Calculations for the practical applications of quadratic helicity in MHD

Petr M. Akhmet'ev, Simon Candelaresi, and Alexandr Yu Smirnov

Citation: Physics of Plasmas 24, 102128 (2017); doi: 10.1063/1.4996288
View online: https://doi.org/10.1063/1.4996288

View Table of Contents: http://aip.scitation.org/toc/php/24/10

Published by the American Institute of Physics

Articles you may be interested in

Taylor problem and onset of plasmoid instability in the Hall-magnetohydrodynamics
Physics of Plasmas 24, 102116 (2017); 10.1063/1.4996982

The asymptotic behavior of Buneman instability in dissipative plasma
Physics of Plasmas 24, 102102 (2017); 10.1063/1.5001950

lon acceleration and heating by kinetic Alfvén waves associated with magnetic reconnection
Physics of Plasmas 24, 102110 (2017); 10.1063/1.4991978

Interplay between Alfvén and magnetosonic waves in compressible magnetohydrodynamics turbulence
Physics of Plasmas 24, 102314 (2017); 10.1063/1.4997990

On the limitations of gyrokinetics: Magnetic moment conservation
Physics of Plasmas 24, 102517 (2017); 10.1063/1.4998968

Ideal relaxation of the Hopf fibration
Physics of Plasmas 24, 072110 (2017); 10.1063/1.4990076

ADVANCES IN PRECISION READ NOW
MOTION CONTROL

Piezo Flexure Mechanisms PRESENTED BY

and Air Bearings P I

PHYSICS TODAY

WHITEPAPERS



http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/688305410/x01/AIP-PT/PI_PoPArticleDL_WP_042518/large_banne_PI.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Akhmet%27ev%2C+Petr+M
http://aip.scitation.org/author/Candelaresi%2C+Simon
http://aip.scitation.org/author/Smirnov%2C+Alexandr+Yu
/loi/php
https://doi.org/10.1063/1.4996288
http://aip.scitation.org/toc/php/24/10
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.4996982
http://aip.scitation.org/doi/abs/10.1063/1.5001950
http://aip.scitation.org/doi/abs/10.1063/1.4991978
http://aip.scitation.org/doi/abs/10.1063/1.4997990
http://aip.scitation.org/doi/abs/10.1063/1.4998968
http://aip.scitation.org/doi/abs/10.1063/1.4990076

PHYSICS OF PLASMAS 24, 102128 (2017)

@CrossMark

Calculations for the practical applications of quadratic helicity in MHD

Petr M. Akhmet'ev,’2 Simon Candelaresi,®® and Alexandr Yu Smirnov®*
'National Research University Higher School of Economics, Moscow, Russia

2IZMIRAN, Troitsk, Moscow Region, Russia

3Division of Mathematics, University of Dundee, Dundee DDI 4HN, United Kingdom
“National University of Science and Technology MISiS, Moscow 119049, Russia

(Received 15 July 2017; accepted 5 October 2017; published online 24 October 2017)

For the quadratic helicity y®, we present a generalization of the Arnol’d inequality which relates
the magnetic energy to the quadratic helicity, which poses a lower bound. We then introduce the
quadratic helicity density using the classical magnetic helicity density and its derivatives along
magnetic field lines. For practical purposes, we also compute the flow of the quadratic helicity and
show that for an o”-dynamo setting, it coincides with the flow of the square of the classical helicity.
We then show how the quadratic helicity can be extended to obtain an invariant even under
compressible deformations. Finally, we conclude with the numerical computation of %* which
show cases the practical usage of this higher order topological invariant. Published by AIP

Publishing. https://doi.org/10.1063/1.4996288

I. INTRODUCTION

Modern models of non-linear dynamos (e.g., Refs.
1-11), laboratory plasmas (e.g., Refs. 12 and 13), the solar
magnetic field (e.g., Refs. 14-22), and other magnetohydro-
dynamics (MHD) problems (e.g., Refs. 23-28) are based on
magnetic helicity conservation. Magnetic helicity has a sim-
ple geometrical interpretation: by the Arnol’d theorem, it
measures the pairwise asymptotic linking of magnetic field
lines,29 i.e., it is an invariant of ideal MHD.

Such topological invariants are by their definition con-
served under an ideal evolution with vanishing magnetic
resistivity where the magnetic field evolves under a Lie-
transport (e.g., Refs. 30 and 31). Approximately ideal condi-
tions exist in various astrophysical settings such as the solar
corona where the dynamics of the plasma is dominated by
the magnetic pressure with negligible contributions from the
hydrostatic pressure gradients.

