.2,

Therefore,

=nr"4(r? + (n — 2)2?),
and because of the symmetry in r with respect to x, y and z, we also have

(™)
oy?

2(n
A U N e e

Taking the sum of these we get

V2(r™) = nr" 4 (3r? + (n — 2)(2® + y* + 2%))
n(n+1)r" 2

Hence VZ(r™) = 0 if and only if n =0 or n = —1.

Example 3.8 Determine curl F when F = (2%y, 2y° + 2, 2y).

Solution : We have
i j k
0 0 0
curlF = % 87y &
xzy my2 +z xy
= (- 1Di+(0-y)ji+ @y -2H)k

= (.’L‘ -1 _y7y2 - xQ)'

Example 3.9 If c is a constant vector, find curl(c x r).
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Solution : We have r = (z,y, 2) and let ¢ = (¢1, co, ¢3). First, we calculate

i j k
cXxr=|cg ca c3|=(caz—c3y,C3x — C12,C1Y — CoT).
T Yy =z
Then,

i j k
0 0 0
1 = — — —
curl(c x r) o ay 92

CoZ — C3Y C3T —C12 C1Y — C2X

= (61 — (—Cl))i + (02 — (—Cg))j + (03 — (—Cg))k
= 2c.

Example 3.10 Prove the identities
(i) curlgrad f =0, (ii) curl(fF)= feurlF +grad f x F, (iii) div(fF) = fdivF + (grad f) - F

Solution : We have (i)

0
curl grad f = % aiy @

fo fy f-
=(0,0,0) =0,
and (ii),
i j k
curl(fF) = % 8%/ %
TFy fFy fF3
= ((fFs)y — fF2 i+ ((fF)- fF3) )it ((fF2)e — (fF1)y)k
= f[((F3)y = (F2)2)i+ ((F1): = (F3)2)i+ ((F2)o — (F1)y)K]
(quS_szQ)l (szl fa:F?)) (fa:F2_fyF1)k
i j k
= fcurlF + fz fy fz
Fy, Fy F3

= fcurl F +grad f x F,

as required. (iii) Left as an exercise. ]

Example 3.11 Let r = (z,y, z) denote a position vector with length r = \/22 + y? + 22 and c is a constant
(vector). Determine

(i) div(r*(c xr)), (ii) curl(r"(c x r)).
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Solution

i j k
cXxr=|cg ca c3|=(caz—c3y,C3x — C12,C1Y — CoT).
T Yy =z

(i) Using the identity div(fF) = fdivF + grad(f) - F, and setting f = r™ and F = ¢ x r gives
div(r™(c xr)) =r"div(c x r) + grad(r") - (c X r)
=0+n""?r-(cxr)
=0.
This uses the result from Example 3.2, and the fact that (c x r) is perpendicular to r.
(ii), using the identity curl(fF) = f curl F + grad(f) x F gives
curl(r"(c x r)) = r" curl((c x r)) + grad(r™) x (c X r)
=7r"2c+nr"?rx (cxr) (by Ex 3.9 and 3.2)
=2r"c+nr"?((r-r)c— (r-c)r) (by the vector tripple product)

= (24 n)r"c—nr"*(r-c)r
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