2A Multivariable Calculus

Ex SHEET

. Tutorial Exercises

T1  Find all second order partial derivatives of
\2
(@) z=uxlog(1+y), (b)z=sin(xy), (c)z= (y) .
Check in each case that zy, = zyy.

Solution

(@) zx = log(1+y) and zy, = x/(1 +y). Therefore zyy = 0, zyy = 1/(1+y), zyx = 1/(y + 1) and
zyy = —x/(1+y)~

(b) zx = ycos(xy) and z, = xcos(xy). Therefore zx, = —y*sin(xy), zx, = cos(xy) — xysin(xy),
zyx = cos(xy) — xysin(xy) and zy, = —x?sin(xy).

(c) zy = Zx/y2 and z, = —2x2/y3. Therefore z,y = 2/y2, Zyy = —4x/y3, Zyx = —4x/y3 and
Zyy = 6x2/y4.

Tz Let ¢(x,y) = f(u), where u = x?y3 and f is a twice differen-
tiable function of one variable. Show that

a‘:b — 3 g/ 824) — Ar2q,0 £ 3¢

3¢ = 2w f(u) and =5 = 4x%y°f7(u) + 2y f(u).

2
Find similar expressions for 3—5 and 37(5. Hence show that

2 2
9x2a—4’ —4 29°9 +3xa‘/’ =0.

ax2 Y gy T ox

Solution

By the chain rule g—i =f (”)%' Therefore g—i = 2xy3f'(u). Differentiating again with respect to x
gives

92

% =2°f'(u) + 20> f" () 2xy> = 2> (u) + 4y £ ().

Similarly, 3—4; = f’(u)g—; = 3x2y*f'(u). So,

92

87(5 = 6xyf'(u) + 3%y £ (w)3x%y? = 627y f' (u) + 9y £ ().
So,

28274’_ 232747 aj:z 3 ¢t 2.6 11 A 202 gl 4. 4 cn 2.3 g1
TG AT+ = IS () 4 () 4y (6% f () + 9 () + 6% ()

= 18x22 f'(u) + 36x*y° £ (u) — 24x%3 ' (u) — 36x*yC f” (u) + 6x%y> f/ (u) = 0.
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T3 Letz(x,y) = e*g(y —4x), where g is an arbitrary twice differ-
entiable function of one variable. Show that

%4—48—2*2
ox oy

By taking suitable partial derivatives of this equation, show that

9%z 9%z 9%z

Solution

z = e*g(y — 4x). The important thing to remember here is that ¢ is a function, so g(y —4x) is g
applied to y — 4x, thus to differentiate z with respect to x requires applying the product rule together
with the chain rule (using u = y — 4x.) So,

aj _ X _ xi — =% — — 4e*o! (y —
5y — €8y —4x) +et o (g(y —4x)) = e"g(y —4x) — 4e’g (y — 4x).
Similarly,
0z _ X4l _ _ X4l _
3y =g (y—4x) - 1=e"g(y — 4x).
Hence,
0z 0z X X 5/ X 5/ X
$+4@ =e*g(y —4x) —4e"g' (y —4x) +4e*g' (y —4x) = e*g(y — 4x) = z.
So 3 3
z z
P + 4® =z (1)
Differentiating (1) with respect to x gives
2 w0 "
9x2  oxdy  ox

Differentiating (1) with respect to y gives

Pi s o .
oxdy 9y dy 3

Now take ((2))+(4 x (3)), which gives

9%z 9%z 9%z 9%z 0z 0z

Rearranging and using (1)

9%z 9%z 9%z

T4 Letz = z(x,y). Use the chain rule’ for functions of two variables *In (b) you verify the answers you get
by first expressing z directly in terms x

to find zy and z, when
and y.

(@) z =tan"'r, where r = \/x2 + 12, (b) z= cosuv, where u = xy, v = ;
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Solution

(@) zy = 14z _x 1 Zy = T1yZ -y 1
x — Ix«r — /7x2+y21+r2/ y — 'y~r — ,7_)(2_’_]/21—{—7‘2
1
(b) zx = uxzy + vxzo = y(—vsin(uv)) + g(—u sin(uv)) = — (yv—i— ;) sin(uv) = —2xsin(x?),
: x . xu\

zy = x(—vsin(uv)) — — (—usin(uv)) = — ( xv — y2) sin(uv) = 0.

Since z = cos(x?), zy = —2xsin(x?) and z, = 0 in agreement with the above.

T5  Find the general solution of the PDE

9 _
Fr ycos(2x +y),

where ¢ is a function of two independent variables x and y.

Solution

o(x,y) = % sin(2x + y) + A(y), where A is an arbitrary function.

. Further Exercises

F1  Use implicit differentiation to find g—fc and ‘3—;, where
(@ xlnz+y =3, (b)x%y+y’z=12

Solution

Jz z dJz

(a) E - —;11‘12, @

2xy Inz aj_x2+2yz

z 0z
= ®5x=3 dy 322 —y?