Additionally, in ideal MHD, there exist several topological
invariants, which are deduced from the pairwise asymptotic link-
ing numbers of magnetic field lines: the quadratic helicities™
and higher momenta of helicity.*® Tt has been suggested that
such topological invariants give rise to additional constraints on
the evolution of a magnetized plasma (e.g., Refs. 34-36).

We investigate the properties of these invariants and, in
analogy to the magnetic helicity, try to answer the following
question: “Is it possible to use the quadratic helicities as non-
linear restrictions in MHD problems?”. Our results can be
used to further study, e.g., the application of higher momenta
of helicity in describing nonlinear dynamo saturation, men-
tioned in Ref. 37. Here, we give the definitions and proper-
ties of the quadratic helicities and conclude with a practical
example for which we compute one of the helicities
numerically.
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Helicity density is a function on the 4-dimensional space
of the ordered pairs of magnetic field lines {(L;, L;)}, which
is determined by the Arnol’d asymptotic linking number
h(L;, Lj).38 The quadratic helicities 3 and y'*! are the two
(non-central) second momenta of the function A(L;, L;). The
definitions are given in Sec. II.

In this paper, we study only the quadratic helicity 7, but
in Sec. II, we will refer to X[2] and results from Refs. 32, 37,
and 39. In Sec. III, a generalized Arnol’d inequality for the
quadratic helicity is introduced. There we prove that the upper
bound of the quadratic helicity is well defined using only the
magnetic field B. In Sec. IV, we propose a formula for 3
using local data (the magnetic helicity density (A, B) and its
directional derivative along the vector B). This formula is
rather complicated, but its analogy to the formula for magnetic
helicity provides an excellent base for applying % in practice.
Since y® is not conserved under a general smooth deformation
(diffeomorphism), in Sec. V, we give a generalization of 7'?
that is invariant also under diffeomorphisms with homoge-
neous density change. For the sake of practical applications, in
Sec. VI, we present the numerical evaluation of X(z) for a
linked magnetic field. In Sec. VII, we prove that the analog of
the helicity flux exists for the quadratic helicity. This result
shows that the quadratic helicity can be practically applied.

Il. QUADRATIC MAGNETIC HELICITIES FOR THIN
MAGNETIC TUBES

The quadratic helicities y® and y'*! are defined for a
magnetic field B inside a bound domain Q C R3, where B is
the tangent to the boundary of the domain.***” Assume that
the magnetic field is represented by a large but finite number
of magnetic tubes Q;. Then, the quadratic helicity ¥'* is
well-defined by the following formula:

}{<2)(B) _ Z(Di Q;®yn(Ly, Li)n(Li, Ly) 1

o vol(Q;) ’
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where L;, L;, and L; are a non-ordered collection of central
lines of the (thin) magnetic tubes €;, Q;, and €, with mag-
netic fluxes @;, ®;, and @, through their cross-sections. In
each collection of 3 tubes, one magnetic tube €; is singled
out (marked). Two collections of 3 tubes are different even if
the tubes coincide, but a different tube is singled out. In Eq.
(1), n(Lj, L;) and n(L;, L;) are pairwise linking coefficients of
central lines of the corresponding magnetic tubes and vol(€2;)
are the volumes filled by the magnetic tubes.

With the same formalism, the quadratic helicity y* is
defined by the following formula where the sum is over non-
ordered pairs of thin magnetic tubes:

22,2
2B =3 ;0 (Lin L) 2
7 vol(€;)vol (&)

We now clarify Eq. (1) by using the asymptotic ergodic
Hopf invariant of magnetic lines (for the definition of the
asymptotic Hopf invariant of magnetic lines see, e.g., Ref.
29). We assume, for simplicity, that the thin magnetic tubes
Q;, Q;, and Q. consist of closed magnetic field lines, each of
which is defined as a parallel shift of the central line of the
corresponding tube. Assume that the absolute value |B| of
the magnetic field is constant along each magnetic line.
Then, the value of the asymptotic Hopf invariant i(L;, L;) of
a pair of magnetic lines L; C €; and L; C € is calculated by
the following formula:

h(Li, L) = |Bil|Bjln(Li, L) |Li] 7 |L; |~ ©)
where |L;| and |L;| are the lengths of the corresponding mag-
netic lines, and we use the relation |B;|S; = ®; for the mag-
netic flux with the cross sectional area S; of the magnetic
tube Q; and vol(€;) = |L;|S;.

