Chapter 1

Partial differentiation

Example 1.1 Sketch the graph of f(z,y) = —\/1 — 2z — 22 — y2.

Solution : Let z = f(z,y). Completing the square, we have
P=1-20—2—y*=2—(x+ 1) -9

ie. (x+1)%2+9%+ 22 = 2. This is the sphere with centre (—1,0,0) and radius v/2. The part given by
z= —\/1 — 2z — 22 — y? (< 0) is the hemisphere below the x,y-plane. See Figure 1.1. ]

Figure 1.1: Graph of f(z,y) = —/1 — 22 — 22 — 32

Example 1.2 By considering the level curves and the cross-sections z = 0 and y = 0, obtain a sketch of

z = /22 + 92
Solution : The level curves are defined by

Le={(z,y) € R?: /22 + 42 = c}.

For ¢ < 0, L. = 0 (since \/*-- > 0), Lo = {(0,0)} (since 22 +y?> =0 = =z =y = 0) and for ¢ > 0,
L. = {(z,y) € R? : 22 4+ y? = ?}, the circle of radius ¢, centre (0,0).

Fixing x = 0 we get z = \/27 = |y| and fixing y = 0 we get z = |z|. These cross-sections are illustrated
in Figure 1.2.
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Figure 1.2: Cross sections

Putting this information together, we see that the surface defined by z = /22 + y? is a (circular) cone
with vertex at (0,0) (Figure 1.3).

O

Example 1.3 Sketch the part of the surface
20 +y+4z =1,

where z,y, z > 0.

Solution : We consider the cross-section with the coordinate planes x = 0 (y, z-plane), y = 0 (z, 2-plane)
and z = 0 (z, y-plane).

The cross-section of 2z + y + 42z = 1 with = 0 is the line y + 42 = 1 (lying in the y, z-plane). This
passed through the points (0,0, %) and (0,1,0). In a similar way we obtain the cross-section with the other
coordinate planes; 2 + 4z = 1 in the z, z-plane, passing through (0,0, i) and (%, 0,0) and 2z +y = 1 in the
z,y-plane, passing through (0,1,0) and (3,0,0).

A sketch of the plane is shown in Figure 1.4. ]

Example 1.4 Sketch the region bounded by the paraboloid z = 4 — 22 — 2y and the plane z = 2.
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Figure 1.3: The cone z = y/x2 + y?
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Figure 1.4: The plane 2z +y +4z=1

Solution : The level curves of the paraboloid for ¢ > 4 are L. = 0 (since 4 — 22 — 2y* < 4). For ¢ < 4 are
defined by the ellispse
L.={(z,y) € R*: 4 —2? — 2% = ¢c}.

In particular, the level curve where the plane insects the paraboloid is given by Lo = {(z,y) € R? : 2 =
z? + 2y?}.

The cross section of the paraboloid when fixing = 0 is the curve z = 4 — 2y? and fixing y = 0 gives the
cross section z = 4 — x2. These cross-sections are both parabolas and are illustrated in Figure 1.5.

Putting this information together, the region bounded by the parabolid and the plane is illustrated in

Figure 1.6.
O

Example 1.5 Find %, ﬁ and % where
ox’ Oy ox
3,2 s —1 €z
JY) = +z, (b JY) = —_— dz,y>0.
(@ So) =P 42, () o) =sin! () and oy

[Note that sin ™! u is the inverse sine function (sometimes written as arcsinu), and not the reciprocal 1/ sin u.
The domain of sin~* is [~1, 1] and, since 2,y > 0, z/(x + y) lies in this domain.]
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Figure 1.5: Cross sections and level curves of the paraboloid z = 4 — 2% — 2y
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Figure 1.6: The region bounded by the paraboloid z = 4 — 22 — 2y? and the plane z = 2.

Solution : (a) To calculate the partial  derivative, we think of y as a constant and differentiate in the
usual way with respect to x. Hence, we have

of _ 29

8x_y%

0

o (r) = 32%y* + 1.

(%) +

For the y derivative, we think of x as a constant and differentiate with respect to y;

of
Jy

Answer: f, = 32%y? + 1 and f, = 223y.
(b) Let w = z/(x + y). So, by the chain rule

We have

1

du

(sin™

w)

1

T +y

T

0 0
— B30+ L) = 9430
)+ @) = 2%
0z d,. 4 Ou
a—%(sm u)a
1 |z + y|
x
xr+y

>2 TVt gty



since x,y > 0. Also, by the quotient rule,

ou %(m)(x—i—y)—x%(m—i—y) y

oz (x+y)? (z +y)?%

Hence
0z y 1

%_x+y\/2xy+y2.

1

) _ .y
Answer: z, = T

0
Example 1.6 Find o where z is defined implicitly as a function of z and y by the equation

Ox
ot 4207 + 23 — 227y = 1.

Solution : Differentiating implicitly with respect to x gives

9z _

I 0.

0
42 4+ 0 + 322—2 — dayz — 222y
ox
Rearranging to solve for % yields

0z 4x3 — dayz
oxr  2x2y— 322"

Example 1.7 For r € R, let u = f(r) where 72 = 22 + y2 + 22. Show that

Tuy + yuy + zu, =1 (r).

Solution : By the chain rule,

_Ou _dfor ., . Or
Yo = Bz T dr oz =/ (r)(?x’
and similarly,
ar or
_ e\ YT _ g2
w = F0) g = L)
Now 9 9 5
A N A 2 2 or _
&T(r)—az(m +y° +2%) 1e,2rax 2z
Therefore
o _ =
or r’

and similarly,

Thus we have

2

v ° i a? 47 + 22
v+ gy 42w = )+ L)+ gy = RS

r

flr) =rf'(r),

as required.