22— 2

F2 Let ¢(x,y) = f(r) where 1> = x> +y? and let f be a twice
differentiable function of one variable. Show that

%p 02 ,, 1,
ot =S 0)

Solution

= x?2 + 12, we have 2r - g—; = 2x, s0 g—; = x/r. Similarly, g—; =y/r. Thus

Since 2

(LS {CE
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Using the product rule and chain rule we then obtain the second derivative,

S ) =r 3o (<)
x2

“5r0+r0 (1 () ) = S0+ 0= 50,

Similarly,
2 2 2
=0+ f 0= 5f ).
Hence,
2 2 x2 2 xZ 2 1"2 ;,.2
3= () e+ 20 - T 0 = Lo + 20 - o)
= F10)+ 2110~ f ) = )+ L F ).

F3 Find the value of n such that the function 2xy + x"y*" is a
solution of the partial differential equation

02 02
ZxZa—x]; - yzayjzc +18f = 36xy.

Solution

Let f = 2xy + x"y*". Then,

af _ n—1.2n a2f _ n—2.2n
a_2y+mc v 32 n(n—1)x""*y

% _ n,2n—1 827f _ o n,2n—2
3y =2x + 2nx"y"" 77, 522 =2n(2n — 1)x"y™" =

Hence, f satisfies the PDE if and only if

n(n —1)2n2x" " 2y* — 2n(n — 1)x"y?y*" 2 + 36xy + 18x"y*" = 36y,
for all x and y. Collecting terms we obtain

(2n% —2n — 4n® +2n + 18)x"y?" =0 and hence, —2n*+18 = 0.
Factorising this quadratic and solving for n we have

(n—3)(n+3)=0 so n=3 or n=-3.

F4 Let f(x,y) = 3r> + 2logr, where r? = x> + y2. Evaluate % and
% and show that
2 2
PfLPF_
axz  9y?
By suitable partial differentiation of this equation, deduce that
o4 4 4
Pf L, P LB,
dx*  Tox20y? oyt

+
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Solution
Since 72 = x2 + yz, we have 2r - a— = 2x, SO g; = x/r. Similarly, 3—; =y/r. Then

o e (20 g, {+E{_6 +2—x
ox Jdx rox

Similarly, a—f 6y + %

dx?2 d r dx
2 4dxx 2 4x?
=t ny Tt e

Similarly, (by symmetry) we can immediately say

2 2
8f_6 2 4y

ox2 2 4
So,
2f  Pf 4x 2 4y
=64+ = — — 46+ = — L
8x2+8y + +6+4 - 4
4(x2 412 4 4
—12+42 <x jy)f12+ =12
T

Finally, we differentiate J; + 32712( = 12 twice with respect to x to give
PBf L A
oxt  ox20y2

and twice with respect to y gives
of 3
oyt ox2oy?

Adding equations (4) and (5) gives
o

a4f a4f
x4 Toa T

25202 T oyt

Let z(x,y) = (x +y)? + h(xy), where & is an arbitrary twice

differentiable function of one variable. Show that

dJz 0z >

Deduce that

(4)

(5)
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Solution

Let z = (x + y)? + h(xy). Then,

0z
5y = 2 y) 1+ (xy) -y = 2(x +y) +yl (xy).

d
£:2(x+y)~1+h’(xy)~x:2(x+y)+Xh/(xy)~
So,
0 d
xﬁ—yi = 2x(x +y) + 2yl (xy) — 2y(x + 1) — xyl' (xy) :2x2+2xy—2xy+2y2:2(x2—y2).
SO a a
B % 2P

Differentiating (6) with respect to x gives

0z 9%z 9%z
Uox 7w Vorgy =W @)

Differentiating (6) with respect to y gives

%z oz 9%z

“oxay oy Vap T Y ®

Now take (x x (7)) + (y x (8)), which gives

0z 9% 0%z 0%z 0z ,0%z

- el oy 2 — A% — 4
Yox T a2 xy8x8y+xyaxay yay Y ay? ey
Rearranging and using (6)
0%z 0%z dz 0z
2072 2072 o2 ooy (9% 02N 2 2y 52 2\ a2 2
G Vg — A6 = (x5 v ) =402 =) 2 ) = 207 )

F6 Letz = z(x,y). Use the chain rule for functions of two variables
to find zyx and z, when

(@ z= f(u), where u =sin(x —y), (b)z=1og(l+uv), whereu =x+y, v=x—y,

(c)z=¢(u,v), whereu =¢*, v=2¢%Y, (d)z= u® + 0%, where u = a(x,y), v=">b(x,y).

Solution

(@) zx = uxf'(u) = cos(x —y)f'(u), zy = uyf'(u) = —cos(x —y)f'(u).

(b) zx = uy xv/(1+uv) +vx x u/(1+uv) = (v+u)/(1+uv), zy = uy x v/(1+uv) +v, x
u/(14+uv) = (v—u)/(1+uv).

(€) zy = UxPy + Uxpy = €x4>u, Zy = uy(Pu + nypv = ey(;b‘l}-

(d) zx = ux X 2u + vy X 20 = 2ayu + 2bxv, zy = Uy X 2u + vy X 20 = 2ayu + 2byv.
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F7 Find the general solution of the PDE

)
ajyc = xyexp(y?) +4logx,

where f is a function of two independent variables x and y.

Solution

flx,y) = % exp(y?) +4ylog x + A(x), where A is an arbitrary function.