The quadratic helicity x?(Q; Q; U Q) over the domain
Q = Q; UQ; U with a marked magnetic tube € is calcu-
lated as the result of integrating the function h(L;, L)h(L;, L)
over the domain . With the assumption that the function
h(L;, L)h(L;, L) is constant in €2, as the result of the integra-
tion, we get the value

72 QU Q) = |Bil|B)|Be|n(Li, L)
x n(Lis L) || 1| ™!
X vol(€;)vol(€;)vol(€). 4)

The remaining two equalities for marked tubes €; and
Q, are analogous. After taking the sum and a corresponding
transformation, Eq. (4) coincides with the corresponding
term in Eq. (1). Hence, the quadratic helicity '* (also the
quadratic helicity ¥'*') is defined analogously to the asymp-
totic Hopf invariant; the only difference is the following.
Instead of a Gaussian linking number, which is a combinato-
rial invariant of the order 1 (in the sense of V. A. Vassiliev),
one uses a combinatorial invariant of the order 2. Definitions
and properties of finite-type invariants (Vassiliev invariants)
of links can be found in, e.g., Ref. 40.

Let us note that the values of formula (2) are not
changed with respect to a subdivision of magnetic tubes into
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a collection of thinner tubes Q, =7;,Q; and Q, =7,
with scaling factors y;, with )", 7, = 1. For example, if a
magnetic tube €; is divided into N; thinner parallel magnetic
tubes €7 ,, then we get

> vol(Q,) = vol (),
4 ,
2_ V=
n(L;,k’LJ/'J) = "(LiaL_/’)-

With such a subdivision, Eq. (2) can be rewritten for an N; in
the following way:

(D/zqu)// 1” (L;, k?L/ 1)

IZ] Z vol(Q;, Vol(Q’ )
o7 o,
- 2; (L L) Ek: vol(Q,) Z: vol(!j)j’.J)
= Z"z(Li’L.i) Z

;D7 (Li, L)

- Z vol(Q;)vol(Q;) )

/qu) Z V},[(ng
kvol(Qi) ; yj,,VOI(QJ)

The right hand side of the equation does not depend on the
number of subdivisions N;.

lIl. THE ARNOL’D INEQUALITY FOR #® and ITS
GENERALIZATIONS

The following inequality
Uy (B) = CluB)l, Ui ®) = [(B.B)02. @

where (.,.) denotes the scalar product, y the magnetic helic-
ity, and C a positive constant, is called the Arnol’d inequal-
ity.?” This inequality relates the magnetic energy (on the left
hand side) to the magnetic helicity (on the right hand side).
The constant C > 0 does not depend on the magnetic field B
but on the geometrical properties of the domain €, which is
assumed to be a compact domain supporting B.

Using the model for B from Ref. 41, we prove that the
inequality

Uw(B) > C7%(B) ()

is not valid for k£ < 1 with an arbitrary fixed C > 0, with
U (B) = J|B|de7 k> 0.

Consider a magnetic field B inside a thin closed magnetic
tube Q C R? without the thinner concentric magnetic tube Q,
of radius ¢ > 0. The magnetic field B is tangent to both bound-
ary components of €),. The component of B that is parallel to
the central line (which is cut-out) is constant (it is equal to 1).
The meridional component of B, around the central line, is
proportional to r*, where r is the distance from a point to the
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central line. The parameter o < 0 determines the intensity of
the meridional component of B but makes no contribution to
the integral magnetic flow through the cross-section of the mag-
netic tube €., which is perpendicular the central line.

In the limit lim, ., of Eq. (7) with « € (0, —o0), the right
and left hand sides of Eq. (7) tend to+ occ. In the case of
k < 1, there exists a value o, for which the right hand side of
the inequality is infinite, but the left hand side is finite.

The quadratic helicity is not continuous with respect to
C'-small deformations of B. In a magnetic tube, ergodic
domains of magnetic field lines are not stable with respect to
small C'-deformations;***? the quadratic helicity is
destroyed by such deformations. When ergodic domains of
magnetic lines are destroyed inside the common ergodic
domain ', magnetic helicity remains fixed, and the qua-
dratic helicity y®)(B) decreases down to its lower bound,
which is equal to the square of the magnetic helicity normal-

7(B)
vol(€)*

Here, we present a generalization of the Arnol’d
inequality (6), using the idea from Ref. 44. The new inequal-
ity estimates magnetic energies for k=6 and k = % using the
quadratic helicity 1.