Example 1.8 Determine all second order derivatives of u = sin xy and verify that uy, = uys.



Solution : We have first derivatives
Uy = YCOSTY, Uy = T COSTY.

Hence, the second derivatives are

0 .
Upy = %(ug;) = y%(cos J;y) = —y?sinay,
0 (1) 0 W) N 0 ( ) .
Ugy = — (Uz) = =— (y). cosx — (cosxy) = coszy — yrsinxy,
Ty dy x By Y Y yay Y Yy—y Y
Uyy = é(u ) = = (x).coszy + x——(cos zy) = cos xy — xy sin zy,
YR oY O oz
0 0
Uyy = a—y(uy) = xa—y(cos zy) = —z”sinzy.
Hence ugy = Uy, = coszy — xysinxy as required. O

Example 1.9 Let u = f(x/y), where f is an arbitrary (twice differentiable, with continuous second deriva-
tive) function of one variable. Show that
TUy + yuy =0,
and deduce that
xzum + 2xYUyy + y2uyy =0.

Solution : Using the chain rule, we have,
,(x\ 0 [z 1, (x
w1 (0w ()3 ()
Y T \Y Y Y
0 [z T T
vt (55 () -5 ()
v=Iy) ey \y y?' \y

1
LUy + YUy =z~ f (x> - y%f’ (x) =0.
¥y o\y Y y

[Although we could proceed by calculating 1., ugy and u,, and taking the appropriate combination, it is
much less work to deduce the final part as indicated below.]
Since zug + yu, = 0, its z- and y-derivatives must also equal 0. Hence

So,

TUgy + Up + YUyy = 0, (1)
and
LUy + YUy + ty = 0. (2)
Taking = X (1) +y x (2) [the need to have the correct coefficient for u,, and w,, dictates the choice of this
combination of (1) and (2)] we get
CC2UME + TUy + TYUyy + YT ULy + yguyy + yuy = 0.

Since Uzy = Uy, and zu, + yu, = 0, we get

x2um + 2Ty, + yQuyy =0.

as required.
O

Example 1.10 Let w = u? + v? where u = sinf and v = cos ¢. Use the chain rule to calculate wy and We
in terms of # and ¢.



Solution : Using the chain rule, we have

Ou 0 Ov 0
wy = a—za—zj + 87;871111) = cos0.2u + 0.2v = 2 cosfsin § = sin 20,
and duow v d
Wy = 87;87111: + 37;873)) = 0.2u + (—sin ¢).2v = —2sin pcos ¢ = —2sin 2¢.
|
Example 1.11 Find the general solution of the PDE,
of _ o
25 _ 9
o +y+9,
where f is a function of two independent variables x and y.
Solution : Integrating with respect to = and treating y as fixed gives
2 a’
f= z°+y+9de = — +zy + 9z + A(y),
y fixed 3
where A is an arbitrary function depending on the fixed variable y. |

Example 1.12 Find the general solution of the PDE;,

2f o
oxoy
where f is a function of two independent variables x and y.

Solution The PDE can be expressed as

E%—Qx
oxr\oy) 77

Integrating with respect to x and treating y as fixed gives

of _

= 2udr =z + Aly),
ay y fixed )

where A is an arbitrary function depending on the fixed variable y. Integrating with respect to y, holding x
fixed then gives

f= [  eawdy=atys [ Ayt Ba) =ty + C) + Bl)
x fixed x fixed

B is an arbitrary function of the fixed variable x. Since A was an arbitrary function of y its intergral is also
and arbitrary function of y so let’s call this function C(y) = fx fied Ay)dy. O

Example 1.13 By changing variables from (z,y) to (u,v), where u = zy, v = x/y, solve the PDE

To + ya—y = 227 sin(zy).



Solution By the chain rule,
0z Oudz  Ovoz 0z 10z

or  oxou T owov You T you

and

0z Oudz 0Ovoz 0z z 0z

Gy dyou oyov “ou 2 ov
2y 0n (02 102\ (02 a0\ _, 0
Oz y(?y_ You y Ov Y\ ou y2ov) You
Inverting the change of variables we have
=\, y= \/E :
v

and so, after the change of variable the PDE becomes,

Therefore,

0z
Qua— = 2uvsin u,
u

ie.,

0z )

— =wvsinu.

ou
Then

z:/ vsinudu = —vcosu + A(v),
v fixed

and in terms of  and y this is 2 = — ¥ cos(zy) + A (%) , where A is an arbitrary function. O

Example 1.14 By changing variables from (z,y) to (u,v), where u = 23 /y, v = x, find % and % in terms
of parital derivatives with respect to u and v. Hence, solve the PDE
af of  6z°

8+36y y'

Solution By the chain rule,

or _ouos owos _stor of
dr  Oxdu Ox v y Ou ov’

and
of _ouof  ovdf _—'of  of
dy Oyou 0Oy odv y2 Ou ov’
Therefore,
af af 322 0f Of 23 of 8 f
o +3y 8y7m y8u+8v Ty Ty Ou Yo
Inverting the change of variables we have
V3
T =, y=—,
u
and so, after the change of variable the PDE becomes,
v% = 6uv?,



ie.,
g = Guwv.

ou

Then

f= 6uv dv = 3v*u + A(u),
u fixed

and in terms of x and y this is f = 3%5 + A (%3) , where A is an arbitrary function.