Let B be a magnetic field in a bounded domain Q c R,
which is tangent to the boundary of the domain. Then, the

following inequality is satisfied:

ized by the volume of the domain:

ARSI ,
(R) Ul (B)Uy) (B) = sup P B) =2 B), ®

where ¢ > 0 is an arbitrary infinitesimally small positive
constant and supg., x@ (B’) is the upper boundary over arbi-
trary magnetic fields B’, which are e-closed in C'-topology
to the initial magnetic field B. The right hand side of the
inequality (8) is an invariant under a smooth volume-

preserving transformation of the domain €.
Proof. Observe that

/2(B) < J(A,B)ZdQ < Jszz 40,
where

AW < o) = | Bl

> dy.
4o lx — |

Using arguments of Ref. 29 (III, proof of theorem 5.3, the
Hardy-Littlewood inequality), by Holder’s inequality with
p= % and ¢ = %, we obtain

2
B2 do < U (B)( | P da)
p > (6)() P

IV. QUADRATIC MAGNETIC HELICITY DENSITY

The magnetic helicity is computed through the magnetic
helicity density (A,B). The quadratic helicities, however,
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admit no densities, which makes the invariants hard to calcu-
late. In this section, we introduce the analogue of magnetic
helicity density for the quadratic helicity 3.

Denote the magnetic helicity density by & = (4, B) in
Q. A magnetic line L; is equipped with the magnetic flow
parameter 7, and this parameter determines the magnetic
flow in Q generated by the vector field B(x).

Along each magnetic line L;, define the decomposition
(A(z),B(t)) = h + 6f(t), where h is a mean value of
(A(7),B(t)) along the line L; (which is well-defined for
almost arbitrary magnetic lines L;) and Jf(t) is a variation
with zero mean value. The definition of / is clear for closed
magnetic lines, and for open magnetic lines, the Arnol’d
approach is based on the Birkhoff theorem.

The quadratic helicity 7 (B) is defined in Ref. 32 as
the result of the integration of the functions i* over the
domain Q, where the function /” (x) is constant on each mag-
netic line L;. With this definition, we can rewrite the expres-
sion for y® using the magnetic vector potential A and avoid
computing mutual linking numbers such as n(L;, L;).

We now calculate the square of the mean value of
(A,B) on a magnetic field line L; starting at point x with
limit 7, 0 <t <T as (my7[(A, B)])* for sufficiently large T.
In the limit T — +o00, we obtain the mean value. This
makes m,7[(A,B)] the mean value of (A,B) on L; over
the parameter t. Then, we integrate the function
(mx?T:%C[(A,B)})2 in the domain Q. As a result, we obtain
72 (B). Obviously, (mer—.[(A,B)])* does not change if
we choose a different starting point x € L; because the
mean value over an infinite magnetic line does not depend
on the integral over a finite segment, and we can take
(me7—10[(A, B)])? in the formula.

This method has a major defect. The integration is in
general highly sensitive on the starting point x of the mag-
netic line. This is especially true for chaotic magnetic field
lines. In case we integrate along a random collection of
curves, which are uniformly distributed in €, the integral
coincides not with %>'(B) but with y*(B)/vol(Q) because
the integral tends to its minimal possible value. With this,
the minimal value of 1(2) coincides with the lower
bound.*?

Here, we present an alternative way to calculate 7 (B).
In order to simplify the proofs, we assume that each mag-
netic line L; is closed, but the method can be applied to the
general case. For simplicity, we now omit the indices i.
Consider the formula for the mean square of the magnetic
helicity along a magnetic line starting at position x

mer | (R(x) + 3 (x))*| = k> + mer [0F7]. )
Here, the term 27, r[hdf] is trivial along lines and is omitted
because £ is a constant and 0f (x), x € L is the term with the

zero mean value. The integral over the domain Q of the left
hand side of formula (9) is easy to calculate

[[fralis sl [[fimrn a0

because /(x) + of (x) = (A,B)|,, x € L, and
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“me,r (4.8 a2 = J”(AB)de

Our goal is to calculate the integral

[[[merlol a0

To calculate the term m,7[(3f)*], we present the double
integration over a subdomain in the Cartesian product of the
magnetic line starting at x. Consider a mean integral over T €
[0, T1

(- “d(s
TJ (h+5f(z))J A ) 4 g, (11)
0

0 dTl

where 7, and t are the curve parameters of the magnetic flow
with 0 <1y <t <T on L starting at x. By taking the average
over 1, we assume that 7 — +o0.

Using the equation

0 d(s
my [p.V.J_OO(g‘Efl)) du] =0, (12)

where the integral over 7, is calculated by its principal value
(p.v.) or as the Cesaro mean, we get

RGO

0

My ¢ [5f2] =Ny

dr; dr} . (13)

If we put 1y =1 + 7, in the equation, we obtain

e [0f7] =my @Qgiﬁ

T

0

dt, dr] (14)

or, if we change the order of integration, we get

dof(ta+7)

T
0 T2

My [0f%] = my lp.v.fooo;J (h+0f(x)) d‘cd‘cz] .

The first term in the integration vanishes, i.e.
0 T -
L (" -dof(ta + 1)
—| h———=drdr, =0.
LWTL d, 07

Let us now define the function ¢ as

! dof (12 + 1)

ber0) =1 | ()

7 dr. (15)

By the ergodicity, we may replace in the integral —oo
by 400, which results in

0
My [5f2] = my lp.v. J_ | ¢ (12, %) drzl

400
= —my lp.v.J (12, x) d‘czl ) (16)
0

Equation (16) is clear: for an arbitrary x € L, define the
function [ 0f(2) dro = ¢(t,x) for T > 0 with the boundary
condition ¢(0,x) = 0. This function is a branch of the scalar
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potential of the vector A along the magnetic line L with start-
ing point x. The function ¢(t,x) is well-defined by the
boundary condition ¢(0,x) = 0. Take the field C(x), such
that m[¢(t,x) + C(x)] = 0 on L. Denote ¢(t,x) + C(x) by
@(t,x). With that and because C(x)= —m[p(t,x)], we
obtain C(x) = @(1,x)|,_,.

Equation (16) can be replaced by

[ dof (r2)
2] — _ —
My 1, [5f ] = TMxe lT L o (t,x) an d"7‘| ) a7

p.v.[p] = 0.

Then, the formula for the quadratic helicity is presented as

= J”(A,B)zdg - J”m [or?]dQ  (18)

with the second term given by Eq. (16) or Eq. (17).
Finally, let us prove the boundary condition for ¢(7;, x)
in (16)

”J¢(0,x)d9=0. (19)
Recall

(A(2),B(0)) = i +of 2)
d(A(2),B(2)) _ dof(e)

dz dt

We get ¢(0,x) = (A, B) d(g;m — %d(f;.,fli)z and

J”d(“‘d’—f)zdg_o (20)

because the magnetic

[](A,B) dQ.
Analogously, we get

|

flow preserves the integral

dr?
d*(A(x),B(1))d(A(7)B(1))

dQ
dr? dr

By analogous arguments, for £ > 0, we get

J”w dQ = 0. 1)

dr2k

By construction

d(A(z), B(1))

9 = (grad(A,B),B).

Denote
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J“w,m 40 = O(x), 1> 0.

Let us decompose this function into the Fourier integral,
using (19) and (21)

400

d(7) = p.v. J b(y) sin(yt) dy. (22)
0

In this formula, we collect all possible Fourier coefficients
b(y) over the spectrum y with elementary harmonics sin(yz),
and each elementary harmonic satisfies equation (21) and for
T — +o00 tends to its principal value

p.v. lim @[1 —cos(yt)] = M

T—+00 Yy y

The required second term in (18) is calculated as the princi-
pal value of ®(t), T — +oo over t or as the Cesaro mean
value (@) of ®(1) by the following formula:

Jm b0) dy] . (23)

(@) = .

Let us assume that the spectral densities b(y) have a
compact support which belongs to the segment y € [dg, ],
0o > 0. This assumption gives simplifications of the problem
for y — 400 (very long complicated magnetic lines) and for
y — 0+ (higher harmonics of the magnetic spectrum), and in
the case of closed magnetic lines with a lower estimation of
curvature by a positive constant, the condition is satisfied.
Let us calculate values, using Eq. (22)

dd(r)  dd(1)
dr ’ ded 77

d2k7 1 (D(’E)
dr2k-1 7

for t=0, k> 1 by the formulas

d*~1o(1) d*(A,B)
dp2k—1 T_(}:JJJ(A,B) dr2k T:OdQ
01
= (1) L y*'b(y) dy. (24)

From Eq. (24), we obtain ®(0) =0. The left hand sides of the
formulas are calculated by data, while the right hand sides
are the total collection of momenta of the required function
50) in the integral (23). By this collection, the integrals (16)
and (23) are calculated as follows:

For the parameters y > 9 and a>0, (a>> d, 2), we
have the limit lim,_ (1 —exp(—ay?)) = 1. However, we

can also write this expression using its Taylor expansion

, o o iy
I = 1—exp(—ay’) = Z (—1) o
=1 :

With that, the integral (23) is calculated as follows:

(31b
@)= [ "ay, (5)
S Y
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e et d 7
=D DTG ey, (26)

k=1 * oo

00 ak d2k71q)(_[)

T a1 (27)
KdeeT |

k=1

This formula (of (1 — exp(—a))-type, a > 0) is taken in case
a is sufficiently large.

Let us consider the simplest example. Assume that the mag-
netic field contains the closed magnetic line L. The cyclic cover-
ing over this magnetic line is the real line L = (—o0, +-00) with
the period 27. Assume that (A, B) = h +sin(t), © € L. Then,
the first term of the integral (18) is o+ 1, the second term is 3,

and the quadratic helicity over L equals i,
Let us calculate the second term in this formula using
the function (22). We get

R T — j " o(n) dr,

0

+00 —+00
= —p.v. J m; U sin(t) cos(t + 12) dr] dry
0 0

1 —+00
= —Ep.V.J sin(t,) dt,

0
= Loy tim [1-cos(z)] = -1
=—5p.v. lim cos(ty)] = —5.

Obviously, using Eq. (25), because

I s
X %En sin’(1,) dt, = %
we get
R

V. COMPRESSIBILITY EFFECTS ON THE QUADRATIC
HELICITY ;@

For many physical applications, the underlying fluid or
gas is described as being compressible rather than incompress-
ible. Such systems include those in plasma physics and MHD
with applications in astrophysics and fusion science. While in
their current definitions 7 and »'*' are invariant under
incompressible fluid deformations, they need to be modified
to assure their invariance under a general diffeomorphism that
includes compression. We show that by simply including the
fluid density, we obtain quantities that are invariant under dif-
feomorphisms that change the density uniformly in space.

In Ref. 32 [Eq. (2)], the authors use the square of the
average magnetic helicity along a magnetic line A® (T;x). 1t
is defined as
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1 t 2
A (1) = 5 | [0 AG() ar (8)
0

with the magnetic vector potential A of the field and the
velocity vector x(t) = B(x(t)). The integral is taken along a
magnetic field line starting at position x = x(t = 0). With
this, Ref. 32 wrote the quadratic helicity ¥'* as

7 = limsup J AP(T;x)dD, (29)

T—o0

where D € R? is a ball of radius r. By Birkhoff theorem,
the limit in (28) exists for almost arbitrary x, see Ref. 32,
Sec. V. The velocity x(t) along the magnetic field line is
equivalent to B at position x(7).

Assume that magnetic lines are closed, and this gives
a simplification of the proof. With that, we can identify
Eq. (28) as the squared of the average magnetic helicity
density along a magnetic flux line of integration
length T. For the sake of a compact notation, we will write
the integrand of Eq. (28) as the scalar product of the
magnetic vector potential and the magnetic field, i.e.,
(A.B) < (£(x),A(x(x))).

We now investigate the cases of diffeomorphisms
stretching the coordinate system along and across the mag-
netic field lines assuming a fluid density of po=1 before
applying the mapping. For a stretching along the magnetic
field lines by a factor of A, the density changes to p=1"". B
is invariant under such a transformation because the integral
magnetic flow is invariant and the cross-section is fixed. The
total length of the field line at parameter =T changes, but
the mean of the magnetic helicity density does not, and

hence, (A,B) — (A,B)p!. So, the function (A,B)p! is fro-
zen in. We now substitute (A, B) by (A,B)p~! in Eq. (28),
which adds a factor of ,0_1 in Eq. (29)

2

T .
Af)mx):% J (x(;)(;‘zr(;()f))) il . 6o
0

However, with p, also the measure dD changes to pdD.
We get the following formula for %'* in the compressed

fluid:
A = ”Aﬁpdz). (31)

For a stretching across the magnetic field lines by a
factor of /4 along both directions, the density changes as
0= /2. In order to conserve magnetic flux across comoving
surfaces, the magnetic field changes according to
/7B = pB. Again, (A,B)p' is invariant. The integral mea-
sure changes according to 42

In both cases, the additional factor of p in the two inte-
grands cancels if p does not depend on space. In that case,
we obtain a quadratic magnetic helicity that is invariant
under (homogeneously) density changing diffeomorphisms.
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From the changes of 3® for general transformations,
we can conclude that 3® is not a function of the magnetic
helicity & and does form part of invariants suggested by
Ref. 43. If it was true, then for two fields with the same hel-
icity, the quadratic helicity would be the same. Here, we
construct a simple counter example. Take a field B, with
helicity 4. Construct a second field B, via a topology con-
serving transformation of B;. Then, h; = h,. If this transfor-
mation is not volume conserving, then, in general, the
quadratic helicities are different, i.e., h; # hj.

VI. NUMERICAL CALCULATIONS OF #?

For practical applications, like MHD simulations, Egs.
(30) and (31) can be computed numerically. In order to eval-
uate the integral in Eq. (30), we need to trace magnetic field
lines (streamlines), while for the integral in Eq. (31), we inte-
grate in space.

A. Hopf link

As the simple test case, we apply our calculations on the
Hopf link which consists of two magnetic flux tubes with a
finite width which are interlinked. In our construction, they
both have the radius 1 and a tube diameter (FWHM) of
0.28284. Their centers are located at (0, 0, 0) and (1, 0, 0)
with surface normals of (0, 0, 1) and (0, 1, 0). The magnetic
vector potential for the first ring is given as

Cl _ e(f(x2+}'2+2272\/hryz+1)ﬂ) /;77

1 VAV Lerf (/772) ()
X 2 xz +y2 )
(32)
Al \/ﬁ\/ﬁyClerf(\/ﬁz)e(”Zz)
Y 24/2 + 2 ’
1
Al — ¢!
=3¢
while for the second, it is given as
CZ _ e(— ((x71)2+y2+2272\/ (x—1)* zz+1)n) /177
o VAL~ Derf (i) e”)
2\ (x—1)" 422
, 1, (33)
Ay - 5 C ’
2 ﬁ\/ﬁzézerf(\/ﬁy)e("yz)
h 2\/(x—1)2+z2
with the total vector potential
Apopt =A' + A% (34)

From this, we can write the magnetic field for the two
flux rings as
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Bl — \/En%yZClerf(\/ﬁz)e(”zz) +ny{!
X \/m b
Bl — ﬁn%xszlerf(\/ﬁz)e(”zz) + ! (35)
y 242 ’
B! =0
and
3 2
B — VaryzLerf (yiy)e) + =

)

X242 -2x+1
B; =0, (36)

vy s e

- X242 -2x+1

with the total magnetic field as their sum
Buopt = B' + B*. (37)
A representation of this Hopf link is shown in Fig. 1.

B. Change of coordinates

We apply five different simple homeomorphisms which
change the grid density uniformly and compare them to the
initial grid. By changing the grid, we also need to transform
the magnetic field B and the magnetic vector potential A. We
do this by applying the pull-back on the corresponding dif-
ferential forms

og = Aydx + Aydy + A.dz, (38)
Bo = Bydy Adz + Bydz Adx + B.dx Ady, (39)
o= F"(op), (40)
B=F"(o) (41)
with the mapping F.

We stretch and compress the grid in various directions and
perform the integral (30) and (31) on the deformed field. For
simplicity, we choose factors of 2 for the deformations. We
abbreviate these deformations using the short notation, e.g.,
uvw = (2, 0.5, 1), which implies a transformation of (u, v,
w) = (2x, 0.5y, 1z), with the new coordinates (u, v, w). In order to
minimize selection bias, we choose as starting points for our inte-
gration a set of ca. 7000 homogeneously distributed points within
a sphere of radius 2 centered at the origin. Those points are then
transformed according to the homeomorphism. A larger number
of such points will provide us with a more accurate value for
XE?)- In Fig. 2, we plot the value of }55,2) for different grid defor-
mations and a number of seed points for the integration. We
clearly see convergence to the same value, which confirms our
result that the modified X;z) is invariant under a homeomorphism
which homogeneously changes the grid density.

VIl. QUADRATIC MAGNETIC HELICITY FLOW

By Ref. 32, Theorem 2, the quadratic magnetic helicity
7 admits a continuous variation in the case of C’—small

Phys. Plasmas 24, 102128 (2017)

FIG. 1. Volume rendering of the magnetic field strength for the Hopf link
used in our calculations.

flows (vector of flows %—? in the domain Q with its first and
second partial derivatives being small). In Ref. 43, it is
claimed that the KAM-theory proves (for generic function-
als) the analogous statement for C*—small flows, k > 3.

Let us calculate a contribution of the advection of mag-
netic lines to the main term of the variation of . Let us

consider C*-small perturbations 6B and 5A

B—B+ 0B, A—A+JA; V x0A =0B.

Using Corollary 1 from Ref. 32, the first-order gauge trans-
formation of Eq. (28) is represented by

AP (T;x)—A®(T;x) —i—%JT (%(1),0A(x(7)))dr
0

0.00025 ; ‘ v T ‘
— uwww = (1,1,1)
0.00020 | owvw = (2,11
L uvw = (2,2,1)
e uvw = (1,1,2)
_ 0.00015 E uvw = (2.2.2)
0.00010
0.00005
0.00000 i : ‘

l | 1
0 1000 2000 3000 4000 5000 6000 7000

Nseeds

FIG. 2. The modified quadratic helicity X(pz) in dependence of the number of
seed points for the integration of Eq. (31) for different homeomorphisms.
We clearly see the convergence to the same value of XE,Q). Here, we denote
the mapping F by the new coordinates u, v, and w, where, e.g., uvw = (2,
0.5, 1) corresponds to (u, v, w) = (2x, 0.5y, 1z2).
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The first extra term corresponds to the gauge term JA.
The second extra term is given by the scalar product of the
average m.[0B] of the gauge vector B over the magnetic
line x(7) at the point x(7'). (This term is given by the second
term from the equation in Corollary 1 from Ref. 32.) As the
result, in the limit © — +o00, we get the following expression
of the time-derivative of the quadratic helicity:

o] o[ (25 )

x me[(B(x(1),A(7))][ ., dQ.

T=T0

A (x(10))

T=T0

By this property, we get that the limit over the parameter
T — +oo of formula (28) is uniform with respect to z—varia-

tions of the magnetic field B. To calculate d7a—(lz), for r =1y, it is
sufficient to calculate the first-order derivative in Eq. (28)
over ¢ for a prescribed T. In particular, for o>-dynamos, we
get %—ft‘ = aB, and assuming V x B =k x B, we have dﬁ—(tz)
= 4oky®. This means that the flow of quadratic magnetic
helicity ** for the magnetic field with the k-vector coincides

with the flow of the square of the helicity y°.

VIil. CONCLUSIONS

Both the magnetic helicity and the quadratic helicities
can be calculated from experimental data and be used in var-
ious MHD problems. For that, the main tool and example is
the Arnol’d inequality (6), which relates the geometry of
magnetic field lines (Gauss linking numbers or asymptotic
Hopf invariants) to the magnetic energy. Analogous inequal-
ities relate higher magnetic energies to higher momenta of
magnetic helicity [see the formula (8)]. This inequality
shows that the upper bound of the quadratic helicity for C°-
closed magnetic fields is limited.

For many problems in MHD, one uses not only the total
magnetic helicity but also its density. The density of mag-
netic helicity is defined as (A, B). This value is not invariant
with respect to transformations of the domain with the mag-
netic field. To calculate the quadratic helicity y®, Eq. (18)
is proposed. The first term in the formula is easy to calcu-
late. To calculate the second term, one needs to know the
structure of the ergodic magnetic subdomains in Q, where
each subdomain contains a dense collection of magnetic
field lines. An ergodic subdomain can be shrunk to a sur-
face, to a line, or even to a critical point of B. Therefore,
quadratic magnetic helicities are much harder to use in
applications then the magnetic helicity, and Eq. (29) might
be preferred.

We then showed that the quadratic helicity ® can be
extended to be invariant under non-volume preserving dif-
feomorphisms, as long as they change the density homoge-
neously. We calculated quantity numerically for the Hopf
link and showed that it is indeed invariant under such diffeo-
morphisms. This has important applications in various fields
of MHD.

Phys. Plasmas 24, 102128 (2017)
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